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A B S T R A C T

In this paper we consider the two-edge-connected subgraph problem with disjunctive constraints. We inves-
tigate the convex hull of the solutions to this problem. We describe several classes of valid inequalities, and
discuss their facial aspect. We also devise separation routines for these inequalities. Using this, we propose a
Branch-and-Cut algorithm for the problem along with an extensive computational study is presented.
1. Introduction

A graph is said to be two-edge-connected if between every pair of
nodes there are at least two edge-disjoint paths, that is to say having
no edges is common.

Given a graph 𝐺 = (𝑉 ,𝐸) with weights on the edges, the Two-
Edge-Connected subgraph Problem (TECP) is to find a minimum weight
two-edge-connected subgraph spanning all the nodes of 𝐺. This prob-
lem has applications in telecommunications (Grötschel, Monma, &
Stoer, 1992b, 1995; Kerivin & Mahjoub, 2005; Stoer, 1992). If a traffic
is routed between two nodes 𝑠 and 𝑡 in a telecommunication network,
and a link of the routing path fails, the traffic can be rerouted on the
second path. Hence, the existence of two edge-disjoint paths between
every pair of nodes is a security condition for the network to continue
to be functional in the event of a failure.

Two-connectivity is seen by telecommunication operators as a very
convenient topology for telecommunication networks. In some special
situations, two links may fail at the same time. If these edges belong
to the two selected paths between 𝑠 and 𝑡, the traffic may be cut (and
even lost) between 𝑠 and 𝑡. For this, it would be more secure in this
case to have at most, one, of these two edges in the network.

In addition to the connectivity requirement, we also consider in this
paper, the additional security condition, that is if two given links have
important probability to fail at the same time, at most one of them
will be considered in the network. This is known as the disjunctive
constraints. In telecommunication networks, the disjunctive constraints
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may also be motivated by the fact that physical links are managed by
different operators, and conflicts between operators induce conflicts
between some pairs of links.

More precisely, we suppose given a graph 𝐺 = (𝑉 ,𝐸), where 𝑉
represents the telecommunication nodes (centers), 𝐸 the possible links
between the nodes of 𝐺, a set  of disjunctive pairs of links (edges)
of 𝐺, and weights on the edges. The Disjunctive Two-Edge-Connected
subgraph Problem (DTECP) consists in finding a minimum weight two-
edge-connected spanning subgraph of 𝐺 containing at most one edge
from each disjunctive pair of edges of .

1.1. Contributions

In this paper we consider this problem from a polyhedral point
of view. We describe several classes of valid inequalities, and give
necessary conditions and sufficient conditions for these inequalities
to be facet defining. We also devise separation procedures for these
inequalities. Using this we propose a Branch-and-Cut algorithm for the
problem along with an extensive computational study is presented.

1.2. Related works

To the best of our knowledge, the DTECP has not been considered
before in the literature. However the closely related TECP has seen
a great attention. As this problem is NP-hard (Erickson, Monma, &
vailable online 11 September 2023
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Veinott Jr., 1987), it follows that the DTECP so is. The TECP has been
shown to be polynomially solvable in special classes of graphs, like
series–parallel graphs (Winter, 1986), Halin graphs (Winter, 1987) and
perfectly two-edge-connected graphs (Mahjoub, 1997).

The TECP can be seen as a linear relaxation of the traveling sales-
man problem, in which we seek a minimum weight Hamiltonian cy-
cle, that is a cycle going through each node of the graph exactly
once. Monma, Munson, and Pulleyblank (1990) show that if the weights
satisfy the triangle inequalities (𝑐(𝑒1) ≤ 𝑐(𝑒2) + 𝑐(𝑒3) for every triangle
𝑒1, 𝑒2, 𝑒3) where 𝑐(𝑒), 𝑒 ∈ 𝐸 are the weights on the edges), then an
ptimal solution of the TECP has a maximum degree 3. In Grötschel and
onma (1990), and in Grötschel, Monma, and Stoer (1992a) consider

he TECP within the framework of a more general model. They describe
everal facet defining inequalities and propose cutting plane based al-
orithms. In Mahjoub (1994), Mahjoub gives a complete description of
he two edge connected subgraph polytope when the underlying graph
s series–parallel. He also introduces a large class of valid inequalities
nd gives necessary and sufficient conditions for these inequalities to
e facet defining. In Barahona and Mahjoub (1995) Barahona and
ahjoub describe this polytope in the class of Halin graphs. Baïou

nd Mahjoub extend in Baïou and Mahjoub (1997) the characterization
iven by Mahjoub (1994) to the Steiner two-edge-connected subgraph
olytope. And Didi Biha and Mahjoub (Biha & Mahjoub, 1996) extend
his to the more general Steiner 𝑘-edge connected subgraph polytope

for all 𝑘 even. In the Steiner case, it is supposed that the node set is
partitioned into two sets, a terminal set and a Steiner set. The terminal
nodes must belong to the solution and the Steiner nodes are optional
nodes, that is to say they may belong to the solution if they permit to
reduce the cost. In Biha and Mahjoub (1996), Didi Biha and Mahjoub
give a complete description for the 𝑘-edge connected subgraph polytope
in series–parallel graphs when 𝑘 is odd.

