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Due to the limited range of alternative fuel vehicles (AFV) and the sparsity of the available alternative
refueling stations (AFS), the AFV drivers cooperatively deviate from their paths to refuel. This deviation is
bounded by the drivers’ tolerance. Taking this behavior into account, the refueling station location problem
with routing (RSLP-R) is defined as maximizing the AFV flow that can be accommodated in a road network
by locating a given number of AFSs while respecting the range limitation of the vehicles and the deviation
tolerance of the drivers. In this study, we develop a natural model for the RSLP-R based on the notion of
length-bounded cuts, analyze the polyhedral properties of this model and develop a branch-and-cut algorithm
as an exact solution approach. Extensive computational experiments show that the algorithm significantly
improves the solution times with respect to previously developed exact solution methods and extends the size
of the instances solved to optimality. Using our methodology, we investigate the trade-offs between covered
vehicle flow and deviation tolerance of the drivers and present insights on deviation characteristics of drivers

in a case study in California.




1. Introduction

The purpose of this paper is to develop a branch-and-cut algorithm for the refueling station
location problem with routing (RSLP-R). In a transportation network with alternative
fuel vehicles (AFVs) traveling between their origin-destination (OD) pairs, the RSLP-R
is defined as locating a given number of alternative fuel stations (AFSs) at the nodes of
the network such that the total vehicle flow traveling without running out of fuel on paths
whose lengths are bounded by the tolerance of the drivers is maximized. This problem is
closely related with the efforts to curtail the negative impacts of fossil fuels on the envi-
ronment. Dependence on fossil fuels contributes significantly to many of the environmental
problems we face today, such as air pollution, globally increasing temperatures, and climate
change. Due to their limited supply levels, reserves are destined to deplete. Historically,
transportation sector has been one of the major consumers of fossil fuels. However, there
has been a recent surge for alternative forms of fuels to be used in transportation. These
include hydrogen, biodiesel, electricity, ethanol, compressed natural gas, and liquefied nat-
ural gas (Energy Information Administration 2017a). In 2016, in the United States, 24.79
million passenger cars and light-trucks using alternative energy sources were in use. This
number accounts to 10.25% of the total number of the same vehicle types in the country,
and it is projected to surpass 20% by 2030 (Energy Information Administration 2017b).
The AFV usage in Europe is also following a similar trend. The Renewable Energy Direc-
tive (European Union 2009) set a 10% target for use of energy from renewable sources in
transportation by 2020, a considerable increase from the 4.7% target of 2013 (European
Comission 2013).

Due to the rather limited range of AFVs, availability of refueling stations in intercity
transportation is a serious barrier on the proliferation of these vehicles. In this regard,
location of AFSs has been the topic of several recent articles. There have been two main
streams of research, a set-covering location perspective (Wang and Lin 2009, 2013, Wang
and Wang 2010) and a maximum covering location perspective. The latter attracted more
attention since covering all the demand requires location of numerous facilities, which
seems implausible in the initial setup period of the AFS infrastructure. To this end, Kuby

and Lim (2005) presented the Flow Refueling Location Problem (FRLP), which is defined



as maximizing the AFV flow that can be accommodated in a road network by locating
p number of AFSs while respecting the range limitation of the vehicles. The demand is
defined as the AFVs flowing on fixed paths between their OD pairs. The ‘flow refueling
location problem’ and the ‘refueling station location problem’ are used interchangeably in
the literature to refer to the same problem (MirHassani and Ebrazi 2013, Yildiz, Arslan,
and Karagan 2016). In this paper, we prefer to use the latter. Kuby and Lim (2005)
proposed a maximal covering location model (MCLM) (Church and ReVelle 1974), in
which the coverage of an AFV flow requires location of possibly multiple facilities on its
path. The formulation requires a priori generation of all node combinations that enable
complete traversal of a path, which is computationally costly. For this reason, heuristic
algorithms have been proposed (Lim and Kuby 2010).

Since then, considerable effort is spent for improving the solution times and the size
of the solvable RSLP instances. Two different exact solution approaches stand out in the
literature. The first one, presented by MirHassani and Ebrazi (2013), builds on the idea
that an AFV travels on the shortest path between two consecutive refueling stops. Given
a fixed path, not necessarily the shortest, the authors first build a graph, in which any
path with a refueling station at all of its intermediate nodes corresponds to a trip in the
original path that can be traveled without running out of fuel. Due to this key observation,
no preprocessing is necessary to generate node combinations as in Kuby and Lim (2005)
and the solution process is significantly accelerated. In the following section, we further
elaborate on this transformation that has also been used by Chen, Ljubi¢, and Raghavan
(2010) in the context of regenerator placement problem. The second work by Capar et al.
(2013) refine the modeling logic using the fact that, in order to cover a path, every arc on
this path needs to be traversed using one of the open stations. This new model is similar
to the MCLM but does not require explicit generation of feasible node combinations to
cover a path. Therefore, both the preprocessing and the solution times improve extensively.
Further improvements on the solution times and the size of the solvable instances are
obtained by applying Benders Decomposition on this model (Arslan and Karagan 2016).

In this study, we focus our attention on the RSLP-R introduced by Kim and Kuby
(2012). In this version of the problem, the path between an OD pair is not fixed and an



AFYV flow is considered as refueled if there exists a feasible path whose length is within a
certain bound. This bound is the tolerance of the driver to deviate from the shortest path.
Kim and Kuby (2012) present a mixed integer programming formulation, Kim and Kuby
(2013) propose a heuristic approach and Yildiz, Arslan, and Karagan (2016) present a
branch-and-price algorithm to solve this problem. The computational gains of the branch-
and-price framework with respect to the original formulation by Kim and Kuby (2012)
turned out to be significant.

Another closely related problem is the regenerator placement problem (Yetginer and
Karasan 2003, Chen, Ljubi¢, and Raghavan 2010) defined in the context of telecommunica-
tions to locate the regenerators that extend the optical reach. From the functional perspec-
tive of extending the reach, the AFSs are similar to the regenerators. One major difference
is related to the way demand is modeled. The drivers in our application have a distance
tolerance on the deviation from the shortest path, which is not present in signal routing.
This constitutes an additional challenge to our design problem. Computational findings
in regenerator placement problem show that branch-and-cut approaches outperform other
exact solution methods, especially in large-scale instances (Rahman, Bandyopadhyay, and
Aneja 2015, Yildiz and Karasan 2015, Li and Aneja 2017). We also observe similar results.

In this paper, we propose a natural formulation for the RSLP-R and provide a polyhedral
study of the convex hull of integer feasible solutions. We then devise a branch-and-cut
algorithm as an exact solution technique to solve the problem. The constraints of our
formulation which are exponential in number are added using a cutting plane framework.
The separation problem boils down to finding a length-bounded node-cut in a transformed
network. For separating integer solutions, we provide a polynomial time exact separation
algorithm to generate cuts. For fractional solutions, we provide a formulation to generate
violated cuts. We also make use of a heuristic algorithm to separate fractional solutions.
With our approach, we can solve real-world problem instances that could only be solved
previously by a branch-and-price algorithm in a three-hour time frame, within two minutes.
We also further extend the size of the instances that can be solved to optimality. Our
approach also addresses multiple vehicle types and possible non-simple path occurrences

in the routes. Using our methodology, we investigate the trade-offs between covered vehicle



flow and deviation tolerance of the drivers and present insights on deviation characteristics
of drivers in a case study in California.

In the following, we introduce this new formulation, investigate its polyhedral properties
and present our branch-and-cut algorithm along with the results of our computational

experiments.

2. Definitions, Formulations and Polyhedral Analysis

Consider a road network represented by a weighted directed graph G = (N, A) with node
set N ={1,...,n} and arc set A. Let d;; be the shortest path distance in G from node i to
node j. Suppose there are AFV drivers willing to travel between OD pairs in G. An AFV
demand ¢ is defined as a five tuple (o,, dy, fy,74,Aq) where o, and d, are the origin and
destination nodes, respectively, f, is the flow volume, 7, is the range of the vehicle, and
Aq is the total distance that drivers can tolerate. With this definition, we can incorporate
the vehicle flows between the same OD pair with different deviation tolerances. The set of
demands is denoted by @. Similar to previous studies, an AFV is assumed to depart from
its origin with a half-full tank, and is required to arrive at its destination at least with a
half-full tank unless these nodes have AFSs. If there exists a station at the origin, then the
AFYV departs from the origin with a full tank. If the destination has a station, then the
AFYV can arrive at this node with an empty tank. The logic behind such an assumption is
related to round trips between OD pairs; please refer to Kuby and Lim (2005), MirHassani
and Ebrazi (2013) for further details.

DEFINITION 1. The refueling station location problem with routing (RSLP-R) is defined
as finding a subset of N with cardinality at most p to locate the refueling stations such
that the total amount of refueled vehicle flow respecting range and tolerance limitations
is maximized.

