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Abstract. The capacitated location-routing problem consists in, given a set of locations
and a set of customers, determining in which locations one should install depots with lim-
ited capacity, and for each depot, design a number of routes to supply customer demands.
We provide a formulation that includes depot variables, edge variables, assignment vari-
ables, and an exponential number of route variables, together with some new families of
valid inequalities, leading to a branch-cut-and-price algorithm. The main original method-
ological contribution of the article is the route load knapsack cuts, a family of nonrobust
cuts, defined over the route variables, devised to strengthen the depot capacity constraints.
We explore the monotonicity and the superadditivity properties of those cuts to adapt the
labeling algorithm, used in the pricing, for handling the additional dual variables effi-
ciently. Computational experiments show that several capacitated location-routing previ-
ously unsolved instances from the literature can now be solved to optimality. Additional
experiments with hard instances of the vehicle routing problem with capacitated multiple
depots and with instances of the vehicle routing problem with time windows and shifts
indicate that the newly proposed cuts are also effective for those problems.
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1. Introduction

Location-routing problems (LRPs) arise when combin-
ing two classic combinatorial optimization problems:
facility location and vehicle routing. In fact, the integra-
tion of both levels of decisions, that is, depot location
and vehicle routing, makes the LRP an interesting model
for several practical applications, from the design of
telecommunications networks to the operation of very
competitive supply chains. Making decisions on the
location of depots and the routing of vehicles indepen-
dently usually leads to strongly suboptimal planning
results, as observed by Salhi and Rand (1989). As a
result, LRPs have been extensively studied in the litera-
ture, as surveyed in Schneider and Drexl (2017). The
importance of LRPs is currently rising due to the surge
of home delivery services and e-commerce. In those
contexts, solving LRPs help in determining the location

of urban depots from which customers would be served
on vehicle routes.

The capacitated LRP (CLRP) is defined as follows.
Consider an undirected graph G = (V,E), with V=1U]
and E = Ejj U Ej, where nodes in I represent possible
depot locations, nodes in | denote customers, E; is the
set of all pairs of distinct nodes in J, and Ej; =1 X J. Sub-
graph (J, Ej) is a complete graph, subgraph (I U ], Ey) is
a complete bipartite graph, and vertices of I form an
independent set. For each edge e € E, there is a cost
c. € R,. For each depot location i € I, there is an opening
cost f; € R, and a capacity W; € Z... For each customer
j€]J, there is a demand d; € Z,. Finally, there is an
unlimited number of identical vehicles with capacity
Q€ Z,. A route is a cycle in G passing through exactly
one depot of [ and through a set of distinct customers in
J having total demand not exceeding Q. We say that a
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route leaves (or is incident to) the depot i in I that it con-
tains. A CLRP solution is a set of opened depots I’ C I
and a set of routes such that (i) all routes leave opened
depots, (ii) all customers are visited exactly once, and
(iii) the sum of the demands in all routes leaving a depot
i € I’ should not exceed W;. The goal is to minimize the
sum of the opening costs plus the cost of the edges in
the routes. We remark that we are assuming that there
are no split deliveries, so each customer should be
indeed visited only once. That modeling assumption is
reasonable because the edges in G actually represent
shortest paths between pairs of points, obtained from a
street/road network. If the shortest path between A and
B happens to pass by the street segment in front of cus-
tomer C, this is not counted as a visit to C.

A closely related problem, also considered in this arti-
cle, is the vehicle routing problem with capacitated mul-
tiple depots (VRP-CMD). It differs from CLRP only by
having zero opening costs, so all depots can be consid-
ered as opened. The third problem addressed here is
the vehicle routing problem with time windows and
shifts (VRPTW-S), introduced in Dabia et al. (2019). The
problem is a generalization of the classic VRPTW, in
which we have a single depot, which is already open. In
addition to demands, every customer j €] also has a
time window [[;, u;] during which it should be visited.
In the VRPTWS-S, there is a set I of shifts. Each shiftie I
is characterized by a time window [/}, ;] during which
a vehicle may leave the depot, and a capacity W; limit-
ing the total load of vehicles departing during the shift.
To reduce the VRPTW-S to the LRP with time windows,
we introduce a fictive depot for every shift. The position
of all fictive depots is the same as the original depot.
However, a time window for leaving every fictive depot
i€l is set to [l;,u;]. As for the VRP-CMD, all fictive
depots are considered to be open.

All those problems have a nested knapsack structure.
The customers are first assigned to routes that have the
following knapsack-like constraints: The sum of the
demands (the load) should not exceed vehicle capacity.
Then the routes themselves are attached to depots/
shifts subject to knapsack-like constraints: The sum of
the loads should not exceed depot/shift capacity. Simi-
lar nested knapsack structures are encountered in sev-
eral other problems, some of which are mentioned in
the literature review in Section 2.

Branch-cut-and-price (BCP) algorithms are the best
existing methods for the exact solution of most vehicle
routing variants (Poggi and Uchoa 2014, Costa et al.
2019). A crucial issue in that kind of algorithm is the
impact of cut separation on the pricing. According to the
classification proposed in Poggi and Uchoa (2003), a
family of cuts is robust if they do not change the structure
of the pricing subproblem. A BCP algorithm is said to be
to robust if it only uses robust cuts. A prototypical exam-
ple of a robust BCP algorithm for VRP is Fukasawa et al.

(2006). The robust VRP cuts are expressed over the
edge/arc variables of a suitable original compact formu-
lation, they are translated to the route variables using a
linear mapping. In that way, the dual variables of the
separated cuts only change edge/arc costs in the pricing.
On the other hand, cuts that can only be expressed
directly over the route variables are nonrobust. Each sep-
arated cut adds an extra resource to the labeling algo-
rithm used in the pricing, making it harder.

Nonrobust cuts are often stronger than robust ones
precisely because they have access to full route informa-
tion instead of only having access to “small bits of
routes” (edge/arc variables). In fact, nonrobust cuts for
VRPs often explore the set-partitioning constraints that
state that each customer should be visited by exactly
one route. Classic set-partitioning cuts (like the clique
cuts used in Baldacci et al. (2008)), despite being poten-
tially very strong, are not really practical: A few dozen
such cuts already make the pricing intractable. The sub-
set row cuts, introduced in Jepsen et al. (2008), are a
family of set-partitioning cuts purposely created to be
used in a BCP context, designed to be less harmful to
the pricing subproblem. An important advance was the
introduction of limited-memory cuts (Pecin et al. 2014), a
technique (first used on subset row cuts and later gener-
alized to rank-1 cuts in Pecin et al. (2017b)) to dynami-
cally adjust cut coefficients to substantially reduce their
negative impact on the pricing. Despite those improve-
ments, those limited-memory cuts are still nonrobust
and should be handled with care. Indeed, the BCPs in
Pecin et al. (2014) and Pessoa et al. (2020) use a roll-back
mechanism to remove active nonrobust cuts (of course,
losing bound quality) when the pricing becomes too
expensive.

This work proposes a BCP algorithm for the CLRP
that is easily adapted to the VRP-CMD and the VRPTW-
S. The algorithm is based on a formulation of the prob-
lem that includes, besides depot variables, assignment
variables and edge variables, an exponential number of
route variables. The BCP also uses robust cuts (including
two newly proposed families) and nonrobust limited-
memory rank-1 cuts. However, the main methodologi-
cal advance is the route load knapsack cuts (RLKCs), a new
family of nonrobust cuts derived from the constraints
that state that the sum of loads of the routes attached to a
depot should not exceed its capacity.

Dabia et al. (2019) recently proposed four families of
nonrobust cover cuts (y-cover, k-cover, p-cover, and g-
cover) for the similar nested knapsack structure found
in VRPTW-S. The newly proposed RLKCs have the fol-
lowing advantages over those cover cuts:

e They are more general and stronger. The cuts in
Dabia et al. (2019) are inspired by classic knapsack
cover cuts and only have coefficients zero or one on
their left-hand side. In contrast, RLKCs include all the
facets of the so-called master knapsack polyhedron and
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can have many distinct coefficients on their left-hand
side.

e The cover cuts in Dabia et al. (2019) have a signifi-
cant negative effect on the performance of the proposed
labeling algorithm used in their pricing. In fact, those
authors limit the number of active such cuts to 50 in
their BCP algorithm to keep the pricing tractable. In con-
trast, we present a modified labeling algorithm that, by
exploring monotonicity and superadditivity properties,
can handle RLKCs in a very efficient way. Indeed, our
BCP algorithm freely separates RLKCs and does not
need any special mechanism to control them.

The remainder of the paper is organized as follows.
Section 2 reviews the literature on the CLRP and on some
related problems with the nested knapsack structure. Sec-
tion 3 contains a polynomially sized integer program-
ming formulation for the CLRP, as well as known and
new families of valid inequalities for it. Section 4 presents
an extension of that formulation, by introducing an expo-
nential number of route variables. Section 5 describes the
new RLKCs, also showing how they are separated and
how they change the labeling algorithm used for the pric-
ing. Section 6 presents extensive computational experi-
ments on CLRP, VRP-CMD, and VRPTW-S. Conclusions
and research perspectives are given in Section 7. Detailed
instance-by-instance computational results are presented
in the online appendices.

2. Literature Review

The idea of combining two levels of decision, depot loca-
tion and vehicle routing, is not new. The first exact
method for the LRP is due to Laporte and Nobert (1981),
in which the authors develop a branch-and-cut algorithm
for solving a special case where a single depot must be
opened among a list of possible depot locations. After-
ward, Laporte et al. (1986) investigate the CLRP with
multidepots to be opened and subject to vehicle capaci-
ties. The computational results reported show that they
were able to solve instances with eight depot locations
and 20 customers. In a later work, Laporte et al. (1988) dis-
cuss the CLRP in a context of asymmetrical costs, where
vehicle capacities are replaced by constraints on the maxi-
mum length of the routes. Instances are then solved by a
branch-and-cut algorithm.

