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Abstract

Let G = (VUT,E) be a graph where V U T is the set of vertices, with T’
a subset of distinguished vertices, called terminals, and F the set of edges.
Given a weight function w : V' — N\ {0} associated with the nonterminal
nodes, the multi-terminal vertex separator problem consists in partitioning
V UT into k + 1 subsets {S, V1, ..., Vi} such that there is no edge between
two different subsets V; and Vj, each V; contains exactly one terminal and
the weight of S is minimum. In this paper, we characterize the polytope
of the solutions of this problem for two classes of the graph, and we show
that the two linear systems are totally dual integral. Then, we study the
polytope for the graphs that are decomposable by 1-node cutsets. We show
that if G decomposes into G, . . ., G}, then the polytope in G can be obtained
from those in G4, ..., G}, where G4, ..., G} are graphs related to G4, . .., Gy,
respectively. We also derive a procedure for composing facets and give some
algorithmic consequences for solving the problem in G from G, ..., G,.
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1. Introduction

Graph partitioning has become a flourishing area, and many optimization
problems have been considered in the literature, especially on an important
family of graph partitioning problems based on vertex deletion. These lat-
ter have several real applications like network security and strategic military
planning, immunity networks (find the exact number of individuals to vac-
cinate, to reduce the transfer of the virus into a network). It also has ap-
plications in biology (to achieve maximum fragmentation of protein-protein
interaction), image processing, VLSI conception, and parallel computing.
The k-way vertex cut problem is one of the most studied versions in the lit-
erature. It consists, given a graph G = (V, E) and a positive integer k, in
finding a subset S C V' of minimum size such that (V' \ S, F) has at least k
disjoint components. This problem is W[1]-hard with parameter k£ [10] but
polynomial for bounded tree-width graphs [4]. In this paper, we consider
a variant of the k-way vertex cut problem, called the multi-terminal vertex
separator problem, defined as follows.

The multi-terminal vertex separator problem

Let G = (V UT, E) be a simple graph where VU T is the set of vertices
and F the set of edges such that T is a subset of distinguished vertices called
terminals. A multi-terminal vertex separator in G is a subset of vertices
S C V whose removal induces k disjoint components, each containing exactly
one terminal. Given a weight function w : V' — N\ {0}, the multi-terminal
vertex separator problem (MTVSP for short) consists in finding a multi-
terminal vertex separator in G of minimum weight. The MTVSP can also
be seen as the problem of finding a vertex subset S C V' of minimum weight
such that each path between each pair of terminals intersects S. Indeed, if
S intersects all paths between each pair of terminals, the graph induced by
(VUT)\ S would have k components, each containing exactly one terminal.

Literature review

In the case where & = 2, the MTVSP can be solved in polynomial-time
[2]. When k£ > 3, the authors in [7] show that the MTVSP is equivalent to the
vertex cover problem known to be NP-hard. They also study the problem
from a polyhedral point of view. They present several valid inequalities
for the associated polytope and study the conditions for which they define
facets. These results gave rise to an efficient Branch-and-Cut algorithm for



the problem. In [9], Naves and Jost give a linear system for the MTVSP and
characterize the class of graphs for which this system is total dual integral for
any independent set 1" i.e., the dual problem has an optimal integer solution
for any weight vector.

Many variants of this problem have been considered in the literature. In
[5], Cornaz et al., consider the balanced version of the k-way vertex cut prob-
lem such that the graph (V\S, E) has at least k disjoint subsets Wy, ..., Wy
and |W;| — |[W;| < ¢ for all i,j € {1,...,k} for some integer ¢ > 1. they
present a compact formulation for the problem and discuss it from a poly-
hedral point of view. However, when ¢ represents the bound on the size of
the components of (V' '\ S, F'), the problem is called the g-separator problem.
This problem is the general form of the vertex cover problem (¢ = 1) and the
dissociation number of a graph [12] (for ¢ = 2 and unit weight). Thus, the
problem is NP-hard. Oosten et al., in [I1], propose an extended formulation
for the problem; they investigate the related polytope and present several
valid inequalities and facets. In [3], Ben-Ameur et al. study the complexity
of the problem and show that it is polynomial for several classes of graphs. In
[T, 8], the authors discuss the vertex separator problem that consists, given
a simple graph G = (V| E) and a positive integer ¢, in partitioning V' into
three subsets A, B and C such that no vertex in A is adjacent to a vertex in
B, max{|A|,|B|} < ¢ and |C| is minimum. They study the facial structure
of the associated polytope and develop a Branch-and-Cut algorithm. In [2],
another variant of the k-separator problem is considered. Given a simple
graph G = (V, FE) and two terminals a,b € V, the problem here is to par-
tition V' into three subsets A, B and C such that a € A, b € B, no edge
connecting A and B and the size of the cut induced by C' is minimum. It
is shown that this problem can be reduced to a minimum cut problem in an
auxiliary graph, and then it can be solved in polynomial time.

Our contributions

In this paper, we consider the MTVSP in two special classes of graphs
the star trees and the clique stars. These graphs, which do not belong to
the classes characterized by Naves and Jost, are introduced in [7]. We give
a complete description of the associated polytope in these classes of graphs
and show that the related linear systems are totally dual integral. Moreover,
we discuss the polytope in the graphs that are decomposable by one-node
and terminal cutsets. When G decomposes into GG; and G5, we derive a



linear system of inequalities which characterizes the multi-terminal vertex
separator polytope of G from two linear systems related to GG; and G5. This
approach is also used to derive a procedure for composing facets and give
some algorithmic consequences for solving the problem from the pieces.

Organization of the paper

The paper is organized as follows. In Section 2, we give a complete de-
scription of the multi-terminal vertex separator polytope for the two classes
of graph, star trees, and clique stars. Then, we show that the two linear
systems are totally dual integral. In Section 3, we study the composition
(decomposition) technique for the multi-terminal vertex separator polytope
for the graphs decomposable by one-node cutsets and derive procedures for
composing facets and algorithms. In Sections 4 and 5, we present a further
composition procedure in graphs decomposable by terminal cutsets. The rest
of this section is devoted to more notations and preliminaries.

Notations and definitions

We consider simple graphs G = (V U T, E) where V U T is the set of
vertices, T' is the set of terminals in G and F is the set of edges. We let
n = |V|, k= |T| and m = |E|. In the rest of this paper, and for the sake of
convenience, we will refer to the multi-terminal vertex separator as separator.
If W C (VUT), we denote by G[W] the subgraph of G induced by W. Given
a vertex v € V UT, we denote by N(v) C (VUT)\ {v} the set of vertices
adjacent to v and by dg(v) the size of N(v), called degree of v, in G. We
denote by N(W) C (VUT)\ W the set of vertices adjacent to at least one
vertex in WW. For v € V| we let §(v) denote the set of edges incident to v and
d(W) the set of edges having exactly one vertex in W. d(w) is called the cut

induced by W. If x € RYY" we let (W) = > z(v). For any subgraph
veWnv
H of G, we denote by V(H), T(H) and E(H) the sets of nodes, terminals

and edges, respectively, of H. The number of terminals in H is denoted by
k(H), i.e., k(H)=|T(H)|.

Given an inequality ax < b, where a € RVYT the support graph of ax < b
is the subgraph induced by the vertices of variables having a non-zero coef-
ficient in the inequality. A path P is a set of p distinct vertices vy, va, ..., v,
such that for all i € {1,...,p — 1}, v;u;4; is an edge. Vertices va, ..., vp_1



are called the internal vertices of P. Given a path P between two terminals
t,t' € T such that P NT = {t,t'}, the set of internal vertices of P will be
called a terminal path and denoted by P,s. A terminal path is minimal if it
does not strictly contain a terminal path. In Figure , terminal path Py is
not minimal, it contains P,. (In all figures in this paper, the terminals are
represented by triangles.)

ti t

Figure 1: Minimal terminal path.

In what follows, we consider the following hypotheses.

1- There is no edge between two terminals. Otherwise, the problem has no
solution.

2- For every two different terminals ¢,¢ € T, we have N(t) N N(t') = 0.
Otherwise, all vertices in N(¢) N N (') must belong to the separator. In
this case, we can remove these vertices from the graph.

3- For each vertex v € V| there is at least one terminal path containing v.
Otherwise, v cannot belong to a minimal separator, and in consequence, it
can be deleted from the graph. Checking if a node v belongs to a terminal
path can be done in polynomial time.

4- Graph G is connected. Otherwise, we consider the MTVSP in each com-
ponent of the graph.

Given a graph G = (VUT, E). Let € {0,1}V be a vector of variables
such that for a vertex v € V, x(v) = 1 if v belongs to the separator and
x(v) = 0 otherwise. Vector z” is called the incidence vector of separator S.



The MTVSP is then equivalent to the following integer linear program
7]

veV

x(Py) >1 VPy €T, (2)
z(v) <1 Yo eV, (3)
z(v) >0 Yo eV, (4)
x(v) integer Yo e V. (5)

where I' is the set of all terminal paths in G. Let P(G,T) = conv{x €
{0, 1}V « satisfies (2)} be the convex hull of the solutions of the MTVSP

in G. P(G,T) is called the multi-terminal vertex separator polytope. Under
hypothesis (1) — (), polytope P(G,T) is full-dimensional [6].