A node is called a ‘dominated node’ for a demand ¢ if it does not appear on any path
from o, to d, of length at most \,. Note that we can identify whether a node ¢ is dominated
by checking the shortest path distance between o, and d, using node i. Having d,,; + 0;a, >
A, implies that node 7 is a dominated node for demand q. Next, we adapt the network

transformation of MirHassani and Ebrazi (2013) to the case where OD paths are not



fixed. For each g € @), consider graph G, = (N,, A,) with node set N, = {s,,t,}U{ie N:
Oogi T 0idy; < Aq} Where s, and t, are two new dummy nodes, and arc set A, = A UA2U A3

where

A(lg ={(84,7): 60(1.7 <714/2,5 € No\ {54, t4}},
Ag :{(ivtq) :6idq < rq/27i € Nq\{smtq}}v
AY={(i,§) : 0y < gt 5 € N\ {sq,te}, i # 5}

Arc (sq,j) € A} has length 6,,;, arc (i,t,) € A? has length 6,4, and arc (4,j) € A? has
length 0;;. Each arc in the transformed graph corresponds to traveling on the shortest path
in the underlying road network between the tail and the head nodes of the arc without
refueling. The dummy nodes s, and ¢, are added to model the refueling logic, and they
represent departing from the origin with a half-full tank and arriving at the destination
with at least half-full tank. Therefore the arcs emanating from s, (i.e., arcs in set A}) and
the arcs entering to ¢, (i.e., arcs in set A}) have length at most r,/2. Refueling at the
origin node is represented by the arc (s,,0,). Traversing this arc is identified with the AFV
departing from node o, with a full tank. The same logic also applies to the destination
node. All nodes except the first and the last node on a given path are referred to as the
path’s internal nodes. By assumption, an AFV departs from s, with a half-full tank and no
station is required to traverse an arc emanating from this node. By construction, all other
arcs in the transformed graph can be traversed if an AFS is located at the tail node of the
arc. Therefore, to satisfy a given demand g, there should exist a path in G, of distance
at most A\, from s, to ¢, with a refueling station at each of its internal nodes. We refer to
such a path as feasible.

For a demand ¢ € @), let P, be the set of all directed paths in G, from s, to t, with
lengths at most A,. A subset of nodes S C N, \ {s,,%,} is called a g-node-cut for path
set P, if S intersects each path in P, at a node different from s, and ¢,; in other words,
removing S from the set of nodes disconnects s, and ¢,. A g-node-cut S is called minimal

for P, if no proper subset of S is a g-node-cut for P,. Let I', represent the set of all

g-node-cuts for P,.



(a) Graph representation of the road network

(b) Transformed graph
Figure 1 Length bounded cut example

Figure 1 (a) and (b) display a graph representation of an example road network and
its transformed graph, respectively. Consider a demand ¢ with o, =1, d, =6, 7, =4 and
Ay =T7. The cuts {2,3},{2,5},{3,4} and {4,5} in the transformed graph are all minimal
g-node-cuts for P. Note that while cuts {2,3},{2,5} and {4,5} disconnect all paths from
sy to t,, cut {3,4} disconnects only the length-bounded paths and s-(1)-2-5-(6)-t path

remains connected.

2.1. Natural Formulation
In this section, we propose a formulation based on the notion of ¢g-node-cuts. The model
has the following variables.

_J 1, if there is a refueling station located at node i € N
710, otherwise,

_ | 1, if a feasible path is constructed for demand ¢ € @
Ya = 0, otherwise.



We refer to x as location variables and y as cover variables. For convenience, we use

z(S) =), cgx; for set S C N. We formulate the RSLP-R as follows:

max quyq (1)

q€Q

st. z(N) < p, (2)
Yo < z(5) VgeQ,SeTy, (3)
z; €{0,1} Vie N, (4)
yq €{0,1} Vg e Q. (5)

The objective function maximizes the total vehicle flow refueled. Constraint (2) ensures
that at most p stations are located. Constraints (3) express the fact that for having a
feasible trip for demand ¢, the corresponding transformed graph needs to be connected
from s, to ¢, by at least one path of length at most A\, on which every internal node has a
refueling station. Suppose that for demand ¢, there exists no such path. Then there exists
a subset S of N, \ {s,,t,} such that S contains at least one node from each path in P,. If
none of the nodes in S has a station, Constraints (3) for this choice of S force y, to zero
since ¢ cannot be refueled. Constraints (4) and (5) are integrality constraints. Note that
one can relax integrality of the cover variables without changing the optimal value. One of
the main advantages of this model is that we have natural variables associated with only
the nodes and OD pairs.

The idea of g-node-cuts can easily be extended to the set-covering version of the problem,

in which one seeks to find the minimum number of AFSs to satisfy all the demand.

iEN
st z(S)>1 Vge@,SeTl,, (7)
z; €{0,1} Vi€ N. (8)

The objective function minimizes the number of selected refueling stations. Constraints
(7) ensure that for every demand, all g-node-cuts have at least one selected refueling
station, which implies that there exists a length-bounded path between every OD pair.

Constraints (8) are variable restrictions.



The budget for AFSs is usually limited. For this reason, we consider the maximum-

covering version of the problem in this paper.

2.2. Polyhedral Analysis
Let X be the feasible set of the natural formulation given by (2)-(5). In the following, we
assume that |[N| > 2. We define, for each q € @, set P, to be the set of paths in P, with at
most p internal nodes. We assume, without loss of generality that /P, contains at least one
path for all g € @ (otherwise y, =0 in all feasible solutions and demand ¢ can be removed
from set Q).

Let conv(X) be the convex hull of all the solutions in X. In this section, we study the
polyhedral properties of conv(X) and prove that most of the constraints of the natural for-
mulation are facet defining inequalities under some conditions. The proofs of Propositions

1 through 6 are presented in the Appendix.
PROPOSITION 1. conv(X ) is full-dimensional.

Next, we give necessary and sufficient conditions for the trivial inequalities to be facet

defining.
PROPOSITION 2. For g € Q, the inequality y, > 0 is facet defining for conv(X).
PROPOSITION 3. For i € N, the inequality x; > 0 is facet defining for conv(X) if and
only if {i} is not a g-node-cut for P, for all g € Q.
PROPOSITION 4. For i € N, the inequality z; <1 is facet defining for conv(X) if and

only if p>2 and there exists a path w@ € P, such that [N(7?)U{i}| <p for all ¢ € Q.

In the next two propositions, we put forward the conditions under which the other

constraints of the model are facet defining.

PROPOSITION 5. The inequality x(N) < p is facet defining for conv(X) if and only if
p<|N]|.

PROPOSITION 6. For q € QQ and a g-node-cut S that is minimal for path set P,, the
inequality y, < x(S) is facet defining for conv(X ) if and only if for every ¢ € Q\{q}, either
there exists a path 7@ € P, with N(79) NS =0 or there exist a node i € S, a path 79 € P,
and a path 7@ € Pl such that N(m?)NS=N(r?) NS ={i} and [N(79) UN(x?)| <p.
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3. Separation Problem

In our formulation, Constraints (3) are exponential in number and we need a cutting plane
algorithm to generate them. For a given solution (z*,y*) and a demand ¢ € Q) with Y, >0,
the separation problem is to identify a ¢g-node-cut S C N, \ {s,,t,} for path set P, with

2*(8) <y, or to conclude that none exists.

3.1. Separating Integer Solutions

Consider an integer solution (z*,y*). For a subset of nodes N’ C N, we define G,(N’) to be
the subgraph of G, induced by nodes in N'. For each ¢ €  with y; =1, we compute the
length of the shortest path from s, to t, in G,(N;) where Ny = {s,,t,} U{i € N, : 2] =1}.
If the shortest path length is less than or equal to A,, then the solution contains a feasible
path for demand g¢. If not, then at least one station needs to be located at those nodes
with x; =0 to refuel demand q. In other words, inequality (3) for the g-node-cut N,\ Ny
is violated. We refer to the process of identifying such a ¢-node cut as IntSep.

Clearly, N, \ N; may not be a minimal g-node-cut for path set P,. For anodei € N, \ N,
if the shortest path from s, to t, in G,(N;U{i}) is greater than \,, then locating a station
at node 7 cannot render the demand feasible and N, \ (N U{i}) is also a g-node-cut for P,.
The associated inequality (3) for this new g-node-cut dominates the former one. We can
repeat this operation until a minimal g-node-cut is attained. When the cuts generated by
IntSep are also minimalized, then the process is referred to as IntSep-M. In the following
section, we show that strengthening the generated cuts in this fashion proved to be highly

effective in reducing the computational times.

3.2. Separating Fractional Solutions
Now suppose that (z*,y*) is fractional. Consider a demand ¢ € @ with y} > 0. We define
the minimum weight g-node-cut problem (MqCP) as follows: Given graph G, with node
weight 7 for node i € N, \ {s,,t,}, find a minimum weight subset S* of N, \ {s,,t,} such
that deleting the nodes in S* disrupts all directed paths from node s, to node ¢, with
lengths of at most \,. There exists an inequality (3) for demand ¢ that is violated by
(z*,y*) if and only if 2*(S*) < ;.