Belenguer et al. (2011) use a two-index formulation for
the CLRP. By adapting some of the valid inequalities
from the CVRP literature, together with others conceived
specifically for the CLRP, the authors devise a branch-
and-cut algorithm. From the computational experiments
reported, their approach is able to solve instances with
five depot locations and 50 customers. Contardo et al.
(2013) extend the work of Belenguer et al. (2011) and pre-
sent four different arc-flow formulations for which they
derive several new families of valid inequalities, giving

both heuristic and exact separation procedures. The
computation results show that a three-index flow for-
mulation is stronger than the two-index counterparts;
however, this does not always culminate in a better
algorithmic performance.

The first use of column generation on CLRP is due to
Berger et al. (2007). Here, the authors develop a branch-
and-price algorithm to solve instances with uncapacitated
depots and routes limited by a maximum length. The
authors report computational experiments on instances
with 10 depot locations and up to 100 customers, some of
which are solved to optimality within a running time of
two hours. Akca et al. (2009) give a set partitioning formu-
lation for the standard CLRP and solve it by a branch-
and-price algorithm. The authors apply three distinct
heuristics to price negative reduced cost columns, calling
the exact labeling algorithm only when the heuristics fail
to find such columns. They were able to solve instances
with up to five depot locations and 40 customers.

Baldacci et al. (2011b) propose a solution strategy for
the CLRP that consists in solving the VRP-CMD for
each possible set of opened depots and keeping the
solution with the smallest cost. They propose a sophisti-
cated lower bounding procedure that can reduce a lot
the number of tested sets, by identifying many sets of
locations that cannot lead to optimal solutions. Their
algorithm clearly outperforms the solution methods
known at that time.

Contardo et al. (2014) also develop an approach based
on the enumeration of subsets of depot locations. A
branch-and-cut algorithm over the formulation proposed
in Belenguer et al. (2011), strengthened by some valid
inequalities introduced in Contardo et al. (2013), is used
for identifying subsets that cannot lead to solutions better
than a given upper bound. Then, for each such subset
of depots that can possibly lead to improving solutions,
the corresponding VRP-CMD instance is solved as fol-
lows. First, a strong lower bound is obtained by cut-and-
column, then all columns whose reduced costs are not
greater than the gap between the upper and lower bounds
are enumerated, and finally, the standard set-partitioning
formulation having the enumerated columns is solved by a
standard Mixed Integer Linear Programming solver. The
obtained computational results are better than those in Bal-
dacci et al. (2011b), solving two additional instances and
providing tighter lower bounds for unsolved instances.

As observed by Schneider and Drexl (2017), both the
algorithms proposed by Baldacci et al. (2011b) and
Contardo et al. (2014) are very sophisticated and rely
on a number of complex algorithmic and implementa-
tion refinements. A point worth mentioning is that
these methods exploit the fact that the instances then
found in the literature have a rather small number of
depot locations, at most 10. Hence, the proposed smart
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enumeration of all subsets of depots is more likely to
be manageable. However, it is unclear if those meth-
ods could be able to deal with larger instances, such as
the new benchmarks introduced by Schneider and
Loffler (2019) containing 15, 20, and 30 depot locations.

The CLRP is also a fruitful topic for the development
of heuristics. Many of those methods work in a two-
stage hierarchical fashion: first decide which depots to
open and then optimize the vehicle routing. We refer
the reader to the survey of Schneider and Drexl (2017)
for a complete overview of heuristic methods for CLRP.

We now review the literature on some related pro-
blems with the nested knapsack structure. First of all,
the VRP-CMD, the particular case of CLRP where all
depots are already opened, still has that structure. As
mentioned before, Baldacci et al. (2011b) and Contardo
et al. (2014) have to deal with VRP-CMD subproblems
when solving the CLRP. Both works do that by adapt-
ing existing approaches, Baldacci and Mingozzi (2009)
and Contardo and Martinelli (2014), respectively, for
the multidepot vehicle routing problem with uncapaci-
tated depots. Actually, Contardo et al. (2014) also use
valid inequalities proposed by Belenguer et al. (2011)
and Contardo et al. (2013). The VRP-CMD is again
encountered as a subproblem by Ben Mohamed et al.
(2023) when solving the two-echelon stochastic multi-
period capacitated location-routing problem by a logic-
based Benders decomposition algorithm. Those authors
solve the VRP-CMD by a direct adaptation of the BCP
algorithm in Sadykov et al. (2021). No specific inequal-
ities for the VRP-CMD are used.

Dabia et al. (2019) introduced the vehicle routing
problem with time windows and shifts (VRPTW-S). In
this generalization of the class vehicle routing problem
with time windows, the time horizon is divided in nono-
verlapping shifts. Depending of the time when a route
leaves from the depot, this route is assigned to one of the
shifts. The total amount of freight delivered by routes
belonging to a shift is limited by a loading capacity.
Thus, the nested knapsack structure appears, as every
customer’s demand contributes to the vehicle capacity
and the shift loading capacity constraints. Dabia et al.
(2019) propose a BCP algorithm for the VRPTW-S. Their
main contribution concerns new cover inequalities for
the problem. These inequalities are related to the RLKCs
proposed in this paper, as they are also derived from the
higher-level knapsack inequalities (for the shift loading
capacities) over route variables.

Tilk et al. (2021) introduced the last-mile vehicle rout-
ing problem with delivery options (VRPDO), in which
some requests can be shipped to alternative locations
with possibly different time windows. Moreover, when
delivery options share a common location, for example,
a locker, capacities must be respected when assigning
shipments. Thus, we have here the double knapsack
structure, as customer deliveries are subject to both

vehicle and delivery location capacities. Knapsack con-
straints are however not nested: two customer deliveries
by the same vehicle do not necessarily contribute to the
same higher-level knapsack constraints corresponding
to the delivery location capacities. Tilk et al. (2021) pro-
pose a branch-cut-and-price algorithm for the VRPDO
that is similar to the one for the standard VRPTW except
for a different graph used when solving the pricing
problem. No specific valid inequalities based on the
knapsack structure of the problem are proposed.

Albareda-Sambola et al. (2009) introduced the capacity
and distance-constrained plant location problem. It is an
extension of the discrete capacitated plant location prob-
lem, where the customers assigned to each plant have to
be packed in groups that will be served by one vehicle
each. The constraints include two types of capacities. On
the one hand, plants are capacitated, and the demands
of the customers are indivisible. On the other hand, the
total distance traveled by each vehicle to serve its as-
signed customers in round trips plant-customer—plant is
also limited. This problem also has a nested knapsack
structure. Here, however, different quantities contrib-
ute to the lower-level and higher-level knapsack con-
straints: plant-customer—plant distances to the former
and customer demands to the latter. The authors pro-
posed integer programming formulations and a tabu
search heuristic. Later, Fazel-Zarandi and Beck (2012)
proposed a logic-based Benders decomposition algo-
rithm for this problem.

3. Formulation with a Polynomial Number
of Variables and Additional Cuts
In this section, we present Formulation (F), the three-
index formulation proposed in Contardo et al. (2013).
That formulation can be viewed as a disaggregated-by-
depot version of the formulation introduced by Belen-
guer et al. (2011). Given sets U, W C V, let U=V\Uand
denote by 6(U, W) C E the set of edges containing one
endpoint in U and the other in W. We denote 6(U, U)
simply by 6(U), and 6({v}, V' \ {v}) by only 6(v). For a
given set of customers S C J, let d(S) = Ejes d;j, and defi-
ne r(S) =[d(S)/Q] as a lower bound on the number of
vehicles needed to serve all the customers in S.

3.1. Formulation (F)

For every depot location i € I, define a binary variable y;
which takes value 1 if the depot 7 is opened, and zero
otherwise. For every i € [ and j € |, define a binary vari-
able z;; that takes the value of one if the customer j is
assigned to depot i. For every depot i € I and customer
j€J, let x{; 5 €1{0,1,2} be a variable indicating how
many times edge (i,f) € Ey is traversed by a route leav-
ing depot i. If the customer j is served by a dedicated
route incident to 7, that is, a route of the form i-j-i, vari-
able xzi, ;) takes a value of two. Finally, with every depot
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i€l and edge (j, k) € Ej, let x’(] 1) be a binary variable that
takes one if a route incident to depot i traverses the edge
(j, k) and zero otherwise. The CLRP can be formulated
as the following mixed integer programming (MIP)
problem:

(F)=min) fiyi+> > cxl 1)

iel iel ecE

> z=1, vje], 2)
iel

> xi=2z, viel,je], €)

e€d(j)

Zi]‘Syi, ViGI,jE], (4)
Zd]Z,]S Wiyi/ Viel, (5)
jel

D> x=2n(9), vScy, (6)
i€l eed(S)

x, e {0,1}, Viel e€E, 7)

x\ €{0,1,2}, Viel, e€Ey, (8)

]/i € {0/ 1}/ Vie I/ (9)

z; €40,1}, Viel, je]. (10)

Inequalities (2) guarantee that every customer is assigned
to exactly one depot. Inequalities (3) are the degree con-
straints for customer nodes. These inequalities assure
that, if the customer j is served by depot i, then there
must exist exactly two edges of a route leaving depot i
that are incident to customer j. In the case that customer
j is serviced by a dedicated route from depot i, this
inequality is satisfied by variable xﬁj assuming the value
of two. Inequalities (4) have the format of generalized
upper bound (GUB) constraints and imply that a cus-
tomer can only be served from an open depot. Inequal-
ities (5) guarantee that the total demand supplied by
the depot does not exceed its capacity. Inequalities (6),
the so-called rounded capacity cuts (RCC), introduced in the
context of the CVRP (Laporte and Nobert 1983), determine
a lower bound on the minimum number of vehicles that
must service S. Finally, Inequalities (7)—(10) are the vari-
able domains.