A linear system Az < b is said to be Totally Dual Integral (TDI) if for all
integer ¢ € Z", the linear program min{b'y : ATy = ¢;y > 0} has an integer
optimal solution, if a solution exists. If Ax < b is TDI and b is integer, this
implies that the polytope given by Az < b is integral.

2. P(G,T) in star trees and clique stars

2.1. Star trees and clique stars

In [7], the authors introduce the following classes of graphs in the context
of a polyhedral analysis of the MTVSP.

(b)
Figure 2: Star tree and clique star

A graph H = (V(H)UT(H), E(H)) is called a star tree if H consists of a
rooted tree where the pending nodes are the terminal nodes of the tree, and
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all the other (nonterminal) nodes, different from the root node, are of degree
two. A star tree H with ¢ terminals ¢4, ... ,%,, can also be seen as the concate-
nation of ¢ paths P;,, ¢ = 1,...,q between the root v, and ¢;, i1 =1,...,q.
A star tree with 2 terminals is nothing but a terminal path.

A graph Q@ = (V(Q) UT(Q),E(Q)) is called a clique star if @) con-
sists of a clique K, on ¢ vertices of V(Q), ¢ terminals t,...,t, (that is
T(Q) = {t1,...,ty}) and ¢ disjoints paths P, ,... P, such that each path P,
is between a different vertex of K, and ¢,. In what follows we will suppose
that ¢ > 3. If ¢ = 2, then the clique star is nothing but a terminal path.

In the star trees and clique stars, the paths P, are referred to as branches.
Figure 2l (a) displays a star tree with 4 branches and Figure 2} (b) displays a
clique star with 4 branches.

(b) () (d)

Figure 3: Branches of the star trees and clique stars

()

Consider a graph G = (V U T, E) that is a star tree (resp. clique star)
of k terminals. If k£ = 1, then G is reduced to a single branch, see Figure
Bla). If & = 2, then G is reduced to a terminal path, see Figure [3(b). If
k > 3, then G contains (,]:,) star trees (resp. clique stars) as subgraphs with
k'€ {1,...,k} terminals. Let II(G) (resp. ©(G)) be the set of all star trees
(resp. clique stars) subgraphs of G. Note that II(G) (resp. ©(G)) contains
the star tree G (resp. the clique star G).

In this section, we will suppose that G (star tree or clique star) satisfies
the following hypotheses.

1. The number of terminals is at least three.



2. Each branch of a star tree contains at least one internal vertex.
For otherwise, by [9] the linear system ({2) — (4 is TDI.

2.2. Polytopes

In what follows, we give complete descriptions of P(G,T) for the star
trees and clique stars.

2.2.1. P(G,T) for star trees
First, we give the following remark.

Remark For star trees, the polytope given by — 18 not integral.

Proof Consider a star tree H = (V(H)UT(H), E(H)) with at least one
internal vertex in each branch. Let Z € [0, 1]V be defined as follows

Z(v) =0.5 Yv € N(v,.),
(v) =0 Yo e V(H)\ N(v,).

sl

Vector T is an extreme point of P(H,T(H)). Among all tight inequalities
for T we can select |V (H)| linearly independent equalities that are tight for
7. As it can be easily seen, we can select

e k(H) inequalities of type (inequalities induced by the terminal path
between a fixedt € T'(H) and all ¢’ € T'(H)\{t} plus any other terminal
path), and

e |V(H)\ k(H)| inequalities of type (4],

that are tight for Z. This constitutes a non-singular equality system for which
T is the unique solution. [

In [7], the authors introduce a class of valid inequalities for P(G,T") induced
by star trees.

Theorem 2.2.1 ([7]) Given a graph G = (V UT, E), inequalities
e(V(H)\ {or}) + (k(H) — Dx(v,) 2 k(H) =1 VH €I(G)  (6)

are valid for P(G,T).



Inequalities @ are called star tree inequalities. Recall that the terminal
paths are star trees with two terminals. Thus inequalities are special
cases of @ Also remark that inequalities @ associated with the star trees
of II(G) with one terminal are dominated by trivial inequalities. Let P(G,T)
be the polytope given by inequalities @ together with the trivial inequalities

and .
Now we state the main result of this section.

Theorem 2.2.2 If G = (VUT, E) is a star tree then P(G,T) = P(G,T).

Proof Let us assume the contrary, and let z € RIY! be a fractional extreme
point of P(G,T). Suppose |V| is minimum, that is to say, P(G, T) is integral
for all star tree of n’ vertices with n’ < [V/|. Thus there exists a subset II; (G)
of TI(G) and two subsets V1, V2 of V' such that z is in the unique solution of
the following system S(x),

s(VH)\{v,}) + (k(H) = Da(v,) = k(H)-1 VHeIL(G), (7)
z(v) = 1 YoeW, (8)
w(v) = 0 Yoel, (9)

such that [II; (G)| + [Vi| + [Va] = |V].
We have the following claims.

Claim 1 For allv € V \{v,.}, z(v) > 0.

Proof of Claim[1.  Let us assume, on the contrary, that there exists a vertex
v € V \ {v.} such that z(v) = 0. Since G is a star tree, v has exactly two
neighbors, v1,v3 € VUT. Let G' = (V' UT', E’) be the star tree obtained
from G by deleting v and adding an edge v;v,. Let 2’ € [0,1]"' be the
restriction of x on V' and S’(x) be the system of equalities obtained from
S(z) by deleting equality x(v) = 0 and variable x(v) from all other equalities
involving z(v). This new system is related to P(G’,T"). Solution 2’ is an
extreme point of P(G’,T"). In fact, 2’ is the unique solution of the (non-
singular) system. Since 2’ is fractional and |V'| < |V, this contradicts the
minimality of |V]. O

Claim 2 For each branch P, of G, z(P; \ {t}) < 1.



Proof of Claim[4 ~ Suppose there exists a branch P, of G such that (P, \
{t}) > 1. Let G’ be the star tree obtained from G by deleting the vertices
of P\ {v.}. Let az > b be the star tree inequality induced by G. Then,
a'r > b—1 is the star tree inequality induced by G’ where a’ is the restriction
of a on V(G') with d/(v,) = a(v,) — 1. As a consequence, we obtain that «
violates the star tree inequality induced by G’, a contradiction. O

Claim 3 z(v,) < 1.

Proof of Claim @ Suppose z(v,) = 1. From Claim , it follows that
z(v) = 0forall v € V\{v,}, a contradiction with the fact that z is fractional.

O

Claim 4 FEach branch P; of G contains at most one internal vertex.

Proof of Claim [{} Let us assume, on the contrary, that there exists a
branch P, of G that contains two internal vertices v; and vy. From Claims
and [2] it follows that 0 < z(v;) < 1 and 0 < z(vy) < 1. Let 2,22 € RVl be

the solutions given by

18| x(v) ifveV\{v},
m(v)—{ z(v)+e if v=n.

and '
22(0) = { z(v) ¥f veV\ {u},
z(v) —e if v=wy.

where € is a positive scalar sufficiently small.

As x(vy) and z(ve) only appear in equations of type of system S(z),
and vy, v9 either both belong to a star tree or none of them does, it follows
that 2! and z? are both solutions of S(x). As x! # z?, this contradicts the
extremality of z. O

Claim 5 If there exists a branch P, such that x(P, \ {t}) < 1, then all the
support graphs of equalities contain branch P;.

Proof of Claim . Let ax = b be an equality @ of system S(z) whose
support graph does not contain P, \ {v,}. Thus, the star tree inequality
(P \ {t}) +ax > b+ 1 is violated by z, contradicting the feasibility of z. ¢

10



Remark 2.1 If there exists a branch P, with x(P; \ {t}) < 1, then all other
branches contain at least one internal node. Otherwise, there must exist a
terminal path inequality between t and another terminal violated by x.

Claim 6 z(v,) > 0.

Proof of Claim @ Suppose on the contrary, that z(v,) = 0. Since x is
fractional, there must exist a branch P, and a vertex v; € P, \ {v,} such that
0 < z(v1) < 1. Moreover, there must exist an equation of type involving
x(v1). As the coefficient of x(vy) in this equation is 1 and the right-hand
side is integer, there must also exist another vertex vy € V' \ {v,, v} such
that 0 < z(v2) < 1. From Claim [5 (v1) and x(v2) appear together in all
equations . Now as we did in the proof of Claim , we can construct
two different solutions z',z? of S(x) such that = (2! + 2?), and get a
contradiction. ¢ From Claims [1] 2] 3] and [6] it follows that 0 < z(v) < 1 for

all v € V. Now we distinguish two cases

a. There exists a branch P, such that z(P, \ {t}) < 1.
From Claim , P, belongs to all support graphs of equalities @ Moreover,
from Claim [] and Remark 2.1 every branch different from P, contains
exactly one internal vertex. Let T € RY be given by
- Z(v) = z(v) for all ve P\ {v.}
- Z(v) = x(v.) + €
-Z(v)==x(w)—€e forall veV\ (PRU{v})
Clearly, any equality remains tight for z. It then follows that vector

satisfies all equalities of S(z), contradicting the fact that z is the unique
solution of S(x).

b. For each branch P, (P, \ {t}) = 1.
By Claims [3|and [4] it follows that each branch contains exactly one inter-
nal node. Therefore, for all v € V' \ {v,}, x(v) =1— z(v,). Since z is
fractional, there exists at least one equality in System S(z),

e(VH)\ {v,}) + (k(H) = Da(v,) =k(H) - 1.
By replacing z(v) by 1 — z(v,), for all v € V(H) \ {v,}, we obtain
[VH)\ v} = [VEH) N\ {vHaz(or) + (R(H) = Da(o,) =k(H) — 1.