Further polyhedral results on the TECP can be found in Biha,
Kerivin, and Mahjoub (2008), Grötschel and Monma (1989), Kerivin
and Mahjoub (2005), Kerivin, Mahjoub, and Nocq (2004), Mahjoub and
Pesneau (2008). Various variants of the TECP have been the subject
of extensive research. Biha et al. (2008) consider the (1, 2) survivable
etwork design problem. Here the nodes of the network are of two
ypes, type 1 and type 2. The nodes of type 1 should be linked to every
ode in the final network and those of type 2 need more survivability,
hey must have at least two edge-disjoint paths between every pair of
hem. The authors discuss the polytope of the solutions of this problem.
hey describe structural proprieties of this polytope and characterize it

n a subclass of series–parallel graphs containing outerplanar graphs.
n Kerivin et al. (2004), Kerivin et al. describe valid inequalities for
he problem in both edge and node cases and devise Branch-and-cut
lgorithms. In Kerivin and Mahjoub (2002), Kerivin and Mahjoub show
hat the so-called partition inequalities can be separated in polynomial
ime.

Much work has also been done on the hop-constrained TECP. In
his variant, the required paths between the nodes should not exceed

certain length 𝐿, where the length of a path is the number of its
dges. Huygens, Mahjoub, and Pesneau (2004) consider the case when
= 3, and the network contains exactly one demand, that is to say

nly one pair of nodes to be linked by at least two bounded paths.
hey give a complete description of the related polytope. In Huygens,
abbé, Mahjoub, and Pesneau (2007) Huygens et al. consider the same
ariant with an arbitrary number of demands. They give an integer
rogramming formulation in the space of the natural variables. They
lso describe valid inequalities and propose a Brand-and-Cut algorithm.
ore work on the hop-constrained TECP can be found in Dahl, Huy-

ens, Mahjoub, and Pesneau (2006), Diarrassouba, Gabrel, Mahjoub,
ouveia, and Pesneau (2016), Diarrassouba, Kütücu, and Mahjoub

2016), Diarrassouba, Mahjoub, Mahjoub, and Yaman (2018), Huygens
nd Mahjoub (2007), Mahjoub, Poss, Simonetti, and Uchoa (2019),
2

ahjoub, Simonetti, and Uchoa (2013). r
Fortz and Labbé (2002) consider the 2-node connected subgraph
roblem. Here, it is required that between each pair of nodes there
re at least two node-disjoint paths and the total weight is minimum.
he authors study the problem when every edge of the solution should
elong to a bounded ring (cycle). They discuss the related polytope and
escribe several classes of facets. In Fortz, Labbé, and Maffioli (2000),
ortz et al. discuss a Branch-and-Cut algorithm for the problem. Fortz,
ahjoub, McCormick, and Pesneau (2006) consider the edge case, that

s the 2-edge connected subgraph problem with bounded rings. They
escribe several classes of valid inequalities and devise a Branch-and-
ut algorithm. The closely related 2-node connected subgraph problem
as also been widely studied. The reader is referred to Mahjoub (2017)
or more details on this problem.

Disjunctive constraints are considered for several combinatorial
ptimization problems in the literature, some related to graph-based
roblems and others to packing-like problems. In Darmann, Pferschy,
chauer, and Woeginger (2011) Darwann et al. study the minimum
panning tree, the maximum matching and the shortest path problems
ith disjunctive constraints. They establish some complexity results for

hese problems. Further works, considering the disjunctive constraints,
ave been developed for variants of the maximum flow problem (Pfer-
chy & Schauer, 2013; Şuvak, Altınel, & Aras, 2020, 2021). In Pferschy
nd Schauer (2013), Pferschy and Schauer consider the maximum flow
roblem when certain pairs of arcs in the graph cannot be simul-
aneously used for sending flow. They show that the problem with
isjunctive constraints is strongly NP-hard even if the so-called conflict
raph consists only either of unconnected edges or of disjoint paths
f length 3. Şuvak et al. (2020) present a mixed integer programming
ormulation for the problem and devise Benders’ decomposition and
ranch-and-Bound based resolution methods. In Şuvak et al. (2021),
hey present further mixed integer programming formulations and
xact solution techniques. Disjunctive constraints are also considered
or the minimum spanning tree problem (Carrabs, Cerulli, Pentangelo,

Raiconi, 2021; Carrabs & Gaudioso, 2021; Samer & Urrutia, 2015).
n Carrabs et al. (2021), Carrabs et al. present a Branch-and-Cut for
he problem. A Lagrangian approach is described in Carrabs and Gau-
ioso (2021). In Samer and Urrutia (2015), further Branch-and-Cut
lgorithms are proposed. In Öncan, Şuvak, Akyüz, and Altınel (2019),
ncan et al. consider the assignment problem with conflicts. The au-

hors characterize a special case in which the problem is polynomially
olvable. They also propose a Branch-and-Bound based algorithm for
he problem in general case. In Öncan, Zhang, and Punnen (2013),
ncan et al. address the minimum-cost perfect matching problem with
onflicts. The problem is known to be strongly NP-hard. The authors
ive additional complexity results and identify new polynomially solv-
ble cases. Heuristic algorithms are also proposed. In Cao (1992),
ao discusses a transportation problem with disjunctive constraints.
Branch-and-Bound algorithm is designed for the problem. Besides