Even though Inequalities (6) only express a lower
bound on the number of vehicles needed to serve S, (F)
is indeed a complete formulation for the CLRP, and not
only a relaxation. This follows from the fact that every
customer must be assigned to exactly one open depot,
and once they are assigned (i.e., all y and z variables are
fixed to Oor 1), the problem decomposes into a number
of independent CVRP-like subproblems, for which Con-
straints (3) and (6)—(8) suffice.

3.2. Additional Cuts

Because there are relatively many GUB Inequalities (4),
it is more efficient to separate only those that are vio-
lated. This can be easily done by inspection. There are
an exponential number of RCC Inequalities (6). They
can be separated using the procedures described in Lys-
gaard et al. (2004). In the remainder of this section, we
present other inequalities used to strengthen (F).

3.2.1. Depot Cover Inequalities (COV). We use cover
inequalities to strengthen knapsack-like Inequalities (5).
The inequality corresponding to depot i € I differs from
a standard knapsack inequality because its capacity W;
is multiplied by y;. Yet, known inequalities for the stan-
dard knapsack problem can be readily adapted by also
multiplying their right-hand side by ;. Given a subset
J €] of customers such that } . ;,d; > Wi, the following
depot cover inequality

Sz < (1= 1y, an

eI

is valid for the CLRP .

These inequalities are exactly separated by a newly
proposed procedure that generalizes the separation pro-
cedure for the standard knapsack cover inequality, as
presented for instance in Wolsey (1998). Let (7,z) be a
fractional solution to (F), restricted to variables y and z.
The procedure consists in solving the following IP for
each depot i such thaty, > 0,

(COV —Sep) =z = minZ(?i —Zj) w; (12)
Jel

> diw; = Wi +1, (13)
jel

w e{0,1}, Vjel. (14)

Variable w; equals one if customer j belongs to the cover
J’ and zero otherwise. Let z* be the value of the optimal
solution to the IP, if z* <¥, then the depot cover
inequality characterized by |’ and i is violated by i/, — z*.
The correctness of (COV-Sep) follows directly from the
fact that (11) is equivalent to

> i —z) 2 i (15)
jer
By complementing the w variables, IP (COV-Sep) can be
transformed into a 0-1 knapsack problem and solved by
pseudo-polynomial algorithms that are very efficient in
practice (Pferschy et al. 2004).

3.2.2. Fenchel Cuts over the y Variables. In a feasible
solution to the CLRP, the total capacity of the opened
depots must be larger than the total demand of the
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customers: 3, Wiyi >3 ;d;. We use a Fenchel cut
(FC) separation scheme to obtain new valid inequalities
from that covering constraint. The separation of Fenchel
cuts for MIPs was pioneered in Boyd (1993, 1994) and
used, for example, by Boccia et al. (2008) to strengthen
knapsack constraints. The idea of FC separation is to
solve an LP to find the coefficients of a cutting plane
separating the current fractional solution from the con-
vex hull of the integer solutions of a certain subproblem
(defined by a restricted set of variables and constraints).

Define the set of binary points satisfying the covering
constraint as

H:{h

Let i be the current fractional solution of (F) restricted
to y and define a vector of variables & having dimension
1]

ZWihiZZdj,he{O,l}l”}. (16)

i€l j€]

(FC —Sep)=z=min» 7, a; (17)

i€l

> ha;=1, VheH, (18)

iel
a;>0, Viel. (19)

After solving that LP, if z* <1, then >, a;y;>1 is a
valid FC that is violated by ¥.

The potential difficulty with that FC separation is
the enumeration of the set H. A point h € H is said to
be minimal if there is no other point h" € H such that
h' <h. It can be seen that nonminimal points lead to
redundant constraints in (18). Therefore, it suffices to
enumerate the set of minimal points in H. In our experi-
ments with CLRP, as all instances from the literature
have [I]| <20, solving (FC-Sep) was never too time-
consuming. However, for larger values of |I| it may be
necessary to generate Constraints (18) dynamically, as
done in Boccia et al. (2008).

3.2.3. Depot Capacity Cuts. A generalization of rounded
capacity cuts is the so-called depot capacity cuts (DCCs)
introduced by Belenguer et al. (2011). LetRCland SCJ
be such that d(S) > W(R), implying that the available
capacity of depots in R is not sufficient to meet the
demand of S. Let (S, R) = [(d(S) — W(R))/Q] be a lower
bound on the number of vehicles coming from I\ R
needed to serve set S. Then, a DCC is the following

inequality:
> 6 =215, R). (20)

i€l\R e€5(S)

It can be seen that rounded capacity cuts (6) correspond
to the depot capacity cuts where R = 0.

Belenguer et al. (2011) have also verified that it is pos-
sible to strengthen Inequalities (20), in what they called
improved DCCs. The idea is to consider the effect of vari-
able y;,, for some depot i; € R. The whole family of cuts
can be written as

SN x> 208, R) +2(1 — y;,)(r(S, R\ {in}) — (S, R)),

iel\R €5 (S)

VRCI ij €R,SCJ:d(S)> W(R). 1)

The validity of improved DCCs can be proved by con-
sidering the two possible values for y;,. When y;, =1,
Inequality (21) reduces to (20). Conversely, for the case
where y; =0, the right-hand side of Inequality (21)
becomes 7(S,R\ {i1}), which is correct. An improved
depot capacity cut clearly dominates the corresponding
Inequality (20) when 7(S,R\ {i1}) > #(S,R). Contardo
et al. (2013) proposed alternative inequalities that also
strengthen Inequalities (20) by considering the y vari-
able of a single depot in R.

By extending those lines of reasoning to two depots
in R, we now propose a new family of improved depot
capacity cuts.

Theorem 1. Given S C |, and R C I such that d(S) > W(R),
and a pair of vertices i1,1, € R, the following inequality is valid
for Formulation (F)

Z Z XZ, > 27’(5, R)yi1 + 27(S/R \ {il})yiz

[eI\R ed(5)
+2r(S, R\ {i1,i2})(1 — v, — ¥i,)- (22)

Proof. First consider the case where y; =y, =1. The
right-hand side of (22) simplifies to 2r(S,R) + (2r(S, R\
{i1}) — 2r(S,R\ {i1,i2})). Because 2r(S,R\ {i1}) — 2r(S,R
\{i1,i2}) <0, the inequality is redundant with respect to
inequality (20). Then, consider a solution for which y;, =
1 and y;, =0. In this case, the right-hand side of (22)
reduces to 2r(S,R), and this inequality is equivalent to
(20). If y;, =0 and y;, =1, the right-hand side of (22)
becomes 2r(S, R\ {i,}), which is correct. Finally, if y;, =
Vi, =0, then the right-hand side of (22) becomes 2r(S,
R\ {i1,1}), which is also correct. [

In what follows, we describe our heuristic separation
for Inequalities (21) and (22). Let (¥,%) be a fractional
solution to (F), restricted to variables x and y. If the prob-
lem variant is solved in which all depots are already
opened, we set y; = 1 for all i € I. The heuristic considers
the collection R of all depot subsets R such that 1 <
|[R| £2 and ¥y, >0 for all i€ R. This collection is ran-
domly shuffled, and first [¢- |I|] subsets are selected.
We use values ¢ =7 if |I| <15, =5if 15 < |I| <20, and
Y = 3.6 if 20 < |I|. The same seed is always used to ini-
tialize the random number generator to have the deter-
ministic behavior of the algorithm.
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On every iteration, we fix a depot subset R in the col-
lection of selected subsets. Let S(R) be the set of custo-
mers who are visited only by vehicles starting in depots
inR:S(R)={jeJ: ZERZEE(S@E@ =2}. Then we use the
following greedy construction heuristic similar to the
one presented by Lysgaard et al. (2004) for separating
RCCs. For each seed customer j €]\ S(R), we set S =

S(R)U {j} and then iteratively expand S by one cus-
tomer and check Inequalities (21) and (22) for the result-
ing pair (R, S) and all possible iy, € R. If all depots are
already open, then only the original inequality (20) is
verified for violation. The customer j we add to S is the
one that minimizes the value > ;cp g pes(su {j})fi, subject

to the restriction that we have not generated the set S U
{j} before during the current iteration with fixed R.
When we cannot expand the current set S without gen-
erating a previously generated set, we proceed to the
next seed.

4. Extended Formulation with an

Exponential Number of Variables

4.1. Formulation (EF)

The linear relaxation of formulation (F), even with the
previously presented valid inequalities, provides lower
bounds that are not strong enough for developing a
state-of-the-art algorithm. Hence, we present a stronger
extended formulation obtained by introducing route
variables. Given i € I, we denote by (i) the set of all
possible routes incident to depot i. The set of all routes,
that is, U;eC(7), will be denoted simply by Q. Further-
more, given w € Q, i(w) € I denotes the depot in which
route w is incident to, [(w) C | is the set of customers vis-
ited by route w. For each route w € (), we associate a
load, denoted by d(w), which is given by the sum of
demands of the customers visited by the route, that is,
d(w) =3 _jej(w)dj- Moreover, for each route w €€, we
define the cost c(w) as the sum of the costs of the edges
traversed by the route, that is, c(w) =), b%c., where
b¥ is the number of times edge e appears in w (this coef-
ficient can have values of zero, one, or two; the last case
happens when w visits a single customer j, so edge
(i(w),]) is used twice). Given w € Q, let a’ be a binary
coefficient indicating whether customer j €] is visited
by route w. For every route w € (), let variable A, indi-
cate whether route w is used in the solution. New vari-
ables A can be linked to the x and z variables in
Formulation (F) by the following equations:

i_ W
x, = E b Ay,

weQ(i)

2= ) ' Ao,

weQ(i)

Viel ecE, (23)

Viel je]. (24)

Performing those variable substitutions, the following
extended formulation is obtained:

(EF) =min) fiyi+> (Z by ce> Aw (25)

iel we) \ eeE
>4 A =1, Viel,  (26)
we)
> 'A<y viel jel,@7)
weQ(i)
Z deajm Ao £ Wiy, Viel, (28)
weQ(i) jel
S D | A 221(5), vSc, (29
weQ) \ e€d(S)

> b Ao €{0,1}, Viel, eeE,

weQ(i)
(30)
> b A, €{0,1,2}, Viel, eeEy,
weQ(i)
(31)
yi €{0,1}, viel, (32)
> a A, €{0,13, vielje],
weQ(i)
(33)
Ao €{0,1} YoeQ. (34)

The objective function and the constraints in (25)—(33)
correspond directly to (1)—(10), except that there is no
counterpart for Equalities (3). Those equalities, which
would be translated as

> (Z bg’) Ao= Y 247 Ay,

weQ(i) \ e€o()) weQ(i)

Viel,je],

(35)

would be redundant in (EF), because the definition of
route implies that )., by’ =24} for every je] and
w € Q. Inequalities (27) are still called GUBs, whereas
(29) are still RCCs. Constraints (30) and (31) are equiva-
lent to the integrality constraints over the x variables.
Constraints (33) are equivalent to the integrality con-
straints over the z variables.