11



Since |V(H) \ {v.}| = k(H), we have
k(H) — k(H)x(v.) + (k(H) — Da(v,) =k(H) — 1.
This implies that x(v,) = 1, contradicting Claim [3] [

2.2.2. P(G,T) in clique stars
First, we give the following remark

Remark 2.2 In clique stars, the polytope given by — 18 not integral.

Proof Consider a clique star @ = (V(Q) U T(Q), E(Q)) defined by ¢
branches and a clique K,. Let z be a solution given by

z(v) =05 YvekK,
z(v) =0 Yo e V(Q)\ K,

It is not hard to see that z is the unique solution of a system of k(Q) equations
coming from terminal path inequalities and |V (Q)| — k(@) trivial equations.
|

Let G = (VUT,E) be a graph. In [7], it is shown that the following
inequalities are valid for P(G,T).

z(V(Q) = k@)—-1 VQeO(G) (10)

Recall that, ©(G) is the set of clique stars in G.

Note that the terminal paths are clique stars with two terminals. Thus
inequalities are special cases of . Also note that inequalities
associated with clique stars having one terminal are redundant with respect
to trivial inequalities.

Let P*(G,T) be the polytope given by inequalities and the trivial
inequalities.

Theorem 2.2.3 IfG = (VUT, E) is a clique star, then P(G,T) = P*(G,T)

12



Proof Let us assume the contrary and let  be a fractional extreme point
of P*(G,T). Suppose that |V| is minimum (i.e., for all clique star G’ =
(V'UT' E') with |V'| < |V|, P*(G',T") is integral). Thus z is the unique
solution of an equation system S(z) of the form

d(V@)= KQ -1 YQeo (11)
z(v) = 1 Yo e Wy (12)
z(v) = 0 Ywel, (13)

(14)

such that |O1| + V4| + [V2| = |V], ©1 C ©(G), V; C V and V, C V. Let
K, be the clique of G on ¢ = |T'| nodes. We have the following Claims. The
two first claims are given without proof. They are similar to proofs given in

Theorem 2.2.21
Claim 1 For allv e V \ K,, z(v) > 0.

Claim 2 For every branch Py, x(P,\ {t}) < 1.
Claim 3 For all v € K, not adjacent to a terminal, x(v) > 0.

Proof of Claim @ Suppose that there exists a vertex v € K, of a branch
P,, adjacent to a vertex u € P, \ {v} and z(v) = 0. Let @ be the clique star
obtained from G by contracting edge uv. Let Z € [0,1]V(@) be the restriction
of z on V(Q) and S’(z) the system of equations obtained from S(z) by
deleting equation z(v) = 0 and variable z(v) from the other equations of
the system. Clearly, T satisfies all equalities of S’(x), which implies that z
is an extreme point of P(Q,T(Q)). As T is fractional, this contradicts the
minimality of |V|. O

Claim 4 The support graphs of equations , that are terminal paths, con-
tain at most 2 nodes of K.

Proof of Claim [{} Let us assume the contrary and suppose there is an
equation ax = b of induced by a terminal path P, containing 3 internal
nodes of K. Then, there must exist t” € T'\ {¢,¢'} such that Py NPy = {v}
for some v € K,. From Claims [2| and 8| z(P \ {t",v}) < 1. Therefore
ar+xz (P \{v}) < b+1 is a clique star inequality violated by x, contradicting
the feasibility of x. O

13



Claim 5 FEach vertex of K, is adjacent to a terminal.

Proof of Claim @ Suppose there exists a branch P, containing v € K|,
and an internal vertex u. From Claims [1] 2 and [3] we have that 0 < z(u) < 1
and 0 < z(v) < 1, which implies that z(u) and x(v) belong to at least one
equation . Moreover, since u and v belong to the same branch, from
Claim [4] variables z(u) and z(v) appear together in equalities (11)). Hence,
there must exist e > 0 such that 2’ € [0,1]", obtained from z by adding e
to z(v) and subtracting € from z(u), is a feasible solution of S(x). But this
yields a contradiction with the fact that x is a unique solution of S(x). ¢

As x is fractional, from Claim , there must exist u € K, such that
0 < z(u) < 1. Since all coefficients of the variables in S(z) are 0 or 1, it
follows that, there exists another vertex v € K, such that 0 < z(v) < 1.
Now, we show that the variables of u and v appear together in the equations
of S(x). Suppose that there exists an equality , associated with a clique
star () € ©4, containing, say, u but not v. This yields

r(V(Q)) = k(@) — L.

Let Q" be the clique star obtained from @ by adding the branch P, containing
v. As by Claim [} z(P, \ {t}) < 1, the clique star inequality associated with
Q' is violated by z, a contradiction. Let 2’ € RV given by

' (w) = z(w) for all w € V' \ {u, v},
'(u) = z(u) + e,
' (v) = z(v) —e.

Clearly, y is a solution for S(z). As x # y, this yields a contradiction with
the fact that x is a unique solution of S(x), which ends the proof of the
theorem. m

2.3. Total Dual Integrality

In what follow, we discuss TDI-ness descriptions for P(G,T) in star trees
and clique stars.

14



2.3.1. TDI systems for star trees

Consider a star tree G = (V UT, E). Given two star trees H; and H; of
G, we denote by H{"j the star tree of G whose branches are those in common
in H; and Hj;, and by Hﬁj the star tree whose branches belong either to H;
or to Hj such that

k(H7; = k(H;) + k(H;) — k(H{)) if k(H[;) > 1,
k(H7;) = k(H;) + k(Hj) — 1if k(H];) = 0.

Note that in the second case (i.e., k(H;);) = 0), H;; may be not unique.

(2%]
Yt vy v vy
Y v, v, v, v,
’U4 Up Uy Uy 'U4 vy
Ug 'Ug
(a) (b) (c)

(d) (e)

Figure 4: Star trees, subgraphs of the star tree in Figure 2} (a)

To illustrates the above notations, if H; is the graph in Figure [4](c) and
H; the graph in Figure .(e), then H;’; is the graph in Figure .(a) or the
graph in Figure (b) and ng does not exist. If H; is the graph in Figure
.(a) and Hj the graph in Figure 4l (b), then H}; is the graph in Figure (f)
and H{) is the graph in Figure . c).

Let PY be the linear program given by objective function , trivial
inequalities and inequalities @, that is

min Zw(v)x(v)

veV
z(V(H)\{vr}) + (k(H) = (o) 2 k(H) =1, VH € II(G),
z(v) >0 YveV.

Let ITY(G) be the set of star trees in II(G) containing vertex v € V. Let
Yy € RE(G) be the dual variable vector associated with inequalities @ The
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dual DY of P can be given as follows

max S (k(H) - L)y(H)

HeII(G)
> yH) <w(w), WweV\{n} (15)
HellY(G)
> (k(H) = Dy(H) < w(v,), (16)
Hell(G)
y(H) > 0, VH € TI(G). (17)

We notice that D consists in selecting y(H) € R* times star tree H €
I1(G) respecting the vertex capacities w. This problem is called the packing
problem of star trees.

For all [ € {1,...,k}, let II; be the set of star trees in II(G) with [
branches.

We say that a dual solution y of D¢ dominates a dual solution 7 if there
exists s € {0,...,k} such that the following hold.

1. > g(H)= > y(H), forall l € {s+1,... k},

Hell Hell,
2. > y(H) < > y(H).
Hells Hells

A solution y is said to be mazimal optimal if y is optimal and dominates
any other optimal solution of D¢.

Claim 1 There exists a maximal optimal solution of DC.

Proof of Claim . Let S be the set of optimal solutions of DY with
the highest value > y(H) over all optimal solutions of DY, i.e.,

Helly
Smar — Ly | Z y(H) > Z §(H) ¥V yand ¢ solutions of D}
Helly, Helly,

For [ € {1,...,k — 1}, let S/"* be the set of solutions in S}17* with the

highest value »° y(H) over all solutions of S7}4%, i.e.,
Hell;

St — {y | Z y(H) > Z y(H) V yand gy € S/}9"

Hell HeT,
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It is easy to see that S7"** is not empty, i.e., |S7***| > 1, and all its solutions
are maximal optimal. O

Through the following claims, we present some properties of maximal
optimal solutions of D%. Given two star trees H; and H, of G, H; is
said to be completely included in Hy (Hy C Hy), if V(H;) C V(Hs) and
T(Hy) C T(Hy).

Let y be a maximal optimal solution of D%.