hese graph-based problems with conflict constraints, packing prob-
ems with disjunctive constraints have been of great interest. Much
ork has been conducted on the disjunctively constrained knapsack
roblem. Yamada, Kataoka, and Watanabe (2002) propose a heuristic
pproach, and Senisuka, You, and Yamada (2005) give a Lagrangian re-
axation based algorithm for the problem. Pferschy and Schauer (2009)
resent pseudo-polynomial algorithm for the problem for graphs with
ounded tree-width and chordal graphs. Ben Salem, Hanafi, Taktak,
nd Ben-Abdallah (2017) propose an efficient probabilistic tabu search
lgorithm with multiple neighborhoods for the problem. They show
hat their algorithm outperforms the ones on the literature. Ben Salem,
aktak, Mahjoub, and Ben-Abdallah (2018) discuss the problem from
polyhedral point of view. The authors propose valid inequalities and
evise a Branch-and-Cut algorithm for the problem. Luiz, Santos, and
choa (2021) describe a new class of facet defining inequalities for the
roblem and show that these inequalities are very effective. The knap-
ack problem with conflicts has also been considered within efficient
ranch-and-Bound algorithms, see Bettinelli, Cacchiani, and Malaguti
2017), Coniglio, Furini, and San Segundo (2021). The disjunctive
onstraints have been also considered for the bin packing problem. The

eader is referred to Ekici (2021), Sadykov and Vanderbeck (2013).
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1.3. Organization of the paper

The paper is organized as follows. In Section 2, we give an integer
programming formulation for the DTECP and introduce the associated
polytope. In Section 3, we describe some classes of valid inequali-
ties and give necessary conditions and sufficient conditions for these
inequalities to be facet defining. In Section 4, we give our separa-
tion routines, describe our Branch-and-Cut algorithm and present our
computational results. Section 5 will be devoted to some concluding
remarks.

1.4. Notations

The rest of this section is devoted to more definitions and notations.
We consider undirected and loopless graphs. We denote a graph

by 𝐺 = (𝑉 ,𝐸) where 𝑉 is the node set and 𝐸 the edge set. An edge
etween two nodes 𝑢 and 𝑣 will be denoted by 𝑢𝑣. A path 𝑃 in 𝐺 is a
equence of the form 𝑃 = (𝑣1, 𝑒1, 𝑣2, 𝑒2,… , 𝑣𝑝, 𝑒𝑝, 𝑣𝑝+1) where 𝑒𝑖 = 𝑣𝑖𝑣𝑖+1,
or 𝑖 = 1,… , 𝑝. The nodes 𝑣1,… , 𝑣𝑝+1 are the extremities of 𝑃 and 𝑝 is
ts length. The path 𝑃 is said to be closed if 𝑣1 = 𝑣𝑝+1. A cycle is a closed
ath. If 𝑊 ⊂ 𝑉 , then the set of edges having one node in 𝑊 and the
ther in 𝑉 ⧵ 𝑊 is called a cut and denoted by 𝛿(𝑊 ). If 𝑊 = {𝑣} for
ome 𝑣 ∈ 𝑉 , then we write 𝛿(𝑣) for 𝛿({𝑣}). Given two nodes 𝑠, 𝑡 ∈ 𝑉 , a

cut 𝛿(𝑊 ) such that 𝑠 ∈ 𝑊 and 𝑡 ∈ 𝑉 ⧵𝑊 is called an 𝑠𝑡-cut.
If 𝑈 and 𝑊 are two disjoint node subsets of 𝑉 , then [𝑈,𝑊 ] will

denote the set of edges between 𝑈 and 𝑊 . For 𝑢, 𝑣 ∈ 𝑉 , we will write
[𝑢, 𝑣] for [{𝑢}, {𝑣}]. Given a subset of edges 𝐹 ⊆ 𝐸, we let 𝐺 ⧵ 𝐹 denote
the graph obtained from 𝐺 by deleting 𝐹 .

Given a vector 𝑥 ∈ R𝐸 and an edge subset 𝐹 ⊆ 𝐸, we let 𝑥(𝐹 ) =
𝑒∈𝐹 𝑥𝑒.

Given a graph 𝐺 = (𝑉 ,𝐸) and a set  of conflict pairs of edges, we
enote by 𝐷 the set of edges in the disjunctive pairs of . We denote
y 𝐺𝑐 = (𝑉𝑐 , 𝐸𝑐 ) the graph whose nodes correspond to the edges of 𝐷,
nd two nodes of 𝑉𝑐 are linked by an edge if the corresponding edges
re in conflict.

A stable set (independent set) in a graph is a subset of pairwise non-
djacent nodes. Thus the subset of edges in 𝐷 taken in any solution of
he DTECP corresponds to a stable set in 𝐺𝑐 . In consequence, any valid
nequality for the stable set polytope in 𝐺𝑐 yields a valid inequality for
he DTECP(𝐺).