When solving the linear relaxation of (EF) by column
generation, both GUBs and RCCs should still be sepa-
rated on demand. Other inequalities defined over the x,
y, and z variables, like COVs, FCs, and DCCs, can also
be added to (EF), after their x and z terms are translated
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to A using Expressions (23) and (24), respectively. We
remark that it is never necessary to branch over individ-
ual A variables (which would make the pricing sub-
problem harder) to have an integer solution. Because
Formulation (EF) is a stronger extension of a complete
Formulation (F), it is enough to make sure that y, x, and
z are integer.

4.2. Limited Memory Rank-1 Cuts

Rank-1 cuts for vehicle routing problems are obtained
by the Chvatal-Gomory rounding of set-partitioning
Constraints (26) relaxed to no more than one inequality.
For a nonnegative vector & € Z!/! of multipliers, the fol-
lowing rank-1 cut is valid:

> {Z afa}”J Ao s {Z “J’J . (36)

weQ) | jeJ i€l

Inequality (36) obtained using a vector of multipliers
with k positive components is called a k-row rank-1 cut. If
all positive components of o are the same, the corre-
sponding inequality is called a subset-row cut. Jepsen
et al. (2008) introduced three-row and five-row subset-
row cuts. Petersen et al. (2008) first considered using gen-
eral rank-1 cuts of Format (36). Pecin et al. (2017b) studied
k-row rank-1 cuts with k <5, determining all dominant
vectors of multipliers: If a k-row rank-1 cut with k <5 is
violated, then at least one rank-1 cut obtained using a
dominant vector of multipliers is also violated. Those are
exactly the multipliers used in this work.

The use of the limited memory variant of those cuts,
introduced by Pecin et al. (2017a), is crucial to reduce
the impact of those nonrobust cuts on the practical per-
formance of the labeling algorithm used in the pricing.

4.3. Branch-Cut-and-Price algorithm

Formulation (EF) plus robust cuts, together with limited-
memory rank-1 cuts, can be solved by an adaptation of
the BCP algorithm presented in Sadykov et al. (2021)
for the heterogeneous fleet vehicle routing problem
(HFVRP). The adaptation is relatively straightforward
because each of the multiple depots can be viewed as
defining a different vehicle type.

In that BCP algorithm, the linear relaxation of (EF), that
is, the master problem, is solved by a column and cut
generation procedure. Column generation is an iterative
approach that alternates between solving the master
problem with a restricted number of variables A and the
pricing problem. The latter is solved to find variables A
with a negative reduced cost if they exist, given the cur-
rent dual solution of the restricted master. The pricing
problem, decomposed into subproblems by vehicle types
(depots) is solved by the bucket-graph based labeling
algorithm. For the LRP and VRP-CMD, that algorithm
considers a single resource, corresponding to the vehicle

capacity. For VRPTW-S there is an additional resource
for considering the time windows. In addition, the
bucket arc elimination procedure is employed to remove
arcs from the bucket graph used by the labeling algo-
rithm and thus, reduce its running time in future itera-
tions. An elementary route enumeration procedure is
also exploited to enumerate all routes that can participate
in an improving solution. If the enumeration is success-
ful for a vehicle type, the corresponding pricing subprob-
lem is solved by inspection. If all pricing subproblems
are enumerated, and the total number of enumeration
routes is small, Formulation (EF) with all corresponding
variables A is solved by the MIP solver.

The y variables, some constraints and also the robust
cuts (described in Section 3.2) used in Formulation (EF)
do not exist in the HFVRP formulation. However, they
only modify the master problem and do not have any
impact on the structure of the pricing problem. There-
fore, the bucket graph-based labeling algorithm used to
solve it does not need to change.

As in Sadykov et al. (2021), branching is performed
by adding constraints to the master LP that correspond
to tightening lower and upper bounds on the values of
some aggregated variables. The following aggregated
variables are used for this purpose.

e The number of open depots in a subset I' €1, 1 <
I <480 = Yicryi-

e The number of vehicles starting in depot i € I: g¥N
= (1/2)3 g%

e The total number of vehicles: gTVN =3~ VN,

e The number of customers served from depot i € I:

CN _ ;
& =D jegZi-

e Assignment of customer j € ] to depot i € I: z;;.

e Participation of edge e € E in the solution: gEP¢ =
Zz’elxle'

Branching on the number of open depots has a higher
priority. Branching on other aggregated variables has
the same but lower priority. The branching aggregated
variable is chosen among ones with the same priority by
the multiphase strong branching procedure, described
in Sadykov et al. (2021).

To improve feasible solutions, after each node in the
branch-and-bound tree we use the following heuristic
similar to the one introduced by Pessoa et al. (2009). In
an iterative procedure, we decrease the artificial bound
in order to divide the primal-dual gap by two in each
iteration. Then, we perform elementary route enumer-
ation for each pricing subproblem. The iterative proce-
dure stops when the enumeration succeeds for all
subproblems. Afterward, we pick 5,000 elementary
routes with the smallest reduced cost and add them to
the master problem. Finally, we use IBM CPLEX MIP
to solve the resulting problem with a time limit of
20 seconds. We activate the polishing heuristic (Roth-
berg 2007) implemented in CPLEX.
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5. New Family of Nonrobust Cuts

In this section, we present a new family of valid inequal-
ities derived from knapsack-like Constraints (28). These
inequalities are nonrobust and do change the pricing.
We make extensive use of the properties that character-
ize the facets of the so-called master knapsack polytope,
properties that are used in the definition of the newly proposed
cuts, to propose effective separation procedures and
also for minimizing the necessary modifications to the
labeling algorithm using in the pricing, keeping it effi-
cient even after an arbitrary number of such cuts are
added.

5.1. Route Load Knapsack Cuts
The master knapsack polytope is defined as

w
Pyxe(W) = conv{t ezl thq < W}.
q=1

The next theorem characterizes the nontrivial facets
(those that are not described by nonnegativity inequal-

ities £, >0,1<q<W or by 3.7, qt, <W itself) of this
polytope.

Theorem 2 (Ardoz 1974, Ardoz et al. 2003). Each non-
trivial facet of Pavip(W) can be described by an inequality
of format & <1 such that the coefficient vector £ € RY is

an extreme point of the following system of linear con-
straints:

&1=0, (37)
Ew=1, (38)
Etéwg=1, Vi<g<W/2, (39)
&g+ &y <&pvg, V+q SW. (40)

Constraints (39) and (40) define, respectively, the comple-
mentarity and superadditivity properties that should be
satisfied by any inequality defining a nontrivial facet
Pumkp(W). The superadditivity together with (37) implies
the monotonicity property (the coefficients in vector & are
nondecreasing) because §, =0+ &, =& +§ < §.1.

The master polytope Pyixp(W) corresponds to an inte-
ger knapsack problem with the right-hand side W where
all possible left-hand side coefficients, from one to W, do
exist. General integer knapsack problems do not have all
possible left-hand side coefficients. However, all nontri-
vial facets of a general integer knapsack polytope with
right-hand side W are projections (obtained by eliminat-
ing the nonexisting coefficients) of some facet of Pyixp(W)
(Chopra et al. 2015). Therefore, Theorem 2 also yields a
(pseudo-polynomial) exact LP-based separation proce-
dure for the general integer knapsack polytope. For exam-
ple, consider the general integer knapsack problem with
three variables defined by 2t +3t;3 +4f4 <5,t € Zi. A
solution to its linear relaxation is t, =2, t; =1/3, and

t4 = 0. We can cut that point by solving the following LP:
z=max2&, +1/3&; subjectto &1=0,&5=1, &+, =1,
Sa+é3=1,26+<8, &1 +8 <83, 81+ 8358y, 81+ &y
< &5, 2860+ < &y, & + &3 < &s. The optimal solution to that
LP is the extreme point £; =0, &, =83 =05, & =8, =1,
with z=7/6. Therefore, by Theorem 2, 0.5¢; + 0.5t3 + t4 +
t5 <1 defines a facet of Pykp(5). By eliminating the non-
existing coefficients one obtains 0.5t, + 0.5tz +1, <1, a
facet-defining cut for the original knapsack problem.
This LP-based separation procedure is rarely used in
practice for the following reason: Even if the integer
knapsack problem is very sparse, having only a few non-
zero coefficients, it is still necessary to solve an LP with
W variables and O(W?) constraints. Yet, the theoretical
properties characterized in Theorem 2 may be very help-
ful, as will be seen next.

Define 9; as an integer variable indicating how many
routes with a total load of exactly g units, where 1 < g <
W;, leave depot i € I. Those variables 6 are simply an
aggregation of variables A and can be expressed as

Oi= Y Au VieL1<q<W,. (41)
weQ(i):d(w)=q

Then, Inequalities (28) imply that:
Wi
> g0 <Wy, i€l (42)
g=1

We want to obtain strong cuts from (42). The following
result proved in the online appendix shows that Theo-
rem 2 still provides a characterization of the desired
inequalities.