Claim 2 Given a pair of star trees H; and H; € II(G) such that yg, > 0
and yg; > 0, then either H; C H; or H; C H;.

Proof of Claim . Let us assume the contrary, suppose that yg, > ym, > 0
and none of the star trees is completely included in the other. Thus by defini-
tion, k(H;;) > k(H;) +k(H;) — 1. Let 8 = k(H;};) and a = max{k(H]}), 1}.
We will show that there exists an optimal solution § € RE(G) that dominates
y. Let ¥ be defined as follows

Yny, = Yuy, +yu,

Y, =0
ng] = yH{jj + Yu,

Ug=ya  VH €Il(G)\ {H;, H;, H]

Z7‘77

H b

First, we show that 7 satisfies all inequalities —. We distinguish four
cases, v € V(H{;)\{v.},v € V(H)\V(H}}), v € V(H;)\V(H];) and v = v,.

Each vertex v € V(H{}) \ {v,} belongs to V(H;),V(H;),V(H]};) and
V(H;;). Since the coefficient of each vertex of V/(H{))\ {v,} is 1 in inequali-
ties , by adding yp, to the variable of H;; and to the one of H};, and by
subtracting yg, from the variable of H; and from the one of H;, we obtain a

solution still feasible for D. It then follows that inequalities and ,
associated with the vertices of V/(H;}) \ {v,}, remain satisfied by 7.

Each vertex v # v, of V/(H;)\V (H{}) (resp. V(H;)\V (H}};)) only belongs
to V(H;) (resp. V(H;)) and possibly to V(H;’;). Thus, since the coefficient
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of each vertex of V/(H;) \ V(H}}) (resp. V(H;) \ V(H}) is 1 in inequalities
, by adding yp, to the variable of Hiuj and by subtracting ygy, from the
variable of H; (resp. H;), inequalities and associated with the ver-
tices of V(H;) \ V(H}}) (vesp. V(H;) \ V(H}})) remain satisfied by 7.

It remains to show that inequality , associated with v,, is satisfied by
y. Let us remark that the left-hand side of inequality associated with
v, is exactly the function that we want to maximize. Thus, showing that
y and ¥ have equal objective values will prove both the optimality and the
feasibility of 7.

Asyy =y forall H € II(G)\{H,, H;, H

1%, H;}, to prove the optimality
of ¥ we just need to prove that

(k(H;) = D)y, + (k(H;) = 1)y, + (B = DYy, + (@ = 1)yyn, =
(k(H;) = Dyu, + (k(H;) — Dy, + (8 = Dymy, + (o = Dyap,

Since ¥y, =0, Y, = yn; — Ym,, B = k(H;) + k(H;) — c, it follows that
O+(k(H;) =) (ya; —ym )+ ((Hi) +k(Hj) —a=1) (e, +ya,)+Ha—1) (yan, +ym,)

= (k(H;) = Dyn, + (k(H) = Dyn, + (B — Dymy, + (o — Dyap,

Thus 7 is a feasible optimal solution. Since yy, > 0, it follows that y5u > ym,
3V

which implies that 3 dominates y, contradicting its maximality. O

Corollary 2.3.1 Forl € {1,...,k}, there is at most one star tree H among
those of I1;, with yy > 0.
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(a) (b) (c)

< "

(d) (e) (®
Figure 5: An example of a maximal optimal solution structure.
Figure |p|illustrates the structure of the maximal optimal solution y (each
star tree is included in another).
Proposition 2.3.1 If y is a mazimal optimal solution, for all H € 11(G),
one of the following holds:

k
there exists v € V(H) \ {v.} such that > > ymw = w,,

I=k(H) H'€eT,

S () — Dy = w,,.

I=k(H) H'€ll,

Proof Let us suppose the contrary, that is to say there exists H € II(G),
such that

k
forallv e V(H)\ {v.}, >, > ym < w,, and

I=k(H) H'€ll,
k
> > (K(H') = Dynr < w,.
I=k(H) H'€ll,

Let y' be the vector obtained from y by adding € > 0 to yg and setting
Yy = 0 for all H" with k(H') < k(H) such that

l kZH) HZH( (H') = Dyar
. 'ell
6_ mm{ k(H) — 1 evin, Z 2 v}

H) H" €Tl
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Clearly, 1/ is a feasible solution of D that dominates y. This contradicts
the fact that y is maximal optimal, and the result follows. (]

Theorem 2.3.1 For a star tree G = (V UT, E), the linear system given by

and @ is TDI.

Proof It is enough to show that there exists an integer optimal solution of
D€ for any w € ZY . Let y be a maximal optimal solution of D¢,

Claim 1 Ify is fractional, then there exists exactly one star tree H € I1(G)
such that yg is fractional.

Proof of Claim [1] Suppose that there exist two different star trees
H;, H; € TI(G), such that yg, and yg, are fractional. Suppose that k(H;) is
maximum, that is to say, for all H € II(G) with more than k(H;) terminals,
yu, is integer. From Corollary , it follows that k(H;) > k(H;). We
distinguish two cases:

k
1. There exists a vertex v € V(H;) \ {v.} such that > > yg = w(v).
I=k(H;) HeIL
As k(H;) is maximum, yy is integer for any star tree H with k(H) €
{k(H;)+1,...,k}. Moreover, by Corollary [2.3.1] it follows that H; is the
only tree in H with k(H,) positive value. Since w(v) is integer, it follows
that yy, is integer, a contradiction with yg, fractional.

k
2. For all vertex v € V(H;) \ {v,}, we have > yg < w(v). From
I=k(H,) HElL,

k
Proposition [2.3.1} it follows that > > (k(H') — 1)y = w(v,). By
I=k(H;) H'el,
Constraints it follows that yy = 0 for any star tree H € II(G) with
k(H) < k(H;) — 1 terminals, a contradiction with yy, is fractional.

Thus if y is fractional, there exists exactly one star tree H; € II(G) such that
Yu, is fractional. O

Claim 2 If y is fractional, then there exists another optimal solution which
15 integer.

Proof of Claim[3. ~ From Claim [T} since y is fractional, there exists exactly
one star tree H € II(G) such that yy is fractional. We distinguish two cases
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- Ifk(H) =1, then let 7 € RE(G) be the solution obtained from y by setting
yg = 0. Solution ¥ is an integer feasible optimal solution.

- If k(H) > 2, then as y is maximal optimal and w(v,) is integer, by Propo-
sition we have that (k(H) — 1)yy is integer. Let € = yy — |yg]. Thus
(k(H)—1)e is integer. For an arbitrary chosen star tree H' € Il ((f)-1)+1,

let ' € RE(G) be the solution defined as follows

y}{ =YH — €
y}{’ =Y + 17
Yo = 0 for all H” € TI(G) \ {H, H'}.

As Tt is easy to check that 3/ is feasible, integer and has the same objective
value as .

Therefore, 3/ is an integer optimal solution for D¢, O

By Claim 2] the proof is complete. [

As a consequence, we obtain the following min-max relation:

Corollary 2.3.2 In star trees, the minimum number of vertices covering all
terminal paths is equal to the mazimum packing of star trees.

Then we deduce the following algorithm for D¢,
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Algorithm 1: An exact algorithm for solving D%

Data: A star tree G = (V UT, FE), a vertex capacities vector w
Result: Maximal optimal solution y

1 begin

2 for (teT) do

3 w'(P) = min {wu)} ;
(P) = pin {w(w}

if (w'(P;)=0) then
L Delete branch P; from G,

6 | while (k(G)>1 and w(v,) > 0) do

7 ya = mln{Lka) 1J mln{w (P)}}s
8 for (t € T') do

9 | w'(P) = w'(P) — ye;
10 w(v,) = w(v,) — yg(k(G) — 1);
11 for (teT)do

12 if (w'(P,)=0) then

13 L Delete branch P; from G,

Corollary 2.3.3 For the star trees, the multi-terminal vertex separator prob-

lem can be solved in a O(|V| + ZEUEDY pime.

2

Proof In loop 2-5 we iterate over each branch and we iterate over each node
of the branch to get the minimum weight w’. This is done in O(|V|). The
second loop 6-13 has |T| iterations. At each iteration, at least one branch is
removed. Due to loops 8-9 and 11-13, the whole loop is done in O(w)

2.3.2. TDI system for clique stars
Consider a clique star G = (VUT, E).

Let PG be the linear program defined by Varlable vector x, objective
function and inequalities (4]) and ( . Let y € R “ be the dual variable

22



vector associated with inequalities . The dual DC of PY is given by

max Y (k(Q) - 1)y(Q)

QeO(G)

> 9@ <w(v), Yo eV, (18)

y(Q) =0, vQ € 6(G). (19)

Let us remark that DS consists in selecting y(Q) € RT times clique stars
Q € O(G) respecting the vertex capacities w. This problem is called the
packing problem of clique stars. Let ©Y(G) be the set of clique stars in O(G)
containing vertex v € V. For all [ € {1,...,k}, let ©; be the set of clique
stars in ©(G) with [ branches.