The special case of MgCP where all arcs have unit lengths is called the length-bounded

minimum node-cut problem (Lovasz, Neumann-Lara, and Plummer 1978), which is known
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to be NP-hard for lengths greater than four units (Baier et al. 2006, Mahjoub and
McCormick 2010).

Consider a variable w;, which equals 1 if node i € N, \ {s,,t,} is in the ¢g-node-cut, and 0
otherwise. We also define 7; to be the length of a shortest path from node 7 € N, to node
t, in graph G,(N;), where N = {s,,t,} U{i € N, \ {s,,t,} :u; =0}. We let M be a very
large number and ¢ a very small positive number. We refer to the following model as the

minimum weight g-node cut model (MqCM):

(MgCM) min Z riu, (9)
1€Ng\{sq,tq}

s.t. m, = 0,1, =0, (10)

T <7+ 0; + Mu; V(i,j) € Ag, (11)

Tsg 2 Ag T8, (12)

>0 Vie N,, (13)

u; €{0,1} VZ.ENq\{Sqatq}- (14)

The objective function minimizes the total weight of nodes in the node-cut. Constraint
(10) sets the shortest path length from ¢, to itself to zero and it forbids this node to be
in the node-cut. Constraints (11) ensure that 7; is not more than the length of a shortest
path from node 7 to node ¢, in the graph obtained by removing the nodes with u; = 1. The
shortest path length from s, to t, after these nodes are removed is forced to be greater
than A, by constraint (12). Constraints (13) and (14) are the nonnegativity and integrality
constraints.

In the next section, we present computational results where we use this model for sepa-
ration. However, this turns out to be computationally costly in most cases. For that reason,
we also propose a simple and efficient heuristic approach. Observe that any node-cut that
disconnects s, and t, is also a g-node-cut for set P,. For all ¢ € ), we search for the
minimum weight node-cut in graph G,, and add the corresponding cut if a violation is
identified. To find a node-cut S, we split every node i € N, \ {s,,%,} into two nodes ¢ and

i" and add arc (i',7") for every such i. Those arcs entering into node ¢ will be entering into
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node ¢/, and those arcs leaving node 7 will be leaving node ¢”. All the arcs have infinite
capacity except for those that represent nodes (i.e., arcs of the form (i,i")). Arc (¢',i")
has capacity equal to z}. Solving a minimum cut problem on this transformed network
gives a cut with the minimum z*(S) value. If 2*(S) <y, then a violated cut is identified
that separates a fractional or integer infeasible solution at hand. We refer to this process
as mincut heuristic. Note that, the minimum node-cuts we obtain by the heuristic are not
necessarily minimal g-node-cuts since they disconnect all paths regardless of their lengths.
Therefore we can strengthen the generated cuts by the cut minimalization process, sim-

ilar to the logic in integer separation. We refer to the heuristic as mincut-M if the cuts

generated by the mincut are minimalized.

4. Computational Study

We propose a branch-and-cut (B&C) algorithm to solve the RSLP-R since Constraints (3)
are exponential in number. We tested five different implementations (Table 1). The first
one, which we refer to as B&C-1, uses separation only at integer solutions. In the second
and third implementations, we separate both integer and fractional solutions. We use the
MqCM in B&C-2 and the mincut heuristic in B&C-3 to separate fractional solutions.
B&C-4 and B&C-5 are designed to test the efficiency of cut minimalization process. In
B&C-4, we only separate integer solutions, similar to B&C-1, but without minimalizing
the generated cuts. B&C-5 on the other hand is designed to test if the cut minimalization
can also help in strengthening the cuts we obtain by the mincut heuristic. In B&C-5, we
separate both integer and fractional solutions, similar to B&C-3, with the only difference

that the cuts generated by the mincut heuristic are minimalized.

Table 1 B&C algorithm implementations

Separation Algorithm

Implementation | Integer solutions | Fractional solutions
B&C-1 IntSep-M
B&C-2 IntSep-M MqCM
B&C-3 IntSep-M MinCut
B&C-4 IntSep
B&C-5 IntSep-M MinCut-M
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For branching, we use the default settings of CPLEX. We turn off the CPLEX cuts as
our preliminary analysis showed that this gives shorter computation times.

Extensive computational experiments are carried out to test the efficiency of the pro-
posed B&C algorithms. The experiments are executed using CPLEX 12.6.1 (IBM 2014),
implemented in Java programming environment under Linux using Concert Technology.
The computer has Intel Xeon E5-2630 v2 processor at 2.60 GHz and 96GB of RAM. The
algorithms are implemented using callback classes. A time limit of one hour is set in all
implementations.

Characteristics of network topologies considered in this study are detailed in Table 2.
CA is a real-world representation of California road network with 339 nodes and 1234
arcs as shown in Figure 2 (Arslan, Yildiz, and Karagan 2014). The nodes of the network
represent road intersections or urban population centers. Similar to previous studies, all
urban centers with a population of 50,000 or more are selected as origin or destination
nodes, which are depicted in Figure 2 as ‘OD Pair nodes’. There are 1167 OD pairs and
they are 30 kilometers or more apart from each other. The vehicle flow volume between
each OD pair is calculated according to the gravity model by Hodgson (1990). Networks
G-250, G-500, G-750 and G-1000 are randomly generated networks with 250, 500, 750 and
1000 nodes, respectively. To generate random graphs, we use JGraphT Java graph library
(Naveh et al. 2008). Arc lengths are generated from a uniform distribution on the interval
[0,50] kilometers. Triangular inequality is not considered. For these graphs, we randomly
select nodes with equal probabilities to represent origins or destinations. Similar to the CA
network, we consider those OD pairs that are 30 kilometers or more apart. The number of

OD pairs changes between experiments and vary between 1000 and 4000.

Table 2 Characteristics of instances

node degree OD pairs
network | # nodes # arcs | min mean max | min dist mean dist max dist
CA 339 1234 2 3.64 14 30.06 153.37 463.50

G-250 250 636 2 5.09 14 30.02 138.93 389.00
G-500 500 1284 2 5.14 20 30.05 142.95 366.72
G-750 750 1922 2 5.13 16 30.00 153.87 522.43
G-1000 1000 2580 2 5.16 22 30.00 160.98 458.86
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@ Nodes
@ 0D Pair nodes

Figure 2 California road network

We mainly compare our results with the results of the branch-and-price algorithm by
Yildiz, Arslan, and Karagan (2016). Kim and Kuby (2013) present a heuristic algorithm
based on network transformation, however since the refueling station location problem is
strategic in nature, we prefer to compare only with the exact solution methods in the
literature. To this end, a computational comparison of the model by Kim and Kuby (2012)
with a branch-and-price algorithm is previously presented by Yildiz, Arslan, and Karagan
(2016) and it is shown that the former model cannot scale up to large networks due to
enumeration requirements.

Let 5\(1 =100 x \y/do,.4,, for all ¢ € Q be the deviation tolerance as a percentage of the
shortest path length. Note that our model is capable of handling different driver tolerances
for each OD pair. Furthermore, our demand definition allows us to model varying tolerances
between the same OD pair. However, as in the previous studies, we assume equal deviation

tolerance percentage for all demand, which we refer to as A= S\q, qeqQ.
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In the following, we first compare the five B&C algorithms on the CA network instances.
This network is the largest size network used in testing the branch-and-price algorithm in
Yildiz, Arslan, and Karagan (2016). We then increase the number of demands and the size

of the networks to investigate the limitations of our approach.

4.1. California Network

Our first objective is to compare five B&C implementations in terms of solution times using
this large network. For this purpose, we consider a vehicle with a range of 100 kilometers.
As in Yildiz, Arslan, and Karagan (2016), the number of stations considered are 1, 5, 10,
..., 35 and the drivers are assumed to be 0%, 10% and 20% tolerant to deviating from their
shortest paths. Different from the previous settings, we also consider deviations of 50% in
our experimental design. The results are presented in Table 3. Two leftmost columns are
parameters of the experiment: p is the number of stations to be located and ‘Tol (%)’ is
the drivers’ deviation tolerance from the shortest path as a percentage. For instance, 10%
tolerance means that the drivers are willing to drive up to 10% more from their shortest
paths. The following five columns in the table show the solution times in seconds. ‘Root
node gap’ is the percentage gap between the upper bound (UB) at the root node and the
optimal value, calculated as (UB-OPT)/OPT x100%. Note that, for B&C-2 algorithm, the
upper bound we obtain at the root node is equal to the optimal value of the LP relaxation
of the model, since we use exact algorithms for separation of both integer and fractional
solutions and turn off the presolve and CPLEX cuts. ‘nNodes’ is the number of nodes in
the search tree. The rightmost five columns show the number of user cuts added by the

algorithms.
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Table 4 Performance summaries of B&C algorithms

Average Time (s) Nodes Removed (%)
Implementation | Total Integer Fractional | AvgNCuts | IntSep-M MinCut-M
B&C-1 34.7 34.3 0 1873 65.11 -
B&C-2 493.9  19.0 473.9 2255 64.82 -
B&C-3 43.5 30.9 12.2 1942 64.71 -
B&C-4 1525.0 43.6 0 71668 - -
B&C-5 94.3 28.7 65.2 1853 64.75 17.66

The average solution times are 34.7, 493.9, 43.5, 1525.0 and 94.3 seconds for B&C-1
through B&C-5 algorithms, respectively. In Table 4, the time for separating integer and
fractional solutions are shown in columns 3 and 4, respectively. The average number of cuts
added (AvgNCuts) is reported in column 5. The average percentage of nodes removed from
cuts by the minimalization algorithm for integer separation (IntSep-M) and the mincut
heuristic (MinCut-M) are also reported in the table.