Theorem 3. Inequality §t <1 defines a nontrivial facet
of Pyxe(W:) if and only if inequality £0' <y, defines a
nontrivial facet of conv{(#',y;) € Z" x {0,1} : > =199,
< Wiyit.

However, to also obtain some inequalities that are not
facet defining but can be cheaply separated, we exclude
the complementarity conditions (39) from the following
definition.

Definition 1. Given a depot i €I and a vector £€ R
satisfying (37)-(38) and (40), the inequality

W; A
> &0 <y, (43)
7=1

is known as a route load knapsack cut (RLKC).
Theorem 4. RLKC (43) is valid for (EF).

Proof. Let (0°,77)) € Z'" x {0,1} be an integer solution
of (EF) restricted to the variables 0 and y related to
depot i. If i, =0, then éé =0 for all 1 <g<W,, due to
(42). Thus, Inequality (43) is satisfied.

Consider now the case y; = 1. Let &(g) = &, be a func-
tion defined for integer values between one and W;. By
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the repeated application of (37)-(38) and (40) and be-
cause 0" satisfies (42), we have that

Wi o Wi
D &0, <E[D 40, | <éW)=1=7,
q=1 q=1

Thus, Inequality (43) is also satisfied. [

To illustrate the proof for the case i; = 1, consider an
example where W;=6 and 6'=(1,2,0,0,0,0). Then,
E1+&+E <& +E<E=E805)<8(6)=1=Y,.

A Chvatal-Gomory rounding of Constraints (42) using
multipliers § € R, where > 1/W;, obtain inequalities

Y 1Bl .
<y, i€l, (44)
2wl

which are RLKCs. The supperadditive property of the
coefficients follows from the fact that |r] + 7| < [r+ 7]
for all 7, € R;. However, the complementarity prop-
erty is usually not satisfied.

5.2. Separation

Separation of RLKCs is done separately for each depot
i €1l. For clarity, we omit index i for the remainder of
this section: We have Q=0Q(i), =#¢, y=y; and
W=W.. Let (0,7) denote the current fractional solution.

First, we separate RLKCs by Chvatal-Gomory round-
ing. For every g such 6, >0, we consider multipliers
B=p/q,p=1,...,4—1, and check whether Constraint
(44) is violated.

Second, we separate stronger RLKCs, where the & coef-
ficients satisfy all the conditions in Theorem 2. It would
be possible to perform an exact separation by solving:
maximizez = 31, 0,4&,, subject to (37)~(40). If z>y, then
Inequality (43) would be violated. Moreover, by solving
that LP using a simplex-based algorithm, the obtained
coefficients would be extreme points of (37)—(40), so the
separated RLKCs would always be facet defining. How-
ever, as there are W variables and O(W?) constraints in
that LP, that would be too time-consuming for large
values of W. Also, the generation of a single violated cut
per iteration would be undesirable due to possible con-
vergence issues.

Therefore, we separate the RLKCs that correspond to
the 1/k-facets of the master knapsack polytope. A non-
trivial facet &t <1 of Pyxp(W) is called an 1/k-facet if k is
the smallest possible integer such that

£, €{0/k 1/k, 2/k, ... K/ UT/2, 1T<q<W. (45)

Using both theoretical arguments and computational
experiments, it was shown in Chopra et al. (2015) that
the 1/k-facets for small values of k are by far the most
important facets for obtaining a good approximation to
Pumxe(W).

Let £€RY be a nondecreasing vector that satisfies
(37)—(38) and (45), for a certain k. Such a vector can be
uniquely determined by a nondecreasing sequence (a,,)
where a,, represents the first index g with &, >m /k for
me{l,...,k} U{k/2} (ap is not part of the sequence
because it would always have a value of one). The vec-
tor & corresponding to a certain value of k and to (a,,)
will be denoted by &),

Theorem 5 (Chopra et al. 2015). A vector &) satis-
fies (37)—(40) if and only if

2<ay <ay <(W+1)/2, Vm<m'<k/2, (46)
A+ By1 oy = W+1, Vm <k/2, (47)
Ay + Ay 2 A Vm <m’ with [m+m'] <k.

(48)

In that case, €& ") is said to define a 1/k-inequality

In our separation algorithm, we enumerate nonde-
creasing sequences (a,,) satisfying Constraints (46)—(48)
that correspond to 1/6, 1/8, or 1/10 inequalities. Let
O={g:1<q9<W,0,>0}.

To separate 1/ 6—1nequaht1es &6~ we enumerate tri-
ples (ay,a2,a3) such that a,,€® or {W—a,}ed for
m=1,...3, and 2 <ay <ay <az < (W +1)/2. Values a4y,
as, and a4 are then obtained from Equalities (47). Accord-
ing to Constraints (48), for each triple (a1,a,a3), we ver-
ify 2ay > a, a1 +a, > az, a1 +2a3 > W + 1 (obtained from
ay +as >ay or from asz+as >ag), and 24, +a3 > W+1
(obtained from a, + as > as or froma, + a, > ay).

As an example, consider a case where Q =70, W =140
and a fractional solution where the nonzeros are Oss
=1/14, 053 =1/2, 065 = 16/14, 079 =1/2, and y =277/
280. The best rounding cut, obtained with multiplier
p=1/53,is 21173553(1/2)65, + Z;goe 0y <y, yielding a vio-
lation of around 0.082. That cut is not facet defining. How-
ever, there is a better 1/6-inequality cutting that fractional
point. By taking a; = 38 and a; = a3 = 53 (so, a4 = a5 = 88
and a¢ = 103), we get the facet-defining Zq (1/6)0; +

Yol ss(1/2)0, + 3 56(5/6)0, + 3,505 6, <y, yielding a
Vlolahon of around 0.094.

To separate 1/8-inequalities £ "), we enumerate
tuples (a1,a2,a3,44) such thata,, € ® or {W —a,,} € ® for
m=1,...4,and 2 <a; <a, <a3 <ay < (W+1)/2. Values
as, ae, A7, and ag are then obtained from Equalities (47).
According to Constraints (48), for each tuple (a1,a,a3,
as), we verify 2a1 > ay, a1 +a, > a3, a1 +az > ay, 24, > ay,
m+2a,>WH+1,a,+az+as >W+1,and 3a; > W + 1.

To separate 1/10-inequalities £'°~“"), we enumerate
tuples (a1,a,a3,a4,as5) such that a,, € ® or {W —a,,} € ®
form=1,...5,and 2 < SﬂzSﬂ3SIIl4S{15S(W+1)/
2. Values ag, a5, ag, a9, and a;( are then obtained from
Equalities (47). According to Constraints (48), for each
tuple (a1,a0,a3,a4,a5), We Verify 201 > ap, a1 +a > as,
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a +as >ay, a1 +ag > as, 2ay > ay, a; +as > as, a; + 2as >
WH+1,a0+as+as>W+1, az+2a4>W+1, and 2as3 +
as > W+ 1.

For each sequence (a,,), which verifies (46)—(48), we
generate vector & ) and check if the corresponding
Inequality (43) is violated by 6. If a positive violation is
found, the inequality is added to the restricted master
problem. Some additional remarks on this separation
procedure:

e A separated 1/k- inequality, defined by £, is
not necessarily a facet (it is if and only if that vector is
an extreme point of (37)-(40)). Yet, repeated separation
rounds until no violation is found obtains exactly the
same bounds that would be obtained by only separat-
ing 1/k-facets.

e The enumerative approach used in the procedure
is likely to be effective even for large values of W
because of the typical sparsity of the fractional solution
vector (if W is large, usually |®| < W).

e An 1/k-inequality is also an 1/k-inequality if £’ is
a divisor of k. Therefore, 1/2-, 1/3-, 1/4-, and 1/5-
inequalities are also being separated by the procedure.

5.3. Modifying the Labeling Algorithm

Given a dual solution to the linear relaxation of the re-
stricted master formulation, the pricing problem searches
for variables A, with a negative reduced cost. The pricing
problem can be decomposed into |I| similar subpro-
blems, one for each depot i € I. In this section, we consider
a pricing subproblem for a fixed depot .

In the absence of nonrobust rank-1 cuts (36) and
RLKCs (43), the reduced cost of variable A, correspond-
ing to route w € Q(i) can be expressed as the sum of
reduced costs for every edge in the route, defined as fol-
lows. Assume that there are M active robust constraints
or cuts, the mth such constraint having dual variable 7,,,.
Using the fact that z;=1/23" 5%, i€1,j€] (Equa-
tions (3)), we can eliminate the z variables and express
the robust constraint 7 in format:

D) RIEEED TS
icl ecE iel
Actually, Constraints (2) are equalities, but this does not

make difference. Therefore, the reduced cost of an edge
e for a subproblem i € [ is given by

M
=i _ im
C,=0Ce— E N, Tm-
m=1

Then, the pricing problem is modeled as a resource-
constrained elementary shortest path problem (RCSPP)
in the following complete directed graph D' = ({i} U],
A). The reduced cost ¢, of every pair of opposite arcs (1,
v) and (v,u) € A, corresponding to e = (u,v) € E, is set
to .. We have a single capacity resource. The resource
consumption of arc (j,j') € A is equal to (1/2)d; + (1/2)d,

considering that d;=0. That symmetric definition, in the
sense that the consumption of arcs (j,j') and (j’,j) are
always identical, improves the efficiency of the labeling
algorithm. Bounds on the accumulated resource con-
sumption are [0, Q], for every node j € {i} U J. The RCSPP
is then to find an elementary cycle of minimum reduced
cost starting and finishing in node i. We apply the bidirec-
tional bucket graph-based labeling algorithm proposed by
Sadykov et al. (2021) to solve this RCSPP. That labeling
algorithm already incorporates the modifications needed
for handling limited-memory rank-1 cuts and the ng-route
relaxation, following ideas from Baldacci et al. (2011a), Jep-
sen et al. (2008), and Pecin et al. (2017a).