We say that a dual solution y € R:?(G) dominates a dual solutiony € Rg(G)
if there exists s € {1,...,k} satisfying the following:

L > Uo= > Yo foralll € {s+1,...,k}

QeO; QeO;
2. Z yQ < Z YQ
QEB QEO,

A solution y is said to be mazimal optimal if y is optimal and dominates any
other optimal solution of D%. We have the following claims.

Claim 1 There ezists a mazimal optimal solution of DC.

Proof of Claim/[1] The proof is similar to Claim [1f of Subsection O

Let y € RE(G) be a maximal optimal solution.

Given two clique stars (1 and Q)5 of G, Q) is said to be completely included
in Qy, if V(Q1) € V(Q2) and T(Q1) € T(Q2).

Claim 2 For every two different clique stars Q;, Q; € O(G), such that yg, >
0 and yg, > 0, either Q; is completely included in Q; or Q; is completely
included i Q;.

Proof of Claim[3. The proof is similar to Claim [2| of Subsection O
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Corollary 2.3.4 For s € {1,...,k}, there exists at most one clique star @
among the clique stars of ©4 with yg > 0.

Claim 3 For all Q; € O(G), there exists a vertex v € V(Q;) such that
k

> 2 Yo =w(v).

I=k(Q;) Q€S
Proof of Claim[3. The proof is similar to Proposition [2.3.1} O

Theorem 2.3.2 For a clique star G = (V UT, E), the linear system given
by inequalities and 1s TDI.

Proof Using Corollary and Claim [3] the maximal optimal solution
of DY can be obtained by packing the clique star with the highest number
of terminals, until the capacity of one vertex is saturated. Then we delete
branches with at least one saturated vertex, and we repeat the operations

until the graph becomes a branch. Then the proof is complete, and the linear
system of P¢ is TDI. m

As a consequence, we obtain the following min-max relation:

Corollary 2.3.5 In clique stars, the minimum number of vertices covering
all terminal paths is equal to the maximum packing of clique stars.

Therefore, we deduce an algorithm to solve DC.
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Algorithm 2: An exact algorithm for solving D¢

Data: Graph G = (V UT, FE) that is a clique star, a weight vector w
Result: A maximal optimal solution y

1 begin

2 for (te€T)do

3 w'(F) = min{w(u)} ;
uc i

if (w'(P,;)=0) then
L Delete branch P; from G

6 while (k(G) > 1) do

7 ye = min{w'(F)};

8 for (t € T) do

9 L w'(P) = w'(P) — yo;

10 for (te€T)do

11 if (w'(P;)=0) then

12 L L Delete branch P, from G}

We also have the following consequence, its proof is similar to that of

Corollary [2.3.3]

Corollary 2.3.6 For the clique stars, the multi-terminal vertex separator
problem can be solved in a O(|V| + W)—time.

3. Composition of polyhedra by 1-sums

In what follows we study a composition (decomposition) technique for the
multi-terminal vertex separator polytope in graphs that are decomposable by
one-node cutsets (1-sums). If G decomposes into G and Gq, we show that
the multi-terminal vertex polytope of G can be described from two linear
systems related to GG; and GG,. As a consequence, we obtain a procedure to
construct this polytope in graphs that are recursively decomposed.

Given a graph G = (V UT,E) and two subgraphs of G, say G; =
(Vi UTy, Ey) and Gy = (Vo U Ty, Ey). Graph G is called a k-sum of G4
and Gy if V=V UV, T =T UT,, [T1NTs| =0, [V1 NV,] = a and subgraph
(ViNVy, By N Ey) is complete. Set Vi NV; is a k-node cutset of G. k-node is
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any set of k nodes that by removal the graph is disconnected.

In what follows we investigate a polytope composition procedure for
graphs that are 1-sums.

Let G = (VUT,E) be the 1-sum of G; = (V4 UTy, Ey) and Gy =
(Vo U Ty, Ey). Let Vi N'Vy = {u} such that u is not adjacent to a terminal.
Let G; = (‘7; uT;, EZ) be the graph obtained from G, for i = 1,2, by adding
a node w;, a terminal ¢; and edges g;w;, w;u. Figure [0] illustrates graphs G,

G, and Gs.

G
G, G,

Figure 6: Composition (decomposition) of graphs

In C~¥Z~, the multi-terminal vertex separator polytope P(é,,i) is com-
pletely described by a minimal linear inequality system of the form

Z aj(v)z(v) > of Vje L (20)
vEV;
() <1 YoeV
() >0 YoeV
where L is the set of indices.

3.1. Structural properties

In what follows we shall study some structural properties of the non trivial
facet defining inequalities of P(G;,T;). These will be used later for the
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composition of polyhedra.

Lemma 3.1.1 ai(v) > 0 for all v € V;.

Proof Let us assume the contrary, and suppose there exists a vertex vy € ‘7;
such that ai(vy) < 0. As is different from a bound inequality, there
should exists a vertex separator S that does not contain vg and 5. ai(v)z®(v) =
veVi\{vo}
al. Let S = S U {v}. Set S is also a separator for G;. Therefore
So ai(v)x®(v) + ai(vo) < of, a contradiction. m
veVi\{vo}

Lemma 3.1.2 a!(u) > a}(w;).

Proof Since defines a facet of P(éi, i) different from a nonnegativity
inequality, there must exist a separator S such that z° satisfies with
equality and w; € S. If u € S, then S\ {w;} is a separator for G, yielding
ai(w;)) = 0 < ai(u). If u ¢ S, then let S = (S\ {w;}) U {u}. Since S is a
separator for G;, this implies that ai(u) > ai(w;). ]

From Lemmas , , the linear inequality system describing P (él, TZ)
can be given as follows

> diw)z) =a) Ve L, (21)
veVi\{u}
S i) +a(u) > of Vje L, (22)
veVi\{u}
> bi(w)z(v) + x(w;) > B V€ L, (23)
veV;
z(v) <1 YoeV, (24)
() >0 YoeV' (25)

Where Li (resp. Lj, resp. L%) is the set of inequalities whose support does
not intersect {w;, u}, (resp. does not intersect w; but contains u) (resp. con-
tains u and wy;).
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3.2. Composition of polyhedra

In what follows we derive a system of inequalities that describes P(G,T).
To this end, we first give the following lemmas.

Lemma 3.2.1 For j € L%, inequality

> b (u) > B — 1

veV;
is valid for P(G,T).
Proof Consider a separator S for graph GG. We distinguish two cases

u € S :let S; = (SNV;). Tt is clear that S; is a separator of CNJZ We then have
> bi(v)z%i(v) > Bi. Since —2 (u) = —1, it follows that > bi(v)z% (v) —
veV; veV;

2%(u) > B — 1.

u ¢ S : we claim either (SN V,) is a separator for Gy or (S N V5) is a
separator for G. Suppose that this is not the case. Then there should exist
a terminal ¢} of G and a terminal ¢} of G5 and two terminal paths Pq ¢, and

Py q, of G1 and Gs, respectively, such that SN Py g = =0=5n Py, q,- Hence
Pyg = (P, 10 \ {w,q1}) U (P, ) \ {ws, ¢y }) is a termmal path of G such

that Py, NS = (), which is impossible. Suppose for instance, that (SN V)
is a separator for Gy and let Sy = (SNV1)U{w:} and Sp = (SN V2). Now,
sets S7 and Sy are both separators for G; and G respectively. Thus

for Gy, we have ¥ bi(v)z® (v) + 2% (wy) > B} and ' (w;) = 1. Then
veVy
> b;(v)fsl (v) > 5]1 — 1, and as 25! (u) = 0, we obtain that

veVy

D i) (v) — 2% (u) = 8] — 1.

veEV]

for Gy, we have b3 (v)z®2(v) > 7 and since —z*(u) > —1, this yields

veEV

> B w)r(v) — 2% (u) = 57— 1.

vEVS
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Lemma 3.2.2 For j € L}, inequality

> b)) - z(u) = B — 1

veV;
is valid for P(éz,i) fori=1,2.

Proof Suppose that ¢ = 1. The proof for i = 2 is similar. Let St be a
separator of G;. We distinguish two cases

Case 1. u€ St or (u ¢ S* and w, ¢ S*)
Set §" = ST U (V5 \ {u}) is clearly a separator for G. From Lemma

(321), it follows that
S b )a® (0) — 2% () > gL - 1.

veV]

Since St = 5" N (V1 U{w}), we get

> bi(w)a (v) — 2% (u) > B — 1.

veEV]

Case 2. u ¢ S' and w; € S!
This implies that, 25 (u) = 0 and 25 (w;) = 1. As

ST b ) () + 2 (w1) > B,

veVy

We obtain that

> i) (v) — 2% (w) > B} — 1.

veVy

And the lemma follows. [ |
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Theorem 3.2.1 Ifax > « is a valid inequality for P(G;, T;) with a(w;) = 0,
then there exists an inequality ax > @ valid for P(G;,T;) that dominates ax >
a and is a linear combination of inequalities , and associated

with vertices of V;.

Proof Let A’ be the system given by inequalities — and

associated with vertices of V;. Let P’ be the program
min{az|x solution of A’}
and P” the program
min{az|z € P(G;, T;)}.