The B&C-2 algorithm could not find the optimal solution of three instances (marked
with asterisk in Table 3) within one hour time limit; it terminated at the root node and
the maximum optimality gap was 3.1%. Table 4 shows that B&C-2 algorithm spends
more than 95% of the time for the fractional separation at the root node, however no
significant improvements can be achieved over the other algorithms in terms of root node
gap. In other words, the time that B&C-2 algorithm spends to separate inequalities (3)
exactly does not pay off. Furthermore, the unpredictable solution times of the MqCM
model to separate fractional solutions in B&C-2 cause extended solution times in several
instances, and therefore, the solution times do not follow an obvious pattern in Table 3.
Next, we compare the B&C-1 and B&C-4 algorithms and observe that the cut minimalizing
algorithm is highly effective in reducing the computation times. Without minimalization,
the B&C-4 algorithm spends less than 3% of the time for solving the separation problem,
mainly due to weak cuts being added. Therefore, it fails to solve 13 of the 32 instances
within the time limit (Table 3). In B&C-1, on the other hand, the minimalization process
removes, on the average, 65.11% of the nodes from the cuts generated by the IntSep-M
algorithm (Table 4). Finally, we compare the B&C-3 and B&C-5 algorithms to see the

effects of cut minimalization in the cuts generated by the mincut heuristic. In B&C-5, on
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the average, minimalization removes 17.66% of the nodes from the cuts generated by the
heuristic, however, this came at a cost of multiplying the fractional separation times by
more than five. The average time for fractional separation increased from 12.2 seconds to
65.2 seconds. Even though the average number of cuts added is reduced from 1942 to 1853,
the average solution time increased from 43.5 seconds in B&C-3 to 94.3 seconds in B&C-5.
The main reason for the cut minimalization to perform well in IntSep algorithm but not
in mincut heuristic is that the cuts generated by the mincut heuristic are already small in
size. However, the size of g-node-cut generated by the IntSep algorithm is large since all
those nodes without a refueling station are in the cut. Thus, more nodes are removed from
the cuts generated by the IntSep algorithm and the time spent for cut minimalization pays
off. According to the performance results, the B&C-1 algorithm, implementing separation
only at integer solutions and cut minimalization algorithm, performs the best of the five
versions. It is more than 14 times faster than the second implementation. The root node
gaps of the second and third implementations are the same for all the instances where both
could finish solving the LP relaxation within the time limit. With the best solution times
and very small root node gaps, we perform our further analyses using B&C-1 algorithm.
Detailed results with the B&C-1 algorithm and the CA network are presented in Table
5. Ranges of 100, 150 and 200 kilometers are considered. The first two columns present
the number of stations to be located and the drivers’ tolerance for deviation. Columns
3 through 7 show results for vehicles with a range of 100 kilometers. In addition to the
statistics provided in Table 3, column ‘Opt value (%)’ shows the percentage of total vehicle
flow covered. The following five columns correspond to solutions for vehicles of range 150
kilometers and the rightmost five columns correspond to those for vehicles of range 200
kilometers. Even though our computer configuration is not the same as the one used
in Yildiz, Arslan, and Karasan (2016), the two are comparable. According to PassMark
Software (2017), our computer has 1.147 times higher CPU mark rating. The results show
that our B&C implementation outperforms the previous B&P algorithm: B&C-1 is able
to solve the instances even with 50% tolerance in less than two minutes whereas the
B&P implementation could only handle 20% tolerance and terminated before reaching

optimality after three hours for several instances.
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Table 5 Results for the CA instances with different vehicle ranges

Range = 100 km. Range = 150 km. Range = 200 km.
— o — o — o
X & X 0% X 0%
2] wn w0

2y ER- ER-
S g E £ £ L T E £ 8 4 = E £ & 4
=l = 2 8% & 2 2 2 8 e E 2 = 33 =
<& & £ &2 7 B & 2 &£ 72 B & 2 & 72 %
1 0]30.54 1.9 0 0 1183 | 33.95 1.5 0 0 1208 | 36.46 2.3 0 0 1210
10 | 33.29 7.7 0 0 1173 | 34.62 8.2 0 0 1227 |37.22 8.4 0 0 1241
20 | 36.46 14.9 0 0 1173 | 36.83 14.0 0 0 1284 |38.08 22.1 0 0 1309
50 | 37.66  20.3 0 0 1200 | 42.19 38.6 0 0 1333 |43.84 44.7 0 0 1569
5 0]67.08 3.4 0 0 2408 | 79.94 3.0 0 0 1849 85.18 2.7 0 0 1500
10 | 79.57 29.9 0.38 5 3247 | 85.91 23.9 0 0 1911 | 90.53 17.8 0.26 5 1545
20 | 82.86 92.0 4.82 34 3818 |89.08 52,9 0.17 3 1927 | 93.87 48.5 0 0 1353
50| 90.46 119.3 0.5 9 2712 |94.51 105.5 0 0 1713 |97.52 100.2 0 0 1385
10 0] 87.98 4.1 0.78 5 2362 | 92.98 3.3 091 28 1792 | 95.64 3.5 035 7 1604
10 | 93.47 25.3 1.18 22 2478 974 18.6 0 0 1557 | 98.63 17.1 0 0 1386
20| 94.9 495 0.39 25 2630 |98.29 46.1 0.07 7 1655 |99.02 48.6 0.04 6 1355
50 | 98.82 90.7 0.25 25 1952 99.8 91.7 0 0 1394 | 99.9 90.1 0 0 1281
15 0] 95.01 4.1 0.06 7 2877 | 98.35 4.0 0.28 37 1872 | 99.22 3.5 0.25 66 1482
10 | 98.89 21.2 0.01 4 1938 | 99.79 19.3 0.05 10 1315 ]99.87 16.0 0.06 11 1182
20 199.24 44.6 0.08 7 2019 | 99.95 459 0 0 13529997 474 0.01 2 1220
50| 100 72.2 0 0 1392 | 100 83.9 0 0 1188| 100 101.2 0 0 1178
20 0| 98.41 4.5 0.48 72 2556 | 99.89 4.1 0.06 92 1912 | 99.97 3.9 0.03 36 1424
10 | 99.82 17.8 0.02 5 1680 | 99.98 17.5 0.01 36 1234 100 174 0 0 1198
201 99.97 35.1 0.02 45 1446 | 100 41.3 0 0 1176 | 100 45.3 0 0 1177
50 100 70.8 0 0 1295 100 82.8 0 0 1188 100 91.2 0 0 1178
25  0]99.79 6.1 0.12 247 3217 100 3.0 0 0 1356 100 2.9 0 0 1244
10 [ 99.99 16.4 0.01 10 1284 | 100 16.0 0 0 1201 | 100 15.8 0 0 1174
20| 100 31.4 0 5 1234 | 100 43.1 0 0 1171| 100 42.1 0 0 1177
50 100 72.3 0 0 1297 100 82.9 0 0 1188 100  90.2 0 0 1178
30 0 100 4.7 0 16 2456 | 100 3.1 0 0 1670 | 100 2.5 0 0 1205
10 100 15.1 0 0 1215 100 17.5 0 0 1198 100 174 0 0 1169
20 100 38.6 0 0 1283 100  40.6 0 0 1171 100  42.7 0o 0 1177
50 100  72.0 0 0 1297 100 87.7 0 0 1188 100 974 0 0 1178
35 0 100 2.9 0 2 1344 100 2.7 0 0 1222 100 2.7 0 0 1205
10 100 13.9 0 0 1184 100 16.9 0 0 1198 100  15.7 0 0 1169
20 100 344 0 0 1283 100  44.5 0o 0 1171 100 425 0o 0 1177
50 100 74.2 0 0 1297 100 87.1 0 0 1188 100  90.8 0 0 1178

Figure 3 plots the covered vehicle flow for different deviation tolerances when p =
1,...,35 stations are optimally located and the vehicles have ranges of 100, 150 and 200
kilometers in parts (a), (b) and (c), respectively. Coverage increases to 100% steadily in
all three plots. The rate of increase is faster for higher deviation tolerances. For instance,
when range is 100 kilometers in Figure 3(a), in the 0% deviation curve, all demand can
be covered when p = 30. In the 50% deviation curve, on the other hand, full coverage is

reached when p = 15. The rate of increase is also faster for higher vehicle ranges. When
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range increases to 200 kilometers in Figure 3(c), in the 0% deviation curve, 100% coverage
can now be reached by locating 20 stations, rather than 30 stations as in 100 kilometers
scenario in Figure 3(a). Note that the impact of deviation tolerance on the covered flow
is more pronounced when the range is shorter. For instance, when p =5 and range is 100
kilometers in Figure 3(a), coverage increases from 67.09% in A = 0% to 90.47% in A = 50%
(23.38% difference). The increase is only 12.34% when the range is 200 kilometers in Fig-
ure 3(c), from 85.18% in A = 0% to 97.52% in A = 50%. By locating only a single station
(i.e., p=1) in Los Angeles in the Southern part of California, 30.55% to 43.85% of the
vehicle flow can be covered, depending on the range of the vehicle and deviation tolerance
of the drivers. 15 stations cover more than 90% of the demand for all range and tolerance
levels considered in Figure 3. By locating 30 stations, all vehicle flows can be covered in
all settings.