The main goal of this section is to describe the addi-
tional modifications of the basic labeling algorithm for
handling RLKPs (43). Assume that there is a set I' of
active RLKPs, constraint y €' having negative dual
variable 7t,. The coefficient of a variable A, in an RLKC
y is defined by a nondecreasing and superadditive
function &, (d(w)) on the route total load d(w). Thus, the
total contribution of all RLKCs to the reduced cost of A,
is g(d(w)) = >, e~y &, (d(w)). Being a positive linear
combination of functions ¢, (d(w)), function g(d(w)) is
also nondecreasing and superadditive.

In the labeling algorithm, each label L represents a
partial path w(L) from the node i. Let J(L) be the set of
customers visited by the partial path, j(L) be the final
node of the partial path, c(L) be the sum of reduced costs
of arcs in the partial path, and g(L) be the total capacity
resource consumption of the partial path. The algorithm
consists in an enumeration of all feasible partial paths.
For that, every label L is extended by taking each arca’ =
(j(L),j") outgoing from node j(L). After extension, a new
label L’ is created, for which j(L") =", q(L") =q(L) +
(1/2)dj(L) + (1/2)dj(L’) and E(L/) = E(L) + ¢,. To avoid
complete enumeration, a dominance rule should be used
to remove labels that cannot lead to the minimum
reduced cost path when extended. A label L dominates
label L” if for any completion path @ such that union of
paths w(L’) and w is feasible, that is, (w(L’),w) € Q, we
have (i) union of paths w(L) and w is also feasible and (ii)
reduced cost of path (w(L’),w) is not smaller than the
reduced cost of path (w(L), w). The next theorem gives a
valid dominance rule.

Theorem 6. Given a nondecreasing function g(d(w)) repre-
senting the contribution of the RLKCs to the reduced cost of a
path w € Q(i), label L dominates label L’ if j(L) = j(L"), J(L)
CJ(L"), g(L) <q(L"),and c(L) <c(L’).

Proof. Consider an arbitrary partial path @ starting at
node j(L) = j(L") and finishing at node i. If path (w(L’), w)
is feasible then path (w(L), w) is also feasible due to con-
ditions j(L) = j(L"), J(L) €J(L’), and g(L) < g(L"). The re-
duced cost of path (w(L’), w) is not smaller than that of
(w(L), w), as the total reduced costs of arcs of the former
is not smaller due to ¢(L) < ¢(L’), and the contribution of
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RLKCs to the reduced cost of (w(L’),w) is not smaller
than the one of (w(L),w) due to g(L) <q(L’). Thus, L
dominates L. O

Theorem 6 essentially says that RLKCs do not change
the dominance rule in the labeling algorithm. However,
RLKCs do affect that algorithm in more subtle ways. The
forward-backward route symmetry is exploited in the
bidirectional labeling algorithm as follows. Every label L
is extended only if g(L) < Q/2. After the label extension
phase, the concatenation phase is performed, in which
partial paths corresponding to two generated labels are
concatenated to form a complete path. To speed up this
concatenation phase, completion bounds are used. Given a
node j € | and a set of labels £ such that j(L)=j for all
Le L, completion bound Bi(j,£) gives the minimum
reduced cost of labels in £: B1(j, £) = minzes{c(L)}. Be-
cause function g(g) is nondecreasing, value

c(L")+g(g(L")) +B1i(j, £) (49)

gives a valid lower bound for the reduced cost of any
complete path obtained by concatenation of paths w(L’)
and w(L) with j(L') =j and L € £. If Value (49) is not
smaller than the minimum reduced cost of a complete
feasible path found thus far, then concatenation of label
L’ with all labels in a set £ may be skipped, saving sig-
nificant time.

However, completion bounds B(j, £) may not be tight
as the reduced cost of labels do not include the contribu-
tion of RLKCs. We can reinforce completion bounds
B, by defining B (j, £) = minge{c(L) + g(q(L))}. The total
load of any concatenated path (w(L"),w(L)), where j(L")
=j(L), is equal to q(L) +g(L"). Thus, g(q(L) +g(L")), that
is, the contribution of RLKCs to the reduced cost of this
path, is not smaller than g(q(L)) + g(g(L") due to super-
additivity of function g(g). Therefore, Value (49) in which
B, is replaced by B, is still a valid lower bound for the
reduced cost of any complete path obtained by concate-
nation of paths w(L’) and w(L) with j(L’) =jand L € L.

Completion bounds are used not only in the concate-
nation phase of the labeling algorithm but also during
the bucket arc elimination procedure, as well as in the
elementary route enumeration procedure. Therefore,
the superadditivity property of RLKCs plays an impor-
tant role in keeping those algorithms efficient.

6. Computational Experiments
The algorithm is implemented in C++ language. We
use the following third-party libraries and codes:

e BaPCod library (Sadykov and Vanderbeck 2021)
that implements the BCP framework;

e RCSP library, developed by Sadykov et al. (2021),
which implements the bucket graph-based labeling algo-
rithm, bucket arc elimination procedure, elementary route
enumeration, and also the separation algorithms for R1Cs
and RCCs; and

e IBM CPLEX Optimizer version 12.10 as the LP and
MIP solver.

Experiments are run on a single thread of a 2Xx
18-core Cascade Lake Intel Xeon Skylake Gold 6240
server at 2.6 GHz having 196 GB of RAM.

The data sets and the source code needed to repro-
duce the experimental results presented in this paper are
included as part of the online appendix. The data sets
and the source code are also published in the Git reposi-
tory at https: // github.com /inria-UFF/location-routing.

6.1. Capacitated Location-Routing Instances

The proposed BCP algorithm is tested on instances from
the literature. The first set of instances, which we denote
as PPWO06, was introduced by Prins et al. (2006) and con-
tains instances with 20, 50, 100, or 200 customers and
with 5 or 10 possible depot locations. As we do not con-
sider the four instances with only 20 customers, the set
has 26 instances. The second set of instances, which we
denote as TB99, was introduced by Tuzun and Burke
(1999). Depots are uncapacitated in those instances. We
only consider the nine instances, with 100 or 150 custo-
mers and 10 possible depot locations, that were also con-
sidered in Contardo et al. (2014): P111112, P111212,
P112112, P112212, P113112, P113212, P131212, P131112,
P131212, and P132112. The third set of instances, which
we denote as SL19, was introduced by Schneider and
Loffler (2019). We consider the instances with 100, 200,
or 300 customers and with 5, 10, 15, or 20 possible depot
locations.

In the first experiment, we assess the impact of differ-
ent families of cuts on the efficiency of our algorithm.
That evaluation is performed on classic PPW06 instances.
We test the following variants of the BCP algorithm:

o BCPy—the base variant obtained by adapting in a
straightforward way (by adding depot opening vari-
ables and depot capacity constraints) the best MDVRP
algorithm in the literature (Sadykov et al. 2021) for the
CLRP. Only two families of cuts are separated: RCCs
and limited-memory rank-1 cuts (Im-R1C). Those cuts
are generic for many VRP variants and do not take the
particular structure of CLRP into account.

e BCP,—the variant, in which all families of cuts
described in this paper are used. This means that
problem-specific RLKCs, DCCs, FCs, COVs, and GUBs
are also separated.

e BCP,_cut—the variant, in which all families of
cuts are used except one (either RLKC, DCC, FC, COV,
or GUB).

To exclude as much as possible the randomness re-
lated to finding good primal solutions earlier, all algo-
rithm variants are given as initial primal bounds the
values of the best-known solutions (the best solutions
found in the recent literature but also the improving
solutions obtained during this work). The time limit is
set to 12 hours.
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Table 1. Comparison of Variants of the BCP Algorithm on CLRP Instances PPW06

Root
Variant Gap Time (s) Nodes Average time (s) Geomean time (s) Solved
BCP, 4.46% 57.9 19.2 6,373.8 758.7 24/26
BCP.i_cus 3.08% 99.0 9.0 3,314.6 481.0 25/26
BCP.1_pcc 0.85% 101.0 9.1 5,995.1 504.6 24/26
BCP.y1_rc 0.67% 111.4 4.4 3,174.7 283.9 25/26
BCP,i_rixc 0.52% 1147 41 2,994.8 264.0 25/26
BCP.i_cov 0.49% 114.4 4.6 3,172.6 273.4 25/26
BCP.; 0.48% 115.0 41 3,109.0 265.5 25/26

Table 1 gives an overview of the performance of
seven variants of our algorithm. The columns give the
variant, average primal-dual relative gap after solving
the root node, the geometric mean of the time needed
for solving the root node (in seconds), the average num-
ber of branch-and-bound nodes, the geometric mean
and the arithmetic mean (average) of total solution time
in seconds, and the number of instances solved within
the time limit. The total solution time is equal to the
time limit for the unsolved instances.

In Figure 1, we also give the performance profile for
all the tested variants of the BCP algorithm. Each point
(X, Y) of the line corresponding to a variant says that for
Y instances the solution time for this variant is not more
than X times larger than the minimum solution time for
all variants. So, the higher is the line corresponding to a
variant, the more efficient is this variant. The horizontal
axis in that graphic is logarithmic.

From the results, we can see that adding all problem-
specific cuts makes the BCP algorithm significantly
more efficient than the base variant. Among individual
families of cuts, DCCs have the most impact on the
mean solution time, and allow one to solve one more
instance. GUBs have the most impact on the average
root gap. The impact of the family FC is smaller. The
families COV and RLKC have a modest impact both on
the root gap and on the total solution time.

Figure 1. Performance Profiles of BCP Variants on CLRP
Instances PPW06

== BCP,

""" BCPan-rLkC
-------- BCPan.ncc
--- BCPanrc
--=+BCPar.cov
== BCPan.gus
— BCP.y

number of instances

1 2 5 10 20
time ratio to best

We believe that the efficiency of RLKCs depends on
the instance characteristics and in particular on the ratio
p between the vehicle capacity and the average depot
capacity: p = Q/(>_,;Wi/|I]). Our hypothesis is that the
larger is value p, the larger should be the impact of the
family RLKC. In fact, ratio p is rather small for instances
PPWO06, and it decreases with the increase of the instance
size. It is on average 0.3 for instances with 50 customers,
0.18 for instances with 100 customers, and 0.1 for
instances with 200 customers. Thus, a small impact of
RLKC:s is expected.