. Formulation and polyhedral analysis

.1. ILP formulation

Let 𝐺 = (𝑉 ,𝐸) be a graph. Let 𝑐𝑒, 𝑒 ∈ 𝐸 be weights on the edges of
. Let  be a set of pairs of edges in conflict. If (𝑒, 𝑓 ) ∈ , then 𝑒 and 𝑓

annot be taken together in a solution. If an edge 𝑒 belongs to a pair of
, then we also write 𝑒 ∈ 𝐷. One of the famous results in graph theory

stablishing a relation between paths and cuts is the following

heorem 1 (Menger (1927)). Given two nodes 𝑠, 𝑡 ∈ 𝑉 , and an integer
> 0, there exist 𝑘 edge-disjoint paths between 𝑠 and 𝑡 if and only if every
𝑡-cut of 𝐺 contains at least 𝑘 edges.

Let 𝑥𝑒 be a binary variable which takes 1 if edge 𝑒 is selected in
he solution and 0 if not. From Theorem 1 it follows that the DTECP is
quivalent to the following integer linear program

min
∑

𝑐∈𝐸
𝑐𝑒𝑥𝑒 (1)

(𝛿(𝑊 )) ≥ 2 for all 𝑊 ⊂ 𝑉 , and 𝑊 ≠ ∅, (2)

𝑒 + 𝑥𝑓 ≤ 1 for all (𝑒, 𝑓 ) ∈ , (3)
3

≤ 𝑥𝑒 ≤ 1 for all 𝑒 ∈ 𝐸, (4) 𝑒
𝑒 ∈ {0, 1} for all 𝑒 ∈ 𝐸. (5)

Inequalities (2) express the fact that every two-edge connected set
f edges contains at least two edges from each cut. Inequalities (3) are
he disjunctive constraints. Constraints (4) and (5) are the trivial and
he integrality constraints.

Let DTECP(𝐺) denote the convex hull of the incidence vectors of all
he solutions of the DTECP, i.e.,

TECP(𝐺) = 𝑐𝑜𝑛𝑣{𝑥 ∈ {0, 1}𝐸 ∶ 𝑥 satisfies (2) − (5)}.

The aim of this work is to study the polytope DTECP(𝐺), and to
evise a Branch-and-Cut algorithm for the DTECP.

Throughout the paper, in order to guarantee a feasible solution, we
uppose that the subgraph obtained by deleting the edges in 𝐷 is 2-edge
onnected. This is not a restrictive assumption. In practice, the number
f conflict pairs is not high compared to the total number of edge-pairs
n the network. As the underlying network is generally complete, the
raph obtained when removing the conflicts remains 2-edge connected.

In what follows we characterize the dimension of DTECP(𝐺).

.2. Dimension of DTECP(𝐺)

An edge 𝑒 ∈ 𝐸 is called essential if 𝑒 belongs to every solution of the
roblem. Note that if 𝑒 is essential, then 𝑒 cannot be in conflict with
ther edges of the graph. Let 𝐸∗ be the set of essential edges.

heorem 2. The dimension of DTECP(𝐺) is equal to |𝐸| − |𝐸∗
|.

roof. Since each edge 𝑒 ∈ 𝐸∗ yields the equation 𝑥𝑒 = 1 and these
equations are linearly independent, it follows that dim(DTECP(𝐺)) ≤
𝐸| − |𝐸∗

|.
Now, for each non essential edge 𝑒, there is a subset 𝐷𝑒 of 𝐸 such

that 𝐸𝑒 =
(

𝐸 ⧵ (𝐷 ∪ {𝑒})
)

∪ 𝐷𝑒 induces a 2-edge connected subgraph
ithout conflicts. Consider the following edge sets
𝐸0 = 𝐸 ⧵𝐷,
𝐸𝑒 for all 𝑒 ∈ 𝐸 ⧵ 𝐸∗,
𝐸𝑓 = 𝐸0 ∪ {𝑓} for all 𝑓 ∈ 𝐷.
These sets are solutions for the DTECP. Moreover, their incidence

vectors are affinely independent. Thus dim(DTECP(𝐺)) ≥ |𝐸| − |𝐸∗
|.

Hence the result follows. □

In the rest of the paper we suppose that 𝐺 ⧵𝐷 is 3-edge-connected.
herefore, 𝐺 has no essential edges, and from Theorem 2, it follows
hat DTECP(𝐺) is full dimensional. Hence, two inequalities define the
ame facet of DTECP(𝐺) if and only if one is a positive multiple of the
ther.

.3. Basic inequalities’ facial aspect

In this section, we will discuss the facial aspect of the basic inequal-
ties.

In what follows, we first characterize when the trivial inequalities
efine facets of the DTECP(𝐺).

heorem 3. Inequality 𝑥𝑒 ≥ 0 defines a facet of DTECP(𝐺) if and only
f 𝑒 is not in a 3-edge cutset (that is a cut of three edges).

roof. If 𝑒 belongs to a 3-edge cutset {𝑒, 𝑓1, 𝑓2}, then the following
nequalities are valid for DTECP(𝐺).

𝑥𝑒 + 𝑥𝑓1 + 𝑥𝑓2 ≥ 2,
− 𝑥𝑓1 ≥ −1,
− 𝑥𝑓2 ≥ −1.

By summing these inequalities we get 𝑥𝑒 ≥ 0. Therefore, this
nequality cannot define a facet.