Note that, when the problem is solved using our natural formulation, the optimal refu-
eling station locations and the demand that can be covered are given by the x and y
variables, respectively. Consider a demand ¢ and the corresponding OD pair (o,,d,). We
postprocess the optimal solution in order to determine the path that a vehicle flow takes
by solving a shortest path algorithm in the graph induced by the optimal station locations.
Let 5:q dg be the shortest path length in the induced graph. We then compare this length
with 6,,4,, which is the shortest path length in the original road network. If 5;q 4y = ogdy>
then the vehicle flow travels on its shortest path. If 0,4, <J; 4, < Aq, then the vehicle
flow deviates from its shortest path to travel to its destination. If A, <47 ,; < oo, in other
words if the shortest path length is greater than the drivers’ tolerance but finite, then the
vehicle flow is not covered because there is no path of length at most A,. In this case, we
refer to such flow as missed flow due to tolerance. If 6; , = oo, that is, there is no path
from the origin to the destination and these two nodes are disconnected, then the range
is not long enough to travel between the located stations. Therefore, we refer to such flow
as missed flow due to range.

Figure 4(a) shows the breakdown of covered and missed vehicle flows for different tol-

erances when 5 stations are optimally located in the CA network with vehicles of 100
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kilometers range. This figure is representative to show the reasons for covering and miss-
ing vehicle flows. When the drivers are not tolerant to deviating (i.e., 0% tolerance), then
67.09% of the total vehicle flow can be covered. The coverage increases to 90.46% when
the drivers tolerate 50% of their shortest paths. The deviating vehicle flow percentage
increases for higher deviation tolerances while vehicle flow traveling on their shortest paths
decreases. We also observe in the figure that the main cause of missing vehicle flow is the
limited range. The missed flow due to tolerance is at maximum 0.7% for 20% deviation
tolerance in Figure 4(a). It is very rarely the case in all the scenarios that there exists a
required infrastructure for vehicles to travel but the drivers are intolerant to deviating.

Figure 4(b) shows the covered and missed flow percentages in the optimal solutions when
p=1,...,35 stations are located in CA network with vehicles of 100 kilometers range and
driver deviation tolerance of 10%. The percentage of the deviating vehicle flow is increasing
until a full coverage is achieved at 20 stations. Higher numbers of stations being located
in the network increases their availability on the shortest paths of the drivers, which leads
to less vehicle flow deviating.

We now provide insights about the deviation distances. Similar to the deviation toler-
ance, we present the deviation distance as percentage of the shortest path. We refer to
the deviation distance as devDist, which is given by devDist =100 X ( pada ogdg)/Dogdg
for q € Q). Figure 5 plots the distribution of vehicle flow grouped into devDist intervals in
California network for vehicles of 100 kilometers range and when p =5 and A =50%. This
figure is representative to show the distribution of deviation distances. For the considered
setting, Figure 4(a) shows that 9.53% of the total vehicle flow is missed, 13.86% of the
total vehicle flow drive on their shortest paths (shown in the first bar in Figure 5), and
76.61% of the total vehicle flow deviate (shown in bars 2-11 in Figure 5). The deviation
peaks at 5 to 10 percent deviation and gradually decreases until 50% tolerance level. The
average devDist in the figure is 12.79%. When all the instances in Table 5 are consid-
ered, the average devDist for A = 10%, A = 20% and \ = 50% are 3.1%, 5.8% and 10.6%,
respectively.

Observe that there are three critical parameters in the RSLP-R that affect the per-

formance: (1) the deviation tolerance of the drivers, (2) the number of demands and (3)
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the size of the network. In CA network, we increased the deviation tolerance to 50% and
observed that the model adapted to increasing deviations. In the following experiment, we
concentrate on increasing the number of demands, and finally, we test our model against
increasing network sizes in random graphs.

In CA network, there are 1167 OD pairs. The results presented in Table 5 are obtained
assuming a single vehicle type travelling between each OD pair. In the following experi-
ment, we add a new parameter, the number of vehicle types and each OD pair is assigned
the same number of vehicle types. Therefore, having 8 vehicle types in an experiment
refers to 9336 distinct demands traveling between 1167 OD pairs. The ranges of vehicles
change between 100 and 275 kilometers by increments of 25. In other words, when we have
8 vehicle types running between the same OD pair, their ranges are 100, 125, ..., 275
kilometers. In this regard, Table 6 presents results for CA network for different number of

vehicle types. We again observe very small root node gaps. Figure 6 depicts the average
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solution times of the 32 instances corresponding to each vehicle type and shows that the
solution times sublinearly increase by the number of vehicle types.

We also investigate the effect of increasing the number of OD pairs on solution times.
For this purpose, we introduce two new sets of OD pairs. Recall that the 1167 OD pair
nodes in the previous experiments represent those urban centers with a population of
50,000 or more. This corresponds to approximately 5.71 million vehicles per year. In the
first (and second, respectively) new set, we consider those urban centers with 30,000 (and
20,000, respectively) or more population and 30 kilometers apart, corresponding to 1874
(and 3121, respectively) OD pairs and over 5.91 million (and 6.11 million, respectively)
vehicles per year. The results are reported in columns 3-20 of Table 7. All instances are
solved in less than 8 minutes. Apart from these two new OD pair sets, we also test unit
vehicle flows between each OD pair. In our original experiments with 1167 OD pairs, the
vehicle flows are highly unbalanced, changing between 14.51 and 1,235,110 veh/year. For
both balanced and unbalanced instances, the solution times and the root node gaps are

consistently small, showing the strength of our solution methodology.