An optimal solution, say zg, of P” is a feasible solution for P’. Since a(w;) =
0, we can assume that zo(w;) = 1.
Let r € RF 2z € RF2. 0 € R¥, )\ € RY associated with inequalities

, , and associated with vertices of V;, respectively. The dual
5 .

of P" can be written as

max Z ol + Z off zj + Z Bi6; — Z A(v)

JjeLy jeL} JEL} veV;

ST ar+ Y di)z+ Y b0 — Av) <a(v) Y eVi\{uw}  (26)

jeLy jeL} jeL}
>z Y b — Aw) < alw) (27)

JEL} JEL]
> bi(wi)0; < alw;) (28)

jeL}

i >0 vie L (29)
25 >0 Vi€ Ly (30)
0, >0 VjeLy (31)
A(v) >0 VweV; (32)

As xzy is a feasible solution of P’, dual D’ admits an optimal solution
(r*, z*,0*, \*). From Lemma [3.1.1] all coefficients in inequality are non-
negative. As a(w;) = 0, we deduce that 6 = 0 for all j € Lj. Let

a(w) = X dl(o)ri+ ¥ ai(v)z; — A (v)  for all v € V; \ {u,w;},

JELY JELY
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a(u) = 22 2 = A"(w),

JEL}
a= % ajrj+ ¥ ajz = ¥ A (),
jELY JELY veV;

We can see that @z > @ is a combination of inequalities (21)), and in-
equalities associated with vertices of V; using coefficients (r*, z*, \*).
Thus az > @ is valid for P(G;, T;).

From the inequalities of D’ we notice that @(v) < a(v) for all vertex v € V.
Since ar > aand@ = min{ axz | =z solution of A’}, it follows that @ > «.
Thus, inequality ax > @ dominates ax > a. [ ]

Consider the following system of inequalities

> a)(v) 2 o] vislz vieL ()
veVi\{u}
S ai(w)e(v) + o) > of vi=l2 WieL  (3)
veVi\{u}
2 2

DD e —alw) 23 F 1 Vi€V eli  (3)

p=1 veV; p=1
2(v) <1 YoeV (36)
z(v) >0 YoeV (37)

In what follows we will show that P(G,T) is completely described by in-
equalities — . Inequalities are called mized inequalities.

Lemma 3.2.3 Inequality

D bi()a(v) — ax(u) = B — 1

veV;

is valid for the polytope given by inequalities (33) — (37) and it is dominated
by inequality ax > & that is obtained from a linear combination of inequalities

(133) — and inequalities associated with vertices of V;.
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Proof From Lemma [3.2.2] inequality

> b(v)z(v) = a(u) > B -1

veV;

is valid for P(éi, ﬁ) As the coefficient of w; is 0, from Theorem m, this
inequality is dominated by an inequality @z > @ that is a combination of
inequalities , and inequalities associated with vertices of V.
These inequalities correspond to — and associated to 7. Thus
axr > « is also valid for the polytope given by inequalities — and
our lemma holds. ]

Lemma 3.2.4 The mized inequalities are valid for P(G,T).

Proof Consider a mixed inequality associated with j; € L} and j, € L2.

Consider a separator S for graph GG. We distinguish two cases.

Case 1. u € St Let 51 = (SN Vi) and S; = (SN V3). It is clear that S; and
S, are both separators for G; and G, respectively. Thus by we

have
> b () (v) > B},
veWV]
Z b_?z (U):ESQ (U) 2 .722
veEVa
Therefore bjl-1 (v)z% (v)+ > bi(v)xSQ(U)_xSl(u) > 6}1+ 122_17
veV; veVy

and inequality is satisfied for S.

Case 2. u ¢ S: then either (SN V}) is a separator for Gy or (SN V) is
separator for (ng or both. For otherwise, as it has been shown before
in Lemma [3.2.1] there would exist a terminal path in G not covered
by S, which is impossible. Suppose, for instance, that (S N V3) is a
separator for ég, and let S; = (SN V) U{w;} and Sy = (SN V).
Clearly, sets S7 and S, are separators for él and éz, respectively.
By it follows that

> ()2 (v) + 2 (wn) = B,

veVy
> B ()a%(v) = B,

veEVa
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Since 2% (w;) = 1 and z(u) = 0, this implies that

Zb}(v)x ZbQ L+ 6, — 1.

veVy vEVL

Let Q(G,T) be the polytope given by inequalities — (37).
Lemma 3.2.5 All integer points of Q(G,T) belong to P(G,T).

Proof We need to prove that every integer point of Q(G,T) satisfies all
terminal path inequalities induced by terminal paths of G. Let us assume the
contrary, that there exists an integer point x € Q(G,T) that does not belong
to P(G,T). Clearly, x satisfies all terminal path inequalities of P(CNJZ-, ﬁ) in
which z(w;) is not involved, for i = 1,2. Let S = {v € V]z(v) = 1}. As
x does not belong to P(G,T) there must exist a terminal path P, in G
with, say t; € T} and ty € T not intersecting S. Hence u ¢ P, ;,. Let
P,y = (P, NVi) U{w;, ¢;} be the terminal path in éz between ¢; and g;.
The mixed inequality coming from the terminal path inequalities induced by
Py, 4 and P,,,, looks as

Yooz + > a) -z >1
vEP: ¢ \{w1} VEProgy \{wa}

is violated by z, a contradiction. (]
Theorem 3.2.2 P(G,T) = Q(G,T).

Proof Let us assume the contrary, and let x be a fractional extreme point of
Q(G,T). Let y1,...,ys (tesp. z1,...,2,) be the extreme points of P(G1,T)
(resp. P(Ga,T3)). Then, we dlstlngulsh two cases.

Case 1: z(u) = 1. Let z; € |0, 1]V1 and x5 € [0, 1]V2 be two vectors given by.

z;(v) = z(v) for all v € V;
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As x(u) = 1, from Lemma [3.2.1] it follows that »_ b%(v)x(v) > B} is satisfied

veV;
by z; and zo for i = 1,2, respectively. Therefore, x; € P(Gy,T) and
Ty € P(Ga,Ty). Thus there exists A € [0,1]° and p € [0, 1]” such that

T = Z Ailis
i=1

P
Ty = ) 1157,
j=1
A >0, foralie{l,...,s}and Y \ =1,
i=1

p
p; >0, forall je{l,...,p} and > pu; =1
j=1

Moreover, as x1 # 0 # 5, there must exist i € {1,...,s}and jo € {1,...,p}
such that, \;;, > 0 and p;, > 0, respectively. Each non-mixed inequality
which is tight for x is also tight for x; or x5. Also note that, each inequality
tight for x; (reps. x2) is also tight for y;, i € {1,...,s} (resp. z;, j €
{1,...,p}). As z(u) = 1, it follows that y;(u) = 1 for all i € {1,...,s} and
zj(u) =1 for all j € {1,...,p}. Let z* € [0,1]" be the vector

z*(v) = yip(v), Vv E W,
ZB*(’U) = Zjo(v)v Vo e Vs, \ {u}

We have that each non-mixed inequality tight for x is tight for z*. Now, we
need to prove that each mixed inequality tight for x is also tight for x*.

Let j; € J; and j, € Jo such that the corresponding mixed inequality
tight for x, that is

> b ()a(v) + >0 (v)x(v) — x(u) = B, + 53 — 1. (38)
veV] vEVS
As x; € P(él,i) for i = 1,2, we have that
> b))z (v) + 21 (wr) > B,

veEV]

> b w)ea(v) + aafuws) > B,

vEVy
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Thus from Lemma |3.2.2] inequalities

> bk (w)z(v) — x(u) = B8], — 1,

veVy

> bl (w)z(v) — x(u) = B}, — 1.

vEVSY

are valid for P(Gy,T;) and P(Gs, T3), respectively. Since z(u) = 1, it follows

that
Z ]11 )

veWV]

> b, (w)z(v) = B,

veVa

By , we obtain that these inequalities are tight for x,

Db (o) = Y b (v)aa(v) = 8,

veV veV
Yo B a) = >0, (0)aa(v) = 5,
veVr veEV)

Therefore

1
z : yzO J1’

veEV]

2
§ ZJO J2°

vEVS

Implying that

Z ylo Z zJO 5]11 + J2’

veEV] vEVa
and hence
Z b, (v)z*(v) + Z b3, (v)* (v) — x*(u) = B, + 53, — L.
veEWV] veEVS

Thus each inequality tight for z is also tight for x*. Since x # x*, this
contradicts the extremality of x.
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Case 2: z(u) < 1.
We will distinguish two cases,

Case 2.1: There is no mixed inequality tight for z.
Let z; € [0,1]"* be the vector given by

z;(v) = z(v) for all v € V; and

for i« = 1,2. All terminal path inequalities induced by terminal paths be-
tween two terminals of T}, are satisfied by x. Thus they are satisfied by x;.
As z;(w;) = 1, all terminal path inequalities related to terminals of T; are
also satisfied by xz; for i = 1,2. Thus z; € P(él,ﬁ) and xy € P(éQ,@).
Therefore there exist v € [0, 1]*, i € [0, 1]? such that

S
Ty = Z ijj7
i=1
p
Ty = Y ;2]
i=1

v; >0, for all j € {1,...,s} and Zlyjzl,
J:

p
p; >0, forall Vj € {1,...,p} and > p; = 1.
j=1

Since xz(u) < 1, there must exist igp € {1,...,s} and j, € {1,...,p} such
that, y;,(u) = zj,(u) = 0. Observe that each non-mixed inequality tight for
x is tight for x; or zo. Let 2* € [0, 1]V be the vector given by

SL'*(U) = yio(v) Vo e Vi,
z*(v) = z,(v) Vv e Va\{u}.