To test this hypothesis, we generated additional in-
stances that are based on those in the set PPW06, but with
ratio p equal to 0.3, 0.5, and 0.7. The procedure to mod-
ify an original instance with value p to obtain the
instance with desired ratio p’ is the following. First, we
multiply the capacity and the cost of depots by factor o:
f{ =Tofil,and W} = [cW;] for all i € I, where

0 = max ﬁ Z]€]d] .
P’ > e Wi — maxier Wi

Value o is calculated in such a way that, for any depot
iel, there exists a feasible solution to the modified
instance with depot i closed, that is, opening of any
depot cannot be fixed by preprocessing. In the case
o> p/p’, we additionally increase the vehicle capacity:
Q =[Qpo/p"1.

The modified instances are more difficult than the orig-
inal ones: We could not obtain good feasible solutions for
instances with 200 customers. Thus, we consider only
modified instances with 50 and 100 customers. In total,
we use 20 instances with p=0.3, 17 instances with
p =0.5, and 17 instances with p =0.7. The different num-
ber of instances is explained by the fact that sometimes
the same instance is obtained by modification procedure
from two different original instances. Such duplicated
instances are removed.

We test four variants of our algorithm: BCPy, BCP,y,
BCP-rikc, and BCP,ypcc to access the impact of cut
families DCC and RLKC on instances with different
values p. We use the value of the best solution we were
able to obtain during the preliminary experiments as
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Table 2. Comparison of Variants of the BCP Algorithm on Modified Instances PPW06 with

Different Value p

Root
Variant P Gap Time (s) Nodes Average time (s) Geomeantime (s) Solved
BCP, 0.3 2.14% 32.1 18.6 4,290.3 344.7 19/20
BCP.1_pcc 0.3 0.74% 41.0 12.7 4,203.0 260.9 19/20
BCP,_r1kC 0.3 0.51% 48.2 6.1 3,148.5 174.1 19/20
BCP,y 0.3 0.46% 49.3 5.8 3,057.3 162.9 19/20
BCP, 0.5 3.33% 429 76.7 15,873.3 2,513.6 13/17
BCP.1_pcc 0.5 2.09% 108.4 35.0 12,963.9 1,979.7 13/17
BCP,_r1xC 0.5 1.73% 69.8 24.3 11,155.1 1,059.3 14/17
BCP,y 0.5 1.26% 120.3 13.2 8,248.7 813.6 15/17
BCP, 0.7 5.94% 51.6 255.3 28,272.8 10,511.0 6/17
BCP1_pcc 0.7 2.49% 247.7 58.1 16,503.2 4,531.6 12/17
BCP._rLKC 0.7 3.91% 83.0 89.4 22,259.4 5,438.7 10/17
BCP,y 0.7 1.53% 284.6 18.9 9,491.4 1,734.7 14/17

the initial primal bound. For 51 of 54 instances, we were
able to obtain the optimal solution value. The time limit
is set to 12 hours. Table 2 gives the performance of the
variants of our algorithm separately on modified in-
stances PPWO6 for different value p. The meaning of the
columns is the same as in Table 1.

The results presented in Table 2 confirm our hypothe-
sis. Impact on the BCP performance of the family RLKC
remains marginal for instances with p =0.3, whereas it
becomes noticeable for instances with p=0.5. For in-
stances with p=0.7, this impact is instrumental, as the
employment of RLKCs allows us to decrease the root
gap by more than half, divide the number of nodes by
almost five, divide the solution time by three, and solve
four more instances to optimality.

In Table 3, we show the average number of generated
cuts of each family (and the average number of active cuts
at the end of the root node in brackets). These statistics are

shown both for the original instances PPW06, as well as for
the modified instances.

In the next experiment, we compare our algorithm
BCPpest with the algorithm by Contardo et al. (2014) on
instances TB99 and PPWO06. For a fair comparison, we use
here as initial primal bounds the same values used in
Contardo et al. (2014). We set a time limit of 30 hours for
our algorithm. An aggregated comparison is presented
in Table 4. For each algorithm, we give the arithmetic
and geometric mean times in seconds and the number of
instances solved to optimality. The solutions times of
Contardo et al. (2014) are normalized using the CPU
marks provided by PassMark Single Thread Perfor-
mance (https://www.cpubenchmark.net/singleThread.
html), so they are comparable to our times.

It can be seen from Table 4 that the new algorithm can
solve 11 instances that could not be solved in Contardo
et al. (2014). We remark that one additional instance

Table 3. Cut Generation Statistics for Original and Modified Instances PPW06

Modified instances

Cut family Original instances p=03 p=05 p=07
RCC 4925 (11.6) 3495 (7.2) 366.8 (2.9) 254.9 (1.9)
Im-R1C 7044.0 (215.4) 22,405.5 (153.0) 35,692.0 (223.8) 35,610.9 (236.2)
cov 30.8 (0.2) 28.1 (0.1) 40.1 (0.3) 30.7 (0.1)
FC 4.0 (0.7) 3.9 (0.6) 8.5 (0.6) 4.4 (0.5)
GUB 3385 (78.4) 282.4 (30.0) 228.8 (20.9) 203.2 (12.9)
DCC (total) 488.4 (9.9) 1,135.1 (10.1) 1,341.9 (14.8) 1,636.1 (11.4)
DCC1 419.1 (8.9) 1,078.0 (9.2) 1,320.3 (14.8) 1,622.4 (11.4)
DCC2 69.3 (1.0) 57.1 (0.8) 21.6 (0.0) 13.7 (0.0)
RLKC (total) 53.4 (1.2) 325.1 (3.9) 11,726.6 (17.9) 12,785.2 (29.6)
RLKCround 26.8 (0.7) 296.1 (3.7) 1,304.8 (4.1) 109.9 (0.8)
RLKC1/2 0.7 (0.0) 0.5 (0.0) 757.2 (1.8) 1,401.8 (7.7)
RLKC1/3 0.7 (0.0) 0.8 (0.0) 395.6 (0.4) 675.7 (1.6)
RLKC1/4 1.2 (0.0) 1.4 (0.1) 362.7 (0.8) 418.2 (0.9)
RLKC1/5 1.8 (0.0) 1.5 (0.0) 1,115.7 (0.9) 1,738.4 (3.8)
RLKC1/6 2.6 (0.0) 32 (0.1) 780.2 (1.9) 8434 (1.7)
RLKC1/8 5.7 (0.1) 5.0 (0.1) 2,3189 (3.3) 2,611.1 (4.9)
RLKC1/10 13.8 (0.3) 16.6 (0.1) 4,691.6 (4.9) 4,986.7 (8.2)
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Table 4. Comparison of BCPpes with Contardo et al. (2014) on Instances in the Sets TB99 and PPW06

BCP,y Contardo et al. (2014)
Instance set Solved Average time (s) Gm. time (s) Solved Average time (s) Gm. time (s)
PPWO6 24/26 14,768 518 16/26 14,235 836
TB99 9/9 4,834 945 6/9 46,290 5,589

Note. Gm, Geometric mean time.

coord200-10-2 can be solved by the new algorithm in
less than six hours, if improved initial upper bounds
(that were not available to Contardo et al. (2014)) are
used. The only open instance in set PPW06 is now
coord200-10-3b. We also evaluate the performance of
our BCP algorithm when no initial primal bound is
passed to it. In this case, however, 24 of 26 instances are
solved to optimality within the time limit of 30 hours.
The geometric mean of the solution time is increased
from 518 to 935 seconds, and the geometric mean of the
number of nodes is increased from 7.7 to 11.7. All
detailed results for instances PPW06 and TB99 are re-
ported in Online Appendix EC.2.

Finally, we evaluate the performance of our algo-
rithm on recently introduced instances SL19. This is the
first exact algorithm applied for these instances. We use
here as initial primal bounds the best-known solutions
found by Schneider and Loffler (2019). The time limit is
set to 30 hours. The instances are divided into groups
depending on their size, that is, the number of potential
depot locations |I| and the number of customers |]|.
The results for each group of instances are shown in
Table 5. The columns give the size of instances, the
number of instances solved to optimality, the number of
instances for which we could find improving solutions,
and the average improvement for these instances.

As can be seen from Table 5, our algorithm could solve
to optimality all instances with 100 customers, three quar-
ters of instances with 200 customers, but only one quarter
of the instances with 300 customers. We could improve
the best-known solutions for 62 instances. The average
improvement is small for instances with up to 15 depots,
but it becomes very significant for instances with 300 cus-
tomers and 20 depots. For the instance 300-20-1e, the
improvement exceeds 5%. The results indicate that the

Table 5. Performance of BCPy.. on Instances in the Set
SL19

Instances
| 1] |71 Solved Improved BKS Improvement
5 100 14/14 7/14 0.05%
10 100 14/14 5/14 0.11%
10 200 11/14 13/14 0.08%
15 200 15/20 18/20 0.12%
15 300 6/20 11/20 0.29%
20 300 4/20 8/20 0.91%

heuristic of Schneider and Loffler (2019) obtains solutions
of excellent quality for instances with up to 15 depots.
That quality decreases for instances with 20 depots. The
root gap (from the best-known solution) of our BCP algo-
rithm for the largest instances sometimes reaches 6%-8%.
Whereas for instances solved to optimality a typical root
gap is below 1% and never exceeds 2%. This suggests
that some best-known solutions for instances with 300
customers and 20 depots may be far away from the opti-
mal ones. Detailed results for instances SL19 are reported
in Online Appendix EC.2.