Table 6 Results for the CA instances with different vehicle types

0% Driver Tolerance
=

10% Driver Tolerance

20% Driver Tolerance

50% Driver Tolerance

E g g g
- a . o - a - o
0 S 8 X & X 8 S &
& T Z e Y OB Y ORI e ON
> 2 9 g ° 2 e g 9
+ — 1 ] ™ — 1 e} " et o Q ™ - o o @
< s £ = s a g g = g P g E = g @ g g =g “
< z o o 2 g - hs] 2 e o o 2 g s T 2
- 2oz P F & &z oz B : o3| & 3 :o: 3 & 3 @i ¢
#* o @ [ o = (o] & ~ g E o @ ~ F E} o & ~ g a
1 1 30.54 1.9 0 0 1183 33.29 7.7 0 0 1173 36.46 14.9 0 0 1173 37.66 20.3 0 0 1200
5 67.08 3.4 0 0 2408 79.57 29.9 0 5 3247 82.86 92.0 2.55 37 4092 90.46 119.3 0.32 9 2712
10 87.98 4.1 0.66 5 2362 93.47 25.3 1.18 22 2478 94.90 49.5 0.22 34 2696 98.82 90.7 0.15 25 1952
15 95.01 4.1 0 7 2877 98.89 21.2 0 0 1938 99.24 44.6 0.07 7 2019 | 100.00 72.2 0 0 1392
20 98.41 4.5 0.34 100 2569 99.82 17.8 0.02 5 1680 99.97 35.1 0.01 34 1444 | 100.00 70.8 0 0 1295
25 99.79 6.1 0.12 274 3261 99.99 16.4 0.01 6 1284 | 100.00 31.4 0 5 1234 | 100.00 72.3 0 0 1297
30 | 100.00 4.7 0 98 2340 | 100.00 15.1 0 0 1215 | 100.00 38.6 0 0 1283 | 100.00 72.0 0 0 1297
35 | 100.00 2.9 0 2 1344 | 100.00 13.9 0 0 1184 | 100.00 34.4 0 0 1283 | 100.00 74.2 0 0 1297
2 1 30.54 3.2 0 0 2380 33.29 12.5 0 0 2384 36.46 22.5 0 0 2375 37.66 43.9 0 0 2518
5 71.05 6.5 0 1 4365 81.12 48.7 0.08 2 5000 84.14 142.7 0.4 52 6150 91.61 250.2 0 14 4783
10 88.08 6.6 1.05 15 4610 94.05 46.8 0.64 37 4515 95.54 97.5 0.25 23 4178 98.99 183.5 0 11 3432
15 95.27 6.8 0.16 9 4683 98.90 34.1 0 7 3098 99.32 93.2 0.03 9 3289 | 100.00 142.7 0 0 2506
20 98.57 10.7 0.47 104 5022 99.86 39.1 0.02 18 3275 99.97 81.9 0.02 54 3152 | 100.00 143.7 0 0 2524
25 99.85 9.7 0.08 276 3399 99.99 34.4 0.01 155 2590 | 100.00 78.3 0 0 2636 | 100.00 149.8 0 0 2443
30 | 100.00 8.2 0 118 3528 | 100.00 34.0 0 1 2694 | 100.00 71.8 0 0 2365 | 100.00 142.5 0 0 2443
35 | 100.00 5.5 0 5 2963 | 100.00 30.0 0 0 2352 | 100.00 73.3 0 0 2365 | 100.00 150.8 0 0 2443
3 1 30.65 5.0 0 0 3592 33.41 21.7 0 0 3617 36.58 50.4 0 0 3712 38.78 70.7 0 0 3775
5 73.76 9.5 0 0 5843 82.19 70.0 0.71 9 6383 85.00 212.4 0.94 51 8671 92.19 343.5 0.16 9 7093
10 89.04 10.6 1.01 11 6603 94.83 74.1 0.28 25 6292 96.34 137.6 0.15 21 5357 99.07 277.7 0.09 21 4777
15 95.77 11.5 0.36 50 6161 98.92 65.0 0 6 5398 99.40 145.1 0.02 7 5241 | 100.00 233.6 0 1 3779
20 98.79 17.9 0.41 156 7380 99.87 62.7 0.02 23 4494 99.98 116.2 0.02 80 4011 | 100.00 237.7 0 0 3685
25 99.89 12.2 0.06 90 5238 | 100.00 63.5 0 335 4076 | 100.00 117.6 0 0 3873 | 100.00 238.0 0 0 3687
30 | 100.00 9.8 0 5 4655 | 100.00 55.9 0 1 3722 | 100.00 121.1 0 0 3595 | 100.00 237.8 0 0 3687
35 | 100.00 9.2 0 1 4603 | 100.00 55.9 0 0 3629 | 100.00 119.7 0 0 3590 | 100.00 236.3 0 0 3687
4 1 31.56 6.1 0 0 4783 33.69 31.9 0 0 4855 36.89 51.8 0 0 5008 39.63 106.1 0 0 5110
5 75.88 12.8 0 1 7704 83.12 94.3 0.03 9 8141 86.00 264.7 0.26 61 10653 92.90 483.8 0.1 11 9605
10 90.11 13.9 0.64 17 7619 95.29 88.2 0.32 9 8325 96.77 204.3 0.13 3 7676 99.12 384.9 0.04 16 6029
15 96.10 18.9 0.52 99 7945 98.97 88.7 0.06 21 7765 99.45 198.2 0.06 19 6177 | 100.00 327.5 0 1 4966
20 98.95 19.1 0.38 163 7595 99.89 71.5 0.02 16 5394 99.98 175.1 0.02 152 5027 | 100.00 326.1 0 0 4866
25 99.91 16.2 0.05 129 6069 | 100.00 72.3 0 9 4777 | 100.00 158.9 0 4 5235 | 100.00 353.3 0 0 4868
30 | 100.00 16.8 0 123 6143 | 100.00 69.9 0 0 4882 | 100.00 156.3 0 0 4743 | 100.00 318.9 0 0 4868
35 | 100.00 9.6 0 0 5089 | 100.00 68.2 0 0 4862 | 100.00 157.9 0 0 4738 | 100.00 332.9 0 0 4868
5 1 32.54 8.6 0 0 5993 33.91 34.9 0 0 6108 37.13 80.3 0 0 6378 40.47 146.4 0 0 6682
5 77.53 14.6 0 0 8715 83.81 115.0 0.26 19 10447 86.83 299.8 0.22 43 11714 93.43 574.1 0.09 16 10169
10 90.93 17.7 0.46 11 9137 95.67 113.0 0.32 7 9913 97.11 238.2 0.1 7 8246 99.24 492.9 0.04 6 7380
15 96.56 23.0 0.47 59 9433 99.00 106.5 0.12 42 8294 99.52 222.4 0 23 7396 | 100.00 418.1 0 0 6165
20 99.05 33.1 0.36 270 8884 99.90 94.1 0.02 14 6502 99.98 208.6 0.01 107 6221 | 100.00 488.7 0 0 6010
25 99.93 18.0 0.05 108 7245 | 100.00 97.6 0 61 6285 | 100.00 200.6 0 0 6011 | 100.00 435.9 0 0 6010
30 | 100.00 19.0 0 41 7701 | 100.00 82.7 0 0 6027 | 100.00 192.9 0 0 5953 | 100.00 463.5 0 0 6010
35 | 100.00 11.2 0 0 6280 | 100.00 82.1 0 0 6027 | 100.00 186.1 0 0 5953 | 100.00 428.9 0 0 6010
6 1 33.44 10.0 0 0 7228 34.20 43.2 0 0 7422 37.56 106.2 0 0 7891 41.38 208.6 0 0 8339
5 78.77 18.6 0 0 10354 84.76 149.1 0.23 19 12171 87.53 390.2 0.28 80 14545 93.81 694.3 0.1 17 12087
10 91.56 26.3 0.36 37 11116 95.98 118.3 0.46 12 10485 97.35 275.7 0.03 8 9576 99.33 593.6 0 13 9072
15 96.89 30.1 0.44 63 10577 99.10 127.5 0.11 47 9566 99.58 247.8 0 9 8637 | 100.00 538.1 0 0 7125
20 99.14 34.3 0.34 150 10924 99.91 120.2 0.02 20 7921 99.98 260.5 0.01 130 7399 | 100.00 556.1 0 0 7074
25 99.94 31.6 0.04 290 10321 | 100.00 108.1 0 10 7371 | 100.00 223.3 0 7 7184 | 100.00 517.0 0 0 7074
30 | 100.00 20.5 0 37 8735 | 100.00 99.4 0 0 7123 | 100.00 221.9 0 0 7122 | 100.00 503.8 0 0 7074
35 | 100.00 15.8 0 1 7498 | 100.00 96.5 0 0 7123 | 100.00 256.7 0 0 7122 | 100.00 491.0 0 0 7074
7 1 34.08 11.9 0 0 8498 34.73 54.7 0 0 8782 37.99 119.4 0 0 9501 42.13 287.6 0 0 10265
5 79.91 21.6 0 0 12186 85.57 180.1 0.51 17 13729 88.17 496.3 0.26 114 17845 94.07 823.5 0.12 17 14424
10 92.21 27.2 0.25 13 12542 96.32 148.4 0.34 14 11258 97.53 319.0 0.06 11 10846 99.39 680.2 0 24 9549
15 97.15 48.1 0.42 152 12374 99.18 141.1 0.1 31 10539 99.63 301.8 0 0 9780 | 100.00 668.0 0 0 8292
20 99.23 50.6 0.31 418 10563 99.92 145.4 0.02 22 9065 99.99 299.9 0.01 122 8594 | 100.00 639.2 0 0 8241
25 99.94 34.4 0.03 257 9954 | 100.00 122.3 0 27 8478 | 100.00 315.9 0 0 8320 | 100.00 644.0 0 0 8241
30 | 100.00 23.2 0 22 9180 | 100.00 125.7 0 0 8290 | 100.00 276.0 0 0 8289 | 100.00 623.5 0 0 8241
35 | 100.00 17.6 0 3 8671 | 100.00 112.4 0 0 8290 | 100.00 278.1 0 0 8289 | 100.00 608.6 0 0 8241
8 1 34.88 15.3 0 0 9766 35.56 63.5 0 0 10092 38.60 157.1 0 0 11120 43.01 367.1 0 0 12051
5 80.84 25.8 0 1 13565 86.18 174.5 0.41 19 14778 88.65 479.9 0.96 88 17542 94.47 1007.2 0.09 21 16476
10 92.71 29.3 0.23 14 13144 96.60 162.0 0.18 13 12504 97.71 390.3 0.21 16 11967 99.44 765.5 0 7 10829
15 97.35 51.0 0.43 162 13216 99.25 166.6 0.1 26 11685 99.66 355.1 0 0 10923 | 100.00 681.7 0 0 9459
20 99.30 41.7 0.29 204 12144 99.93 144.6 0.02 7 9970 99.99 363.7 0.01 115 9856 | 100.00 655.3 0 0 9408
25 99.95 33.4 0.03 184 10896 | 100.00 149.3 0 8 9843 | 100.00 361.8 0 0 9487 | 100.00 672.2 0 0 9408
30 | 100.00 38.5 0 295 10147 | 100.00 137.7 0 0 9457 | 100.00 338.0 0 0 9456 | 100.00 714.4 0 0 9408
35 | 100.00 21.7 0 1 9830 | 100.00 134.5 0 0 9457 | 100.00 333.9 0 0 9456 | 100.00 633.1 0 0 18457
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Figure 6  Solution times for different number of vehicle types