Now suppose that edge 𝑒 is not in a 3-edge cutset. If 𝑒 ∉ 𝐷 (resp.
∈ 𝐷), then for every edge 𝑓 ∈ 𝐸 ⧵

(

{𝑒} ∪ 𝐷
)

(resp. 𝑓 ∈ 𝐸 ⧵ 𝐷),
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𝐸 ⧵
(

{𝑒, 𝑓} ∪𝐷
)

(resp. 𝐸 ⧵
(

{𝑓} ∪𝐷
)

) is a solution for the DTECP. For
therwise, 𝑒 would be in a 3-edge cutset. Consider the solutions
𝐸𝑒 = 𝐸 ⧵

(

{𝑒} ∪𝐷
)

,
𝐸𝑓 = 𝐸𝑒 ⧵ {𝑓} for all 𝑓 ∈ 𝐸𝑒,
𝐸𝑓 = 𝐸𝑒 ∪ {𝑓} for all 𝑓 ∈ 𝐷.
(resp.
𝐸𝑒 = 𝐸 ⧵𝐷,
𝐸𝑓 = 𝐸𝑒 ⧵ {𝑓} for all 𝑓 ∈ 𝐸𝑒,
𝐸𝑓 = 𝐸𝑒 ∪ {𝑓} for all 𝑓 ∈ 𝐷 ⧵ {𝑒}.)
These constitute a set of |𝐸| solutions of the DTECP which do not

ontain 𝑒. Moreover their incidence vectors are affinely independent.
ence 𝑥𝑒 ≥ 0 defines a facet of DTECP(𝐺). □

heorem 4. Inequality 𝑥𝑒 ≥ 1 defines a facet of DTECP(𝐺) if and only
if for all 𝑓 ∈ 𝐸 ⧵ {𝑒}, (𝑒, 𝑓 ) ∉ .

Proof. First recall that 𝐺 has no essential edges.
If (𝑒, 𝑓 ) ∈  for some 𝑓 ∈ 𝐸 ⧵{𝑒}, then for every solution of the face

𝑥 ∈ 𝐷𝑇𝐸𝐶𝑃 (𝐺) ∶ 𝑥𝑒 = 1} we have 𝑥𝑓 = 0. However 𝑥𝑒 ≤ 1 is not a
ositive multiple of 𝑥𝑓 ≥ 0. Thus the former inequality cannot define a
acet.

Conversely, suppose that (𝑒, 𝑓 ) ∉  for all 𝑓 ∈ 𝐸 ⧵ {𝑒}. Consider the
olutions

𝐸𝑒 = 𝐸 ⧵𝐷,
𝐸𝑓 = 𝐸𝑒 ⧵ {𝑓} for all 𝑓 ∈ 𝐸 ⧵𝐷, 𝑓 ≠ 𝑒,
𝐸𝑓 = 𝐸𝑒 ∪ {𝑓} for all 𝑓 ∈ 𝐷.
As 𝐺 ⧵ 𝐷 is 3-edge connected, these edge sets induce solutions of

he DTECP(𝐺). Moreover, their incidence vectors satisfy 𝑥𝑒 ≤ 1 with
quality and are affinely independent. Hence 𝑥𝑒 ≤ 1 is facet defining
or the DTECP(𝐺). □

Now, we discuss facet conditions for the cut inequalities.

heorem 5. A cut inequality 𝑥(𝛿(𝑊 )) ≥ 2 defines a facet of the
TECP(𝐺) only if

(1) 𝐺(𝑊 ) and 𝐺(𝑉 ⧵𝑊 ) are both 2-edge connected.
(2) There does not exist a partition 𝑊1,𝑊2 of 𝑊 such that the edges of

[𝑊1,𝑊2] are pairwise in conflict.

roof.

(1) Suppose, for instance, that 𝐺(𝑊 ) is not 2-edge connected. If
𝐺(𝑊 ) is not connected, then there is a partition 𝑊1,𝑊2 of 𝑊
such that [𝑊1,𝑊2] = ∅. Hence 𝛿(𝑊 ) = 𝛿(𝑊1) ∪ 𝛿(𝑊2) with
𝛿(𝑊1) ∩ 𝛿(𝑊2) = ∅. Which yields 𝑥(𝛿(𝑊 )) = 𝑥(𝛿(𝑊1))+𝑥(𝛿(𝑊2)) ≥
2 + 2 = 4. Hence, the face defined by 𝑥(𝛿(𝑊 )) ≥ 2 is an empty
set, and consequently, cannot be a facet.
Now, suppose that 𝐺(𝑊 ) is connected. Then there is a partition
𝑊1,𝑊2 of 𝑊 such that [𝑊1,𝑊2] = {𝑓}, for some 𝑓 ∈ 𝐸. Thus
𝛿(𝑊1) = [𝑊1, 𝑉 ⧵ 𝑊 ] ∪ {𝑓}, 𝛿(𝑊2) = [𝑊2, 𝑉 ⧵ 𝑊 ] ∪ {𝑓}, and
𝛿(𝑊 ) = [𝑊1, 𝑉 ⧵𝑊 ] ∪ [𝑊2, 𝑉 ⧵𝑊 ] (see Fig. 1).
We have

𝑥(𝛿(𝑊1)) = 𝑥𝑓 + 𝑥[𝑊1, 𝑉 ⧵𝑊 ] ≥ 2

𝑥(𝛿(𝑊2)) = 𝑥𝑓 + 𝑥[𝑊2, 𝑉 ⧵𝑊 ] ≥ 2

As 𝑥𝑓 ≤ 1, this yields

𝑥(𝛿(𝑊 )) = 𝑥[𝑊1, 𝑉 ⧵𝑊 ] + 𝑥[𝑊2, 𝑉 ⧵𝑊 ] ≥ 1 + 1 = 2.