6.2 VRP-CMD Instances

In this section, we test our algorithm on VRP-CMD
instances that arise when solving the cut generation
subproblem of the two-echelon stochastic multiperiod
capacitated location-routing problem by a logic-based
Benders decomposition approach (Ben Mohamed et al.
2023). We have randomly selected 199 instances, which
have 50 customers and from three to five depots.

Despite the fact the VRP-CMD is very similar to the
standard multidepot vehicle routing problem (MDVRP),
the introduction of tight depot capacities makes the
problem much more difficult. MDVRP instances from
the literature with less than 80 customers are consis-
tently solved to optimality in seconds, often in the root
node (Sadykov et al. 2021). On the other hand, the VRP-
CMD instances we consider here can take many minutes
(or even hours) and require the exploration of big
branch-and-bound trees. Root gaps are very large and
may reach 15% of the optimal value.

In this experiment, we computationally estimate the
impact of valid inequalities on the efficiency of the BCP
algorithm. As in the VRP-CMD all depots are consid-
ered open, variables y are fixed to one and valid
inequalities FC, COV, and GUB are not useful. Thus, we
test the following BCP variants.

e BCPy—the base variant obtained by adapting in a
straightforward way, by only adding the depot capac-
ity constraints, the best MDVRP algorithm in the litera-
ture (Sadykov et al. 2021) for the VRP-CMD. Again,
only RCCs and Im-R1Cs are separated.

o BCPy,rrck—the base variant with additional sep-
aration of RLKCs.

o BCPy,pcc—the base variant with additional sepa-
ration of DCCs.

o BCP,—the variant with separation of all valid
inequalities (RCC, Im-R1C, DCC, and RLKC).



Downloaded from informs.org by [150.165.162.134] on 06 June 2023, at 09:46 . For personal use only, al rights reserved.

Liguori et al.: Nonrobust Strong Knapsack Cuts for the CLRP and Related Problems

16

Operations Research, Articles in Advance, pp. 1-19, © 2023 INFORMS

Table 6. Comparison of Variants of the BCP Algorithm on VRP-CMD Instances

Root
Variant Gap Time (s) Nodes Average time (s) Geomean time (s) Solved
BCP, 6.56% 12.0 194.0 3,422.4 1502.8 156/183
BCPo,rLKC 6.41% 14.8 59.3 1,970.3 922.8 177/183
BCPo.pcc 3.67% 22 58.0 1,847.9 672.4 177/183
BCP,; 3.57% 26.5 25.7 1,175.3 512.0 183/183

To exclude the randomness related to finding good
primal solutions earlier or later during the branch-
and-bound, for this experiment, we use only the 183
instances that we were able to solve to optimality dur-
ing preliminary tests. The initial upper bound is set to
that optimal solution value augmented by a small epsi-
lon. The time limit is set to three hours. Table 6 pre-
sents the results for each of the four BCP variants
tested. The columns give the average relative root gap
from the optimal solution value, the geometric mean
value for the root solution time, the average number of
branch-and-bound nodes, the geometric mean value
for the total solution time, and the number of instances
solved. Detailed results on those 183 instances for vari-
ant BCP, are reported in Online Appendix EC.3.

In addition to Table 6, we also give the performance
profiles for the four tested BCP variants in Figure 2.
Each line corresponds to one variant of the algorithm
and depicts the number of instances solved within a
given time expressed in minutes.

Table 6 and Figure 2 show that both families DCC
and RLKC have a very significant positive impact on
the efficiency of the BCP algorithm. DCCs decrease the
most the root gap, the number of nodes, and the average
solution time. However, RLKCs have a larger impact on
the number of solved instances. Clearly, the best variant
of the BCP algorithm is the one that uses both families
of cuts.

Figure 2. Performance Profile for BCP Variants Tested on
183 VRP-CMD Instances with Known Optimal Solutions
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Online Appendix EC.3 also reports results on the
remaining 16 instances for BCP,;, which are run with
the best-known solution values as initial upper bounds.
Nine of these instances could be solved to optimality
within 30 hours, and seven instances remain open.

6.3. VRPTW with Shifts Instances

In this section, we test our BCP algorithm on instances
of the VRPTW with shifts. These instances were intro-
duced by Dabia et al. (2019), who built them on top of
the well-known Solomon instances for the VRPTW.
There are instances with three different sizes: 25, 50, and
100 customers. All instances have three shifts. For each
original Solomon instance, three instances were gener-
ated with three different shift capacities. For each size
and each shift capacity, there are 56 instances, divided
into classes c1, c2, r1, r2, rci, and rc2. Thus, in total
there are 504 instances.

Shifts in this problem are modeled as capacitated
depots. Again, as in the case of the VRP-CMD, there is
no fixed cost to “open” a shift. Therefore, variables y are
fixed to one and valid inequalities FC, COV, and GUB
inequalities are not useful.

We run the variant BCP,; without initial upper bounds
with the time limit of 30 hours. Four hundred seventy four
of 504 instances were solved to optimality, including all
instances with 25 customers, and all but one instance with
50 customers. The detailed results are given in Online
Appendix EC 4.

To compare the efficiency of our algorithm with the
one proposed by Dabia et al. (2019), we need to calculate
the number of solved instances within 30 minutes to
take into account the difference in the computers used.
Our algorithm solved 421 instances to optimality in
30 minutes including all instances with 25 customers.
Considering that the algorithm by Dabia et al. (2019)
solved 280 instances to optimality, we can say that our
approach is considerably better. The best-known solu-
tions are improved for 238 of 504 instances.

Now, as in the previous section, we test four BCP var-
iants: BCPQ, BCPO+RLCK/ BCPO+DCC/ and BCPaH. Again, to
exclude the randomness related to finding good primal
solutions earlier or later during the branch-and-bound,
for this experiment we use only the 474 instances for
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Table 7. Comparison of Variants of the BCP Algorithm on VRPTW with Shifts Instances

Root
Variant |71 Gap Time (s) Nodes Average time (s) Geomean time (s) Solved
BCP, 25 1.40% 1.1 1.2 35 1.2 168/168
BCPo.pcc 25 0.25% 1.1 1.0 2.2 1.1 168/168
BCPy rixC 25 0.02% 1.3 1.0 33 1.2 168/168
BCP,; 25 0.00% 1.1 1.0 2.0 1.0 168/168
BCP, 50 1.96% 17.7 3.1 588.3 36.2 163/167
BCPo.pcc 50 1.21% 15.5 2.0 354.0 23.8 166/167
BCPg rLKC 50 0.75% 24.7 14 384.6 28.8 164/167
BCP,y 50 0.50% 18.0 1.2 192.6 19.4 167/167
BCP, 100 1.15% 90.7 7.0 2,158.5 304.8 123/139
BCPo.pcc 100 0.84% 112.2 4.3 1,631.9 268.1 130/139
BCPy,rikC 100 0.56% 114.8 2.5 953.1 175.1 136/139
BCP,.; 100 0.51% 124.9 2.3 885.2 175.4 137/139

which we know the optimal solutions. The time limit is
set to three hours.

Table 7 presents the results separately for every in-
stance size. The columns give the average relative root
gap, geometric mean root solution time in seconds, the
average number of branch-and-bound nodes, the geo-
metric mean total solution time in seconds, and the num-
ber of instances solved.

In Figure 3, we also give the performance profiles for
the four tested BCP variants applied to instances with 100
customers. Each line corresponds to one variant of the
algorithm and depicts the number of instances solved
within a given time expressed in minutes.

The results show a very significant positive impact of
RLKCs, as their separation improves the solution time,
the number of branch-and-bound nodes, and the num-
ber of solved instances. The separation of DCCs also has
a more modest, but still positive impact. This can be
clearly seen in the performance profile in Figure 3.

Figure 3. Performance Profile for BCP Variants Tested on
100 Customer Instances with Known Optimal Solutions of the
VRPTW with Shifts

1
50 ----BCP,

------ BCPypce
--- BCPy rLKC
— BCPuay

100

50

number of solved instances

30m 1h 1h30m 2h 2h30m

solution time

7. Conclusion

In this work, we propose a BCP algorithm for the CLRP
and for two other related problems with the nested
knapsack structure: VRP-CMD and VRPTW-S.

The proposed algorithm for CLRP is clearly superior to
the other exact algorithms in the literature. An important
observation is that this is the first BCP algorithm that han-
dles CLRP directly, instead of reducing it to the solution of
a set of VRP-CMD subproblems obtained by fixing the
opened depots. We believe that this direct approach has
more potential for solving instances with many depot loca-
tions. In fact, instances with 15 and 20 depot locations
could be solved. Results on VRPTW-S are also clearly bet-
ter than those from the exact algorithms found in the
literature.

The most original methodological contribution of this
work is the introduction of RLKCs, a family of nonro-
bust cuts derived from the “outer” knapsack constraints,
the ones that are defined directly over the route vari-
ables. Those cuts are strong in the sense that they contain
all the facets of the master knapsack polytope, dominat-
ing the cover cuts proposed in Dabia et al. (2019). Some
theoretical properties of those facets, monotonicity and
superadditivity, are explored when adapting the label-
ing algorithm (used in the pricing) for handling RLKCs,
keeping it efficient. In fact, the adaptation was so suc-
cessful that the BCP does not need any mechanism for
limiting or controlling the RLKCs, they are treated like
robust cuts. The overall positive impact of RLKCs in
the BCP performance varied, depending on the tested
problem and even on the characteristics of the instances.
For the CLRP, the RLKCs proved to be effective on
instances with tight depot capacities. As those instances
are harder, the RLKCs make the final BCP algorithm sig-
nificantly more robust.

In future works, the BCP algorithm proposed in
this work could be applied to other problems with the
nested knapsack structure, like the capacity and distance-
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constrained plant location problem (Albareda-Sambola
et al. 2009) or the last-mile vehicle routing problem with
delivery options (Tilk et al. 2021), mentioned in the litera-
ture review. Other variants of the LRP, like the LRP with
time windows (Ponboon et al. 2016) or the two-echelon
LRP (Contardo et al. 2012), could also be approached.
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