4.2. Random Networks

Random networks are generated to test the computational efficiency of the proposed B&C-
1 algorithm against increasing sizes of networks. For this purpose, four random graphs,
details of which are presented in Table 2, are generated. For each network, 1000, 2000
and 4000 random OD pairs are selected. For each graph and OD pair count, we test our
algorithm for 10, 20, 30, 50 and 100 stations. We conduct each experiment for 0%, 10% and
20% deviation tolerance. We consider a vehicle with a range of 100 kilometers. The results
are presented in Table 8. Three leftmost columns show the parameter settings. ‘Best 1bd
(%) column shows the best feasible solution at termination. ‘Opt Gap (%)’ is the gap
between the best upper and lower bounds at termination. ‘Sol time (s)’, ‘Root node gap
(%)’, ‘nNodes’ and ‘nCuts’ columns are as previously defined.

Observe that, except for 17 instances, the algorithm was able to find the optimal solution
within one-hour time limit. Average solution times are generally higher than those for the
CA network. Note that, even with large gaps at the root node, the algorithm still performs
fairly fast in finding an optimal solution. According to our results, the algorithm performs

well until the bottleneck is hit in instances with 1000 nodes and 4000 OD pairs.



Table 8

Results for randomly generated graphs

0% Driver Tolerance

10% Driver Tolerance

20% Driver Tolerance

s s ¥
— & - & - &
2 O¥ z g S z g 20K z g
4 el (] 3 el ] 3 el [} 3
A ) g g s L, 2§ - g .| 2 8 R g,
3 - 3 - ° & - = - ° 3 - = - ° 3
s S i & 5 3 2 ¢ & & R 2 G| & B 3 3 2 3
Z 3* a m o n o E B m o n o E E M o n o1 d a
G-250 1000 10 | 14.91 0 2.0 11.78 164 1781 | 23.15 0 1.7 6.63 46 1608 | 27.35 0 3.5  6.68 134 1682
20 | 29.69 0 3.3 7.58 510 1752 | 43.56 0 1.9 157 41 1643 | 50.54 0 3.5  0.52 19 1577
30 | 43.51 0 2.7 4.47 208 1728 | 60.82 0 1.8 0.12 4 1610 | 67.4 0 3.4 0.59 38 1590
50 | 67.41 0 1.8 0.47 69 1743 | 85.96 0 21 0.25 14 1467 | 91.87 0 3.1 0.06 4 1324
100 | 94.71 0 1.3 0.00 1 1320 | 100 0 1.7 0.00 0 1152 | 100 0 3.1 0.00 0 1075
2000 10 | 15.06 0 4.4 10.09 254 3315 | 23.69 0 3.5  4.49 25 2082 | 27.74 0 54  4.71 75 2886
20 | 29.54 0 6.8  6.40 435 3360 | 44.89 0 3.4 1.10 23 3098 | 50.11 0 5.6  0.68 17 2890
30 | 42.75 0 10.1  5.19 848 3449 | 61.63 0 3.6  0.56 24 3153 | 68.02 0 6.1  0.02 3 3071
50 | 65.82 0 3.7 0.99 30 3229 | 87.18 0 3.5  0.10 6 2891 | 92.09 0 6.3 0.14 5 2665
100 | 91.91 0 3.5  0.24 58 2615 | 100 0 2.8 0.00 0 2113 | 100 0 4.0  0.00 0 2097
4000 10 | 14.72 0 15.0 12.33 372 6604 | 24.37 0 7.2 2.92 12 6101 29.02 0 10.2 2.23 27 5614
20 | 29.86 0 15.9  4.94 415 6569 | 45.48 0 81 0.78 25 6071 | 51.6 0 11.9  0.72 17 6004
30 | 43.92 0 9.5 1.24 40 6622 | 61.95 0 81 0.05 3 6103 | 68.12 0 11.7  0.40 10 5822
50 | 64.58 0 142 1.88 227 6565 | 86.6 0 7.0 0.00 1 5236 | 91.34 0 11.4  0.00 1 4997
100 | 91.43 0 9.3 0.41 80 5436 | 100 0 6.3  0.00 0 4231 100 0 8.9  0.00 0 4224
G-500 1000 10 | 10.91 0 3.4 9.64 184 1676 | 16.27 0 5.7  8.56 618 1609 18 0 T4.1 11.70 2884 1616
20 | 20.99 0 3.2 4.68 238 1593 | 30.33 0 4.7  3.26 171 1559 | 33.58 0 10.1  2.69 247 1586
30 | 29.38 0 4.3 3.77 520 1634 | 42.13 0 5.2  1.94 132 1590 | 46.73 0 10.2  0.74 37 1570
50 | 44.8 0 5.7  3.40 869 1733 | 61.27 0 51  0.84 28 1619 | 66.17 0 10.9  0.96 210 1570
100 | 73.59 0 4.4 0.96 165 1769 | 93.02 0 4.9  0.11 8 1346 | 96.47 0 11.6  0.00 1 1273
2000 10 | 9.67 0 9.7 16.99 596 3204 | 16.01 0 10.5 10.59 2095 3061 | 18.34 0 19.9  8.57 470 3164
20 | 19.03 0 8.2 7.24 373 3162 | 30.23 0 9.1  1.67 55 3006 | 34.47 0 17.7  2.19 87 3048
30 | 27.03 0 5.2  4.22 885 3241 | 41.8 0 105 1.74 159 3017 | 47.33 0 20.9  1.92 159 3053
50 | 41.13 0 51.9  3.88 5730 3426 | 60.83 0 11.8  1.18 201 2949 | 67.48 0 18.1  0.32 43 2857
100 | 69.26 0 48.3  2.22 4124 3393 | 90.72 0 10.7  0.11 18 2662 | 94.72 0 18.9  0.04 17 2477
4000 10 | 10.38 0 11.0  9.55 104 6181 | 17.13 0 13.9  2.18 34 5706 | 19.74 0 35.3  2.06 33 5849
20 | 18.91 0 405  6.77 1014 6528 | 29.99 0 20.1  1.89 86 6314 | 34.11 0 44.0 251 387 5930
30 | 25.82 0 2524  6.81 9115 6755 | 40.45 0 22.6  2.39 415 6026 | 45.37 0 73.9  2.93 1767 6025
50 | 38.94 0 3604.6%* N/A 116059 6936 | 58.69 0 40.0 1.65 963 6188 | 64.22 0 63.7 1.53 1323 5794
100 | 67.19 0 160.5  2.18 5628 6601 | 89.6 0 17.2  0.04 5 5200 | 93.67 0 36.8  0.06 21 4737
G-750 1000 10 7 0 7.7 19.28 511 1844 | 10.85 0 10.7 14.98 485 1934 | 13.36 0 249 12.92 1588 1829
20 | 13.99 0 8.7 10.35 580 1854 | 21.34 0 11.7  7.62 402 1845 | 24.93 0 32.5  8.74 1967 1951
30 | 20.65 0 8.2  6.04 476 1886 | 30.13 0 15.8  5.94 1710 1832 | 35.06 0 474 6.20 4387 2052
50 | 32.14 0 31.4  6.11 5978 1951 | 45.89 0 25.1  4.04 3450 1994 | 53.07 0 27.7 249 1024 1949
100 | 57.27 0 18.6  2.14 2544 1978 | 78.31 0 10.1  0.45 63 1771 | 84.85 0 23.3  0.58 300 1619
2000 10 | 6.64 0 13.4 18.66 544 3468 | 10.98 0 22.5 14.56 790 3559 | 13.8 0 48.4 13.82 1394 3421
20 | 12.89 0 26.1 12.41 1448 3616 | 20.51 0 31.1  6.98 1745 3612 | 25.46 0 69.5  5.80 3650 3590
30 | 18.6 0 472 8.34 3466 3592 | 28.59 0 164.7  7.00 19547 3748 | 35.06 0 127.5 4.62 10518 3623
50 | 29.41 0 82.8  5.80 6322 3743 | 44.23 0 471 3.31 3606 3473 | 51.76 0 62.1  2.12 2432 3371
100 | 52.56 0 180.6  2.93 15147 3719 | 73.41 0 20.7  0.87 527 3312 | 81.52 0 402  0.25 26 3082
4000 10 5.9 0 93.1 23.48 1750 7316 | 10.34 0 89.9 16.24 3599 6815 | 12.81 0 152.4 16.59 2785 7209
20 | 11.41 0 923.9 14.08 25600 7116 | 20.56 0 42.0 3.94 163 7016 | 24.93 0 103.2  4.59 752 6862
30 | 16.59 0.03 3609.3* N/A 80559 7295 | 28.34 0 171.0  5.47 3599 7292 | 34.31 0 113.9  2.63 507 7024
50 | 26.79 0.03 3609.0* N/A 65399 7274 | 42.6 0 1764.8 4.62 53543 7162 | 49.84 0 1073.1 2.88 37632 7084
100 | 50.04 0.01 3609.7* N/A 75809 7392 | 73.32 0 45.4  0.49 208 6318 | 80.21 0 84.4  0.16 50 5818
G-1000 1000 10 | 4.95 0 13.3 30.32 748 1958 | 7.51 0 52.9 45.00 5498 2392 | 9.03 0 T12.1 36.04 12696 2465
20 | 9.82 0 21.5 14.79 2123 1966 | 15.53 0 39.5 14.74 4002 2225 | 18.46 0 229.3 18.90 30193 2376
30 | 14.71 0 30.9 10.15 3244 2125 | 23.93 0 23.3  9.68 1552 2119 | 28.37 0 85.7  9.01 6824 2284
50 | 24.08 0 475  6.55 6003 2030 | 38.64 0 36.9  3.64 3251 2103 | 44.83 0 208.9 4.66 20513 2303
100 | 44.36 0 655.7 4.56 113827 2089 | 67.18 0 272 1.15 2634 2073 | 74.99 0 186.2  1.67 33113 2129
2000 10 | 4.58 0 24.9 28.94 610 3696 | 6.91 0 117.4  45.38 6214 4175 | 8.02 0 843.9 50.80 36722 4884
20 | 8.74 0 164.3 20.31 8980 3860 | 14.95 0 111.1  15.93 4774 4055 | 17.96 0 443.2 16.06 22291 4313
30 | 13.22 0 272.6 13.82 14575 4076 | 22.14 0 464.6 10.55 28069 3903 | 27.3 0 245.7  7.02 10997 4087
50 | 21.9 0 1858.6 8.74 123478 3756 | 35.16 0.01 3612.3%* N/A 169123 4071 | 41.93 0 2862.0 6.11 171187 4297
100 | 40.84 0.02 3610.4* N/A 145421 4078 | 62.1 0 306.6  1.93 19311 3958 | 69.67 0 321.8 1.67 21154 3760
4000 10 | 3.63 0 1120.0 46.67 14060 8392 | 5.73 0 3184.2 49.99 65238 8680 | 6.71 0.26 3632.2* N/A 59069 8489
20 | 7.58 0 3349.8 26.70 58719 7949 | 12.62 0.05 3622.7* N/A 59302 8388 | 15.66 0.10 3645.2* N/A 57580 8088
30 | 11.16 0.08 3616.7%* N/A 49983 7835 | 19.95 0.02 3623.7%* N/A 80167 7779 | 24.63 0.05 3645.3* N/A 60854 7778
50 | 18.28 0.11 3616.3* N/A 47151 7853 | 33.42 0.01 3622.5%* N/A 86946 7570 | 40.51 0.01 3645.2%* N/A 66932 7730
100 | 37.04 0.06 3616.1* N/A 48154 7807 | 58.96 0.01 3622.9* N/A 87638 7256 | 67.97 0 165.8  1.00 1828 7278