Thus 𝑥(𝛿(𝑊 )) ≥ 2 is redundant with respect to the inequalities
𝑥(𝛿(𝑊1)) ≥ 2, 𝑥(𝛿(𝑊2)) ≥ 2 and 𝑥𝑓 ≤ 1, and cannot then be facet
defining.

(2) Suppose there exists a partition 𝑊1,𝑊2 of 𝑊 such that the
edges of [𝑊1,𝑊2] are pairwise in conflict. Hence any solution
of the DTECP cannot take more than one edge from [𝑊 ,𝑊 ].
4

1 2 𝑏
Fig. 1. Cut 𝛿(𝑊 ) and partition of 𝑊 .

Moreover, any solution which does not intersect [𝑊1,𝑊2] cannot
belong to the face defined by 𝑥(𝛿(𝑊 )) ≥ 2. In fact, as in the
previous case, the inequality would not be tight for the solution
in this case. Consequently, any solution of the face defined by
𝑥(𝛿(𝑊 )) ≥ 2 uses exactly one edge from [𝑊1,𝑊2]. As 𝑥(𝛿(𝑊 )) ≥ 2
is not a positive multiple of 𝑥[𝑊1,𝑊2] = 1, the former inequality
cannot define a facet. □

For a node set 𝑈 ⊆ 𝑉 , let 𝐸0(𝑈 ) = 𝐸(𝑈 )⧵𝐷, and 𝐺0(𝑈 ) = (𝑈,𝐸0(𝑈 )),
hat is the subgraph obtained from 𝐺(𝑈 ) by removing all the edges in
onflict.

heorem 6. A cut inequality 𝑥(𝛿(𝑊 )) ≥ 2 defines a facet of the
TECP(𝐺) if the following are satisfied.

(1) Conditions (1) and (2) of Theorem 5 are satisfied.
(2) 𝐺0(𝑊 ) and 𝐺0(𝑉 ⧵𝑊 ) are 2-edge connected.
(3) If an edge 𝑒 = 𝑢𝑣 belongs to a 2-edge cutset [𝑊1,𝑊2] of 𝐺0(𝑊 ) with

𝑢 ∈ 𝑊1 and 𝑣 ∈ 𝑊2, then there are two edges 𝑔1, 𝑔2 of 𝛿(𝑊 ), not
in conflict, such that 𝑔1 ∈ [𝑊1(𝑢), 𝑉 ⧵𝑊 ] and 𝑔2 ∈ [𝑊2(𝑢), 𝑉 ⧵𝑊 ]
where 𝑊1(𝑢) (resp. 𝑊2(𝑣)) is the node subset of 𝑊1 (resp. 𝑊2) of
the 2-edge component of 𝐺0(𝑊1) (resp. 𝐺0(𝑊2)) containing 𝑢 (resp.
𝑣).

(4) The number of edges in 𝛿(𝑊 ), not in conflict with any other edge, is
at least 2.

Proof. Denote 𝑥(𝛿(𝑊 )) ≥ 2 by 𝑎𝑥 ≥ 𝛼 and let 𝑏𝑥 ≥ 𝛽 be a facet defining
nequality of the DTECP(𝐺) such that

𝑥 ∈ DTECP(𝐺) ∶ 𝑎𝑥 = 𝛼} ⊆ {𝑥 ∈ DTECP(𝐺) ∶ 𝑏𝑥 = 𝛽}.

It suffices to show that there is a scalar 𝜌 such that 𝑏 = 𝜌𝑎.
Let 𝛿(𝑊 ) = {𝑒1,… , 𝑒𝑞}. As 𝐺⧵𝐷 is 3-edge connected, for every edge

𝑖 ∈ 𝛿(𝑊 ), there should exist an edge 𝑒𝑗 ∈ 𝛿(𝑊 ) ⧵ {𝑒𝑖} such that 𝑒𝑖 and
𝑗 are not in conflict, and there are two edges 𝑒𝑙 , 𝑒𝑘 ∈ 𝛿(𝑊 ) ⧵ {𝑒𝑖} that
re not in conflict. Let 𝑒1,… , 𝑒𝑟, 𝑟 ≤ 𝑞 be the edges of 𝛿(𝑊 ) ⧵𝐷, that is
o say the edges of 𝛿(𝑊 ) which are not in conflict with any other edge
f 𝐸. Let 𝐸0 = 𝐸 ⧵𝐷.

First we show that

(𝑒) = 𝑏(𝑒′) for all 𝑒, 𝑒′ ∈ 𝛿(𝑊 ). (6)

By Condition (4), 𝑟 ≥ 2. Consider the edge sets

𝑖 = {𝑒𝑖, 𝑒𝑖+1} ∪ (𝐸0 ⧵ 𝛿(𝑊 )), for 𝑖 = 1,… , 𝑟 (mod 𝑟).