We have that any inequality tight for x; and x5 is also tight for y;, and z;,.
Thus, each non-mixed inequality tight for x is also tight for z*. In conse-
quence, x and x* satisfy the same equation system. As x # z*, this is a
contradiction.
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Case 2.2: There is at least one mixed inequality tight for x.
Consider a mixed inequality associated with j; € J; and jo € Jo, tight for x,

D b (w)a(v) + >0 (v)z(v) — x(u) = B + 55, — 1 (39)

veVy veVa

Claim 1 There exist 0 < A <1 and 0 < e <1 such that

> bl L1+

veEV]

Z 2—/\+€

veEVL

Proof of Claim/[1] From Lemma [3.2.3] the following inequality

Z b}l (v)x(v) — z(u) > ;1 —1

veWV]

is satisfied by x. Then, by , we obtain that
> 02 (v)z(v) <
vEVS

From Lemma [3.2.3] we also have

2 = 1<) 0 (0)a(v) - x(u) < B3,

vEVS

Therefore, there exists 1 > A > 0 such that

> 0 (w)z(v) — a(u) + A =

vEVR

Let € = z(u), thus

Z JQZ_)\+€

veVs

From equality we then obtain

E: L — 1+

veV]

And, the claim follows. ¢ Now consider solutions z; € [0, 1]‘71 and

xq € [0, 1]‘72 such that
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r1(v) = z(v) Yv eV,
zi(w) =1—=A,
and
za(v) = z(v) Vv € Vs,
To(wy) = A — €.
Claim 2 z; € P(G;,T;),  fori=1,2.

Proof of Claim . We prove that z; € P(él,ﬁ). The proof of xy €
P(G,,T3) is similar.

It is clear that x; satisfies all inequalities —. Assume, on the contrary
that for some j € L3,

Z +:c1(w1) <

veV]

From Claim [I], it then follows that

Z v) + 21 (w) —1—2 ;3+ ]22—)\-1-6.

veVy veEVL

Since x1(w;) = 1 — A and x(u) = ¢, this yields

> b (w)z(v) + YB3 (0)x(v) — x(u) < B, + B, — 1.

veVy veVr

But this contradicts the fact that 2 € Q(G, T). ¢ Since z; € P(Gy,T1) and

2y € P(Gy, Th), there exist A € [0,1)* and p € [0, 1] such that

S

T =Y Ay,
;
p

Ty = Y %,
7

Aj >0, forallie{l,... s},
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p; >0, for all Vj € {1,...,p}.

Since x1(u) < 1 and z3(u) < 1, there must exist y;,, and z;, such that

Yio (U) = Zjo (u) = 0.
Let z* € [0,1]V be given by

CL’*(U) = yio(v) Vv € ‘/17
2(0) = 2(v) Vo€ Vo {ul.

Each non-mixed inequality for j € (Lj U L}) (resp. j € (L? U L3)) tight for
x is tight for x; (resp. z3). Therefore it is also tight for z*.

Claim 3 FEach mized inequality is tight for x is tight for x*.

Proof of Claim @ Consider a mixed inequality for, say j/ € Li and
j" € L2 tight for z, that is

> bhw)z(v) + Y Bh(v)a(v) — x(u) = B} + B2 — 1 (40)

veV veVr

By Claim [I} there exists 0 < \” <1 and 0 < ¢ < 1 such that

D bi(w)av) =B — 1+ N (41)
veEV]
D B ()x) =B — N +e (42)
veEVy

We have that \” > A. For otherwise, as x(u) = €, by summing equality
and the second equality of Claim [I| we obtain a mixed inequality violated by
x. We have the following facts.

Fact 1 \' = ).

Proof of Fact[l  If j/ = j; and j” = j, then the claim holds. Therefore,
suppose that j' # ji or j” # jo and X’ > A. From equality (41), it then
follows that

=) biwzv) < =B +1- A

veWVy
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By summing the above inequality together with equality , this yields
> B (v)a(v) - x(u) < B — A
veVa

And by summing the above inequality together with the first equality of
Claim [T} we obtain

Z by, (v)z(v) + Z b2 (v)z(v) — x(u) < B, + B — 1

veV] vEVL

a contradiction and the claim follows. O

Fact 2 The inequalities corresponding to j' and 7" are tight for x; and xs,
respectively.

Proof of Fact[3.  We have that

> b)) = > (v =B, +A—1

veEV] veEV]
D 0 ()a(v) =) a()aa(v) = B — A+ e
veVr veVr

As z1(wy) =1 — X and zo(wy) = A — €, it follows that

> bi( ) + @1 (wy) = B}, (43)

veVy

A ) + za(ws) = B (44)

veEVY

Therefore, the statement holds.{ Now by summing equalities and ,
this yields

Z b}/(U + Z b // .TQ + 3:2(71]2) + xl(UJ]_) == /8]1/ + B]%/

veV veEVS

Since x1(wy) = 1 — A and xo(we) = A — €, this yields

D b ()t (v) + > b (v)at(v) — a*(u) = B + B, —

veV veVr
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Therefore, any inequality tight for z is also tight for z*. O
As x # z*, this yields a contradiction with the fact that x is an extreme

point of Q(G,T). O
|
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3.3. Facet composition

In this section, we will present some results for the facets of the multi-
terminal vertex separator polytope.

Given a graph G = (VUT, E), and let H be a subgraph of G. We first
give a lemma that is easily seen to be true.

Lemma 3.3.1 If ax > « is valid for P(H,T(H)) then it is also valid for
P(G,T).

Lemma 3.3.2 Let S be a separator of graph G;. If 9 satisfies an inequality
(23) with equality, then |S N {w;,u}| < 1.

Proof Let us assume the contrary, that is {w;,u} C S and z° satisfies an
inequality with equality. Let S = S\ {w;}. It is clear that S is a
separator for G,;. Tt follows that inequality is violated by S, which is
impossible. [ ]

Theorem 3.3.1 If an inequality of type defines a facet for P(él,ﬁ)
and an inequality defines a facet for P(Gs,Ty), then the associated mized
inequality defines a facet for P(G,T).

Proof. Since the two inequalities define facets for P(éi,ﬁ), i=1,2,
let S; be the set of |17Z| affinely independent solutions satisfying inequality
(23) with equality, for i = 1,2. From Lemma , there is no solution in §;
containing both w; and u, for i = 1,2. Let n%, ny, ni € N defined as follows

nll : the number of solutions in S; containing u and not w;,

n% : the number of solutions in S; containing w; and not wu,

ng : the number of solutions in S; containing neither u and nor w;,

where ni +ni 4+ n = |V;|, for i = 1,2.

We need to construct |V| solutions affinely independent satisfying
with equality. Since w; and w; do no appear in G and u appears once, we need
only |Vi|+|V5|—3 solutions. For this, we are going to compose solutions from
S; with solutions from S, to form the desired solutions. Consider a solution
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S, eS8 containing u. For each solution S, € &y containing u, consider the
solution (?1 USs). Let Ay be the set of all these solutions. Consider a solution
Sy € S, containing u. For each solution S; € S; containing u, we construct a
new solution (S;US5). Let A, be the set of all these solutions. Clearly, all the
solutions in A; U A, are solutions of the face defined by . Moreover, there
is one solution in A; which is the same as a solution of Ay. Thus A = A; U A,
contains n} +n? — 1. These solutions are affinely independent. Consider now
a solution §1 € &7 containing neither u, nor w. For each solution S; € Ss
containing wsq, we construct a new solution (S;USs). Let By be the set of all
these solutions. And consider one solution §2 € S, containing neither u, nor
wy. F/c\)r each solution S; € &7 containing w;, we construct a new solution
(S1USs). Let By be the set of all these solutions. We have that B = 31 U B,
contains ni + n affinely independent solutions. Note that solutions S, and
52 exist. In fact, if for instance Sl does not exist, then each solution of S;
contains exactly one node among v and w; and in consequence, its incidence
vector satisfies the equation z(u) = z(w;) = 0. Thus, the equality induced by
(23) is equivalent to x(u) = x(w;). This contradicts Lemma Consider
one solution S; € S containing w;. For each solution S, € S containing
neither u, nor wq, we construct a new solution (51 USsy). Let Cy be the set of
all these solutions. And consider a solution Sy € S, containing w,. For each
solution 57 € &7 containing neither u, nor w;, we consider a new solution
(S1U §2) Let C5y be the set of all these solutions. Clearly, there is a solution
in (1, similar to a solution in B; and one solution in C'y which is the same as
in By. Thus C' = (C; UCy) \ (B U By) contains n} + n2 — 2 solutions affinely
independent. B B

Therefore, AU B U C contains a set of |Vi| + |Va| — 3 solutions affinely
independent satisfying inequality with equality. ]

Now we present two valid inequalities, which are the generalization of the
clique star and the terminal cycle inequalities [6].