* Instances terminated due to time limit.
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5. Conclusions

In this study, we have proposed a natural formulation for the RSLP-R based on the
notion of length-bounded node cuts and analyzed its polyhedral properties. We proposed
a branch-and-cut algorithm as an exact solution method. For separating integer solutions,
we devised a polynomial-time algorithm. For fractional solutions, we developed an integer
programming model and made use of a classical minimum cut algorithm as an efficient
heuristic. Extensive computational studies showed that the solution times and the size
of the solvable instances are improved significantly with respect to previously reported
results by Yildiz, Arslan, and Karagan (2016). We can address practically sized problem
instances that could only be solved previously by a branch-and-price algorithm in a three-
hour time frame, under two minutes. Our approach can also address multiple vehicle types
and possible non-simple path occurrences in the driver routes.

Our approach can easily be adapted to handle different driver tolerances. Rather than
assuming a distance tolerance on the path, a bound on the number of refueling stops might
be considered for the drivers. This special case of our problem can be solved by assuming
unit length arcs in the transformed network and solving the RSLP-R on this transformed
network.

For future research directions, capacities of the refueling stations can be accommodated
into the problem, which would bring more realism. Considering uncertainties inherent in
the problem, such as the vehicle flows between OD pairs, can also help in modeling the

real-world more closely.
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Appendix. Proofs of Propositions in Section 3 Polyhedral Analysis

In this appendix, we prove Propositions 1 through 6 presented in Section 2.2. Recall that X is
the feasible set of the natural formulation given by (2)-(5). Let e; the i** unit vector of size |N| and
h, the ¢"" unit vector of size |@|. In the following, we refer to a solution in X as (z,y).

Proof of Proposition 1 Consider the following solutions of X

(3)-(3 )sem (£ oo

where 27 =3, (. €; and 7 is a path in P;. These constitute a set of [N|+|Q|+1 solutions of the
RSLP-R, which are affinely independent. Hence, the dimension of conv(X) is |[N|+|Q|. O

Proof of Proposition 2 Consider the |N|+ |Q] solutions given in the proof of Proposition 1
that satisfy y, = 0. Obviously, these solutions are affinely independent and they lie on the face of
conv(X') defined by inequality y, > 0. O

Proof of Proposition 3 Suppose that the condition is satisfied. Consider the following | N|+

|Q| solutions of X
<8>’(€0j>j€N\{i},<}qu>q€Q,

where 27 =3 e; and 7 is a path in P, with i ¢ N(m) (such a path exists since {i} is not a

g-node-cut for P;). Observe that these solutions are in X', satisfy x; = 0 and are affinely independent.

JEN(m)

If there exists a ¢ € @ such that {i} is a g-node-cut for P,, then z; >y, is valid for X and
dominates z; > 0. Hence the latter cannot define a facet. O

Proof of Proposition 4 Assume that the conditions are satisfied and consider the following

(5)-("5 Jrexian (G, Juce

e; and w7 is a path in P, such that [N (77)U{i}| <p. So, these vectors are

|N|+ |Q| solutions:

where 279 =75
solutions of the RSLP-R, satisfy z; =1 and are affinely independent.
If p=1, then 2(N) <1 dominates x; < 1. If there exists ¢ € @ such that |[N(7?)U{i}| > p for all

JEN (m1)U{d}

1 €P,, then x; +y, <1 is a valid inequality and it dominates z; <1. O
Proof of Proposition 5 It suffices to exhibit |N|+ |Q| affinely independent solutions of X
satisfying 2(N) < p with equality. Suppose that p < |N|. For each g € @), we can find a solution

xq
hq
where z? is such that z?(N)=p, 22(S) > 1 for all S €T,. Consider additional |N| solutions:

'LUP+1_€1' . .
< 0 )zl,...,p 1
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and

where w; = 37_, ¢,. Observe that all these | N|+ |Q| solutions are in conv(X), satisfy z(N) = p and
are affinely independent. Thus the face of conv(X) defined by inequality z(N) < p has dimension
IN|+|Q] —1 and is a facet.

If p=|N], then all solutions in conv(X) that satisfy x(N) = p also satisfy z; =1 for i € N. As
conv(X) is full dimensional and z(N) < p is not a positive multiple of z; <1, 2(N) < p cannot be
facet defining. O

Proof of Proposition 6 Suppose that the conditions are satisfied. Consider the following

<8),<%)i€N\S,<Z>i€S,

e; and 7; is a path in P, with N(m;) NS = {i}. In other words, we construct a

|N| + 1 solutions:

where z' =37 ()
path for demand ¢ that contains only node i from set S. Note that S being a minimal g-node-cut
for P/ ensures that we have such a path 7; € P,. Next, we describe additional [Q| — 1 solutions for

every ¢ € Q\ {¢} depending on the two cases. If there exists a path 7 € P, with N(7%) NS =90,

(%)

where 27 = 2 jen(na) €j- Note that 29(S) =0 in this case. If such a path does not exist, then by

then we construct the solution

assumption, there exists a node i € S, a path 7% € P, and a path il P’ such that N(7?) NS =
N(mi)nS={i} and |N(79) UN(79)| < p. In this case we construct the solution

2d
(%)

where 2= e;. Observe that these |@Q| — 1 solutions together with the previous |[N|+1

FJEN(mn2)UN (md)
solutions are affinely independent, are in conv(X) and satisfy y, = (S). Hence, the inequality
Yq < x(S) is facet defining for conv(X).

If the conditions are not satisfied, then y, +y; < z(S) is a valid inequality for conv(X). As this

new inequality dominates y, < x(.5), the latter cannot be facet defining for conv(X). O
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