Since 𝐺0(𝑊 ) and 𝐺0(𝑉 ⧵ 𝑊 ) are both 2-edge connected, and do
ot contain edges in conflict, 𝑆1,… , 𝑆𝑞 induce solutions of the DTECP.
oreover, their incidence vectors satisfy 𝑎𝑥𝑆𝑖 = 𝛼 for 𝑖 = 1,… , 𝑞. Hence
𝑆𝑖
𝑥 = 𝛽 for 𝑖 = 1,… , 𝑞.
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Thus, we have that 𝑏(𝑒𝑖) = 𝑏(𝑒𝑖+2) for 𝑖 = 1,… , 𝑟 (mod 𝑟). This implies
that

𝑏(𝑒𝑖) = 𝑏(𝑒𝑗 ) for all 𝑖, 𝑗 ∈ {1,… , 𝑟}, 𝑖 ≠ 𝑗. (7)

Now consider the sets

𝑆𝑖 = {𝑒1, 𝑒𝑖} ∪ (𝐸0 ⧵ 𝛿(𝑊 )), for 𝑖 = 𝑟 + 1,… , 𝑞,

which induce solutions for the DTECP. As their incidence vectors satisfy
𝑎𝑥 ≥ 𝛼 with equality, it follows that 𝑏𝑥𝑆𝑖 = 𝛽 for 𝑖 = 𝑟 + 1,… , 𝑞.

Therefore

𝑏(𝑒𝑖) = 𝑏(𝑒𝑗 ) for all 𝑖, 𝑗 ∈ {𝑟 + 1,… , 𝑞}. (8)

Moreover, as 𝑎𝑥𝑆1 = 𝑎𝑥𝑆𝑟+1 = 𝛼, 0 = 𝑎𝑥𝑆1 − 𝑎𝑥𝑆𝑟+1 = 𝑏(𝑒2) − 𝑏(𝑒𝑟+1).
herefore, 𝑏(𝑒2) = 𝑏(𝑒𝑟+1). This, together with (7) and (8) yields (6).

Next we show that 𝑏(𝑒) = 0 for all 𝑒 ∈ 𝐸 ⧵ 𝛿(𝑊 ). Let 𝑒 be an edge of
0(𝑊 ). If 𝐺0(𝑊 ) ⧵ 𝑒 is 2-edge connected, then the edge set

𝑒 = {𝑒1, 𝑒2} ∪ (𝐸0 ⧵ (𝛿(𝑊 ) ∪ {𝑒}))

s still a solution of the DTECP. Since 𝑎𝑥𝑆𝑒 = 𝛼, we have that 𝑏𝑥𝑆𝑒 = 𝛽.
s 𝑎𝑥𝑆1 = 𝛼, and hence 𝑏𝑥𝑆1 = 𝛽, it follows that

= 𝑏𝑥𝑆1 − 𝑏𝑥𝑆𝑒 = 𝑏(𝑒).

hus 𝑏(𝑒) = 0. Here 𝑆1 is the solution given above.
Now suppose that 𝐺0(𝑊 ) ⧵ 𝑒 is not 2-edge connected. As 𝐺0(𝑊 ) is

-edge connected, there should exist a partition 𝑊1,𝑊2 of 𝑊 such that
𝑊1,𝑊2] ⧵ {𝑒} = {𝑓} for some edge 𝑓 . Moreover 𝐺0(𝑊1) and 𝐺0(𝑊2)
ust be both connected. For otherwise, 𝐺0(𝑊 ) would not be 2-edge

onnected, which is a contradiction.
Hence 𝑊1 (resp. 𝑊2) can be partitioned into (𝑊 1

1 ,… ,𝑊 𝑙
1 ) (resp.

𝑊 1
2 ,… ,𝑊 𝑚

2 )) such that

(1) 𝐺0(𝑊
𝑗
1 ) (resp. 𝐺0(𝑊

𝑗
2 )) is 2-edge connected for 𝑗 = 1,… , 𝑙 (resp.

𝑗 = 1,… , 𝑚).
(2) The graph 𝐺′

0(𝑊1) (resp. 𝐺′
0(𝑊2)) obtained from 𝐺0(𝑊1) (resp.

𝐺0(𝑊2)) by contracting the sets 𝑊 𝑗
1 , 𝑗 = 1,… , 𝑙 (resp. 𝑊 𝑗

2 , 𝑗 =
1,… , 𝑚) is a tree 𝑇 (resp. 𝑇 ′). Furthermore, as 𝐺0(𝑊 ) is 2-edge
connected and |[𝑊1,𝑊2]| = 2, the trees 𝑇 and 𝑇 ′ should be
chordless paths, and their extremities are linked by edges 𝑒 and
𝑓 (see Fig. 2).
So the graph 𝐺′

0(𝑊 ) obtained from 𝐺0(𝑊 ) by the contraction of
𝑤1

1,… , 𝑤𝑙
1, 𝑤

1
2,… , 𝑤𝑚

2 is a cycle. By condition (3) there must exist
two edges 𝑔1 and 𝑔2 not in conflict such that 𝑔1 ∈ [𝑊1(𝑢), 𝑉 ⧵𝑊 ]
and 𝑔2 ∈ [𝑊2(𝑣), 𝑉 ⧵ 𝑊 ]. As 𝐺0(𝑉 ⧵ 𝑊 ) is 2-edge connected, it
follows that the edge sets

𝑆 = {𝑔1, 𝑔2} ∪ (𝐸0 ⧵ (𝛿(𝑊 ) ∪ {𝑒}))