3.3.0.1 General clique star inequality

A general clique star H = (V' UT’, E) is given by a composition of one
clique star and several star trees. Thus, H contains one clique Ky C V'
on f vertices and ¢ terminals. Figure [7] displays a general clique star of 14
terminals.
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Figure 7: General clique star

Lemma 3.3.3 Given a general clique star H = (V' U T’ E) subgraph of
G = (VUT,E), the following inequality

S (duv) = (f ~ D)alo) + Y (du(v) — Da(v) > g -1

veEKy UEV’\Kf

is valid for P(G,T).

3.3.0.2 General terminal cycle inequality

Given a general terminal cycle H = (V' UT", E) is given by a composition of
one terminal cycle and several star trees. Thus, H contains one cycle Cy C V'
on f vertices and has ¢ terminals. Let C" C C} be the subset of vertices in
Cy of degree greater or equal to 3 in H. Figure [§ displays a general terminal
cycle of 14 terminals.
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Figure 8: General terminal cycle

Lemma 3.3.4 For a general terminal cycle H = (V' U T’ E) subgraph of
G = (VUT,E), the following inequality

S (i)~ e+ 3 (da(v) - V() > g — 1))
2

veC’ veV\C!

is valid for P(G,T).

3.4. Algorithmic aspect

In this section, we will discuss the algorithmic consequences of the com-
position/decomposition studied before. If G is the 1-sum of two graphs G
and G5, then the multi-terminal vertex separator problem can also be decom-
posed. We will show that the MTVSP in G can be reduced to the MTVSP
in GG, with respect to a weight system obtained by solving the problem in Gj.
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W g,

Figure 9: Tllustration of the separators S;, S, S; and S;.

Given a vertex weight vector ¢ € RV, for a graph éi, let {s;,s},8:, 8} €
N4
(resp. {w;,w!,w;, ;) € N*) such that

s;i+1 (resp. w;), is the size (resp. weight) of the minimum multi-terminal
vertex separator S; in graph G; that contains u but not w;.

si+1 (resp. w)), is the size (resp. weight) of the minimum multi-terminal

vertex separator S; in graph G; that contains w; and not u.

S; (resp. ;) is the size (resp. weight) of the minimum multi-terminal vertex

separator S; in graph (G; containing neither u nor w;.

;i (resp. @;) is the size (resp. weight) of the minimum multi-terminal vertex
separator S; in graph G; = G; \ {w;, ¢;} not containing w.

Figure @ illustrates the separators S;, S!, S; and S;. To force a vertex to be
in the separator we can delete the vertex from the graph. To force a vertex
v to be out of the separator we can set ¢(v) = +oc.
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Let ¢y € R"2 be the weight vector associated with ‘72 such that

Eg(wg) = wl — 5/2%

o) =cv)+2 Yoe )\ {uw}

Clearly, 5, > 0, since S; contains at least one node. Let S5 € {S,, 5, 55}
be the separator having the minimum weight wj in Gy with respect to

Cp. Clearly, since we add the same value 2! to the weight of each vertex

v € Vo \ {u}, the minimum separator in G under vertex weight vector @, is
either Sy, S5 or S.
Consider the solution S* given by
S1US;  Ifwue Sy and wy ¢ S5, i.e., S5 =Sy
S* = (S1US)\ {wy} Ifwy € S;andud S, i.e.,Sy =S,
S1US;y,  Ifu,w, ¢ S ie., S5 = Ss.

Lemma 3.4.1 Vertex set S* is a minimum multi-terminal vertex separator
in G whose weight is w* = wj.

Proof We distinguish three cases for the state of separator S*,

1) S* contains u.

2) S* does not contain u and (S*NV]) intersects all terminal paths between
¢1 and terminals of T} in graph Gj.

3) S* does not contain u and there exists a terminal path between ¢; and a
terminal of 77 in graph G that does not intersect (S* N V).

Thus the weight of S* is
w* =min(w; + wy — c(u), @y + wh — c(ws), w1 + ws)

It follows that

. = w _ w ~ _
w* =min((Cy(u) + 325—1) + wy — c(u), (Co(ws) + 3’25—1) + wh — c(wy), w1 + W)
2 2

We know that
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This implies w* = w3. |

Let us remark that if we can solve the MTVSP in polynomial time in Gy
and G, then we can solve the MTVSP in polynomial time in G. Indeed, as
we can solve the MTVSP in polynomial time in (7, then we can compute
all the following parameters : s;, s},S;, §;, w;, wi, W;, w; and we can obtain sets
S;,S8!,5;,S; in polynomial time.

4. Composition of polyhedra by terminal-sum

Consider two graphs G; = (V3 U Ty, Ey) and Go = (Vo U Ty, Ey) and
let T/ = {t},...,t;} € Ty and Ty = {t},...,t2} C T3 be two subsets of ¢
terminals. G = (VUT, E) is called a terminal-sum of Gy = (V,UTy, Ey) and
Gy = (Vo U Ty, Ey) if it is obtained by merging each terminal ¢; € Ty with
terminal ¢? € Ty, for all 4 € {1,...,q}. Figure |1(|illustrates the graphs G,
Gy and Gs.
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i

G

Figure 10: Terminal-sum where ¢ = 3.

The multi-terminal vertex separator polytope for graph G; is completely
described by the following system of inequalities A;

> aj(w)a(v) =] VIeL (45)

veV;

() <1 Ywey
z(v) >0 Vve v
where L' is a set of indices, for i = 1, 2.

Theorem 4.0.1 The multi-terminal vertex separator polytope for G is com-
pletely described by a system of inequalities A obtained by juzrtaposition of
inequalities (45)) associated with Gy, inequalities associated with Gy and
the trivial inequalities and identification of the common variables.
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Proof Let us assume the contrary, let * be a fractional extreme point of
the polytope given by the inequalities of A. Vector x* satisfies a subset of
inequalities A* C A with equality, where |A*| = |V4| + |Va|. There is no
equality in A* containing two variables associated with two vertices, one in
(G; and the other in Go. Equalities of A* can be partitioned into 2 subsets A}
and A3, one associated with GG; and the other one associated with G,. Since
x* is an extreme point, there must exists |V/| inequalities of A satisfied with
equality. Since V1 NV; = (), there must exist A} C A} and A, C A} such that
|AL| = |Vi| and |A}| = |V5]. Let zF be the restriction of * on V; for i = 1, 2.
Clearly, x} satisfies all inequalities of A, with equality. Since x* is fractional,
it follows that, either x7 is a fractional extreme point in P(Gy,T}) or 5 is a
fractional extreme point in P(Gs,Ts), a contradiction. ]

Theorem 4.0.2 If the linear systems Ay and As are TDI, then the linear
system given by the juzrtaposition of Ay and Ay is also TDI.

Proof Let y; be the integer optimal solution of the dual problem associated
with A;. Since the dual problem associated with G; is TDI, y; should exist.
Thus, clearly y* = [y, y3] is a feasible integer solution for the dual problem
of the juxtaposition of A; and A,. Moreover, it should be optimal. Suppose
this is not the case, and let i be an optimal solution of the dual problem of
the juxtaposition of A; and A,. Let y; be the restriction of 7 on V;. Clearly,
7y, is a feasible solution for the dual problem of A;. Thus yi or y; is not
optimal, a contradiction. ]

Lemma 4.0.1 Let S} be the optimal solution in G;, fori = 1,2. Then vertex
separator S* = ST U S5 is the minimum multi-terminal vertex separator in

G.

5. Conclusion

In this paper, we have considered the multi-terminal vertex separator
problem. We have characterized the MTVS polytope for two classes of graphs
the star trees and the clique stars. We have also given a linear system for
each class of graph that is total dual integral.

Moreover, we have studied a composition (decomposition) technique for
the multi-terminal vertex separator polytope in graphs that are decompos-
able by one-node cutsets. As a consequence, we have provided a procedure
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to construct this polytope in graphs that are recursively decomposed. We
have also studied two further polytope compositions, and have presented the
algorithmic aspect resulting from these polytope compositions.

We also have presented a procedure for generating new valid inequalities
by composition of valid inequalities. We have shown that if G is a 1-sum of
G1 and G, a mixed inequality composed of a facet of P(G,T}) and a facet
of P(Gy,Ts) is a facet for G.

Now some questions may arise. First, it would be interesting to charac-
terize the graphs for which the terminal path, star tree, clique star, terminal
cycle and terminal tree inequalities suffice to describe the multi-terminal ver-
tex separator polytope. Then, it would also be interesting to characterize the
graphs for which the composition of their associated TDI linear systems, is
TDI. Moreover, a natural question that may be posed is to extend the com-
position technique to graphs composed by k-sums, that is by identifying two
cliques on k nodes, for some k > 2. In particular, in which cases, the facet
composition introduced in this paper may apply when the graph is obtained
by k-sum from two pieces. Finally, it would be good to study the possibility
to extend the results in this paper, in particular the valid inequalities and
the composition technique, to other variants of the vertex separator problem
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