𝑆′ = 𝑆 ∪ {𝑒}

both induce solutions of the DTECP.
Moreover we have 𝑎𝑥𝑆 = 𝑎𝑥𝑆′ = 𝛼, implying that 𝑏𝑥𝑆 = 𝑏𝑥𝑆′ = 𝛽.
This yields 𝑏(𝑒) = 0. As 𝑒 is an arbitrary edge in 𝐸0(𝑊 ), it follows
that 𝑏(𝑒) = 0 for all 𝑒 ∈ 𝐸0(𝑊 ). Similarly, we have that 𝑏(𝑒) = 0
for all 𝑒 ∈ 𝐸0(𝑉 ⧵𝑊 ).
Now, if 𝑒 is an edge of 𝐷 ⧵ 𝛿(𝑊 ), then the edge set 𝑆′

1 = 𝑆1 ∪{𝑒}
is a solution of the problem where 𝑆1 is the solution above. As
𝑎𝑥𝑆1 = 𝑎𝑥𝑆

′
1 = 𝛼 and hence 𝑏𝑥𝑆1 = 𝑏𝑥𝑆

′
1 = 𝛽, we obtain that

𝑏(𝑒) = 0. So altogether we obtain that

𝑏(𝑒) = 𝜌 for all 𝑒 ∈ 𝛿(𝑊 ), for some 𝜌 ∈ R,

𝑏(𝑒) = 0 otherwise.

Thus we have that 𝑏 = 𝜌𝑎, which completes the proof. □
5

b

Fig. 2. Graph 𝐺 ⧵
(

𝐷 ∪
(

𝛿(𝑊 ) ⧵ {𝑔1 , 𝑔2}
))

.

3. Valid inequalities and facets

In this section we will introduce some valid inequalities for the
DTECP(𝐺), and give necessary conditions and sufficient conditions
for these inequalities to be facet defining. First we describe valid
inequalities related to the stable structure given by inequalities (3).

Recall that the conflict graph is denoted by 𝐺𝑐 = (𝑉𝑐 , 𝐸𝑐 ), where 𝑉𝑐
refers to the edges of 𝐺 that are in conflict and 𝐸𝑐 = .

3.1. Clique inequalities

Given an undirected graph, a clique is a subset of vertices such that
every two distinct vertices are adjacent.

A clique is said to be maximal if it is not strictly contained in another
clique.

Consider the conflict graph 𝐺𝑐 . If 𝐾 is a clique of 𝐺𝑐 , then all
the vertices of 𝐾 are pairwise in conflict. This implies that one can
consider at most one edge from 𝐾 in a solution. Therefore the following
inequality is valid for DTECP(𝐺).
∑

𝑒∈𝐾
𝑥𝑒 ≤ 1. (9)

Inequalities of type (9) will be called clique inequalities.

3.2. Odd cycle inequalities

A cycle in a graph is a sequence of nodes and edges beginning and
ending at the same node. We will denote a cycle 𝐶 by its sequence of
nodes and write 𝐶 = (𝑣1,… , 𝑣𝑘). A cycle of 𝑘 nodes is said to be of
length 𝑘. A cycle is said to be even (odd) if its length is even (odd). A
chord of a cycle is an edge joining two non-consecutive nodes of the
cycle. A cycle is called simple if its nodes 𝑣1,… , 𝑣𝑘 are all different.

Odd cycles induce valid inequalities for the independent set problem
and hence for the DTECP(𝐺). Consider a cycle 𝐶 of the conflict graph
𝐺𝑐 where nodes are 𝑒1,… , 𝑒𝑘 with 𝑘 odd. Then the inequalities

𝑥𝑒𝑖 + 𝑥𝑒𝑖+1 ≤ 1, for all 𝑖 = 1,… , 𝑘,

where the indices are taken modulo 𝑘, are valid for DTECP(𝐺). By
summing these inequalities, dividing by 2 and rounding down the right
hand side, we obtain the inequality
∑

𝑒∈𝐶
𝑥𝑒 ≤

𝑘 − 1
2

, (10)

which is valid for DTECP(𝐺). Inequalities of type (10) are called Odd
ycle Inequalities.

Next we introduce a further class of valid inequalities combining
oth structures, the 2-edge connectivity and the edge-conflict.
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Fig. 3. Fractional point cut by a disjunctive 𝐹 -partition inequality.

3.3. Disjunctive 𝐹 -partition inequalities

Consider the graph 𝐻 of Fig. 3 and suppose 𝐷 = {𝑔1, 𝑔2}. Let 𝑥 ∈ R8

be the solution given by 𝑥𝑒1 = 𝑥𝑒2 = 𝑥𝑒3 = 1
2 , 𝑥𝑓1 = 𝑥𝑓2 = 𝑥𝑔2 = 1, et

𝑥𝑒4 = 𝑥𝑔1 = 0.
It is easy to see that 𝑥 satisfies inequalities (2)–(4). Moreover, it is

unique solution of the system
𝑥(𝛿(𝑣1)) = 𝑥𝑒1 + 𝑥𝑓2 + 𝑥𝑔1 + 𝑥𝑒2 = 2,

𝑥(𝛿(𝑣2)) = 𝑥𝑒1 + 𝑥𝑒3 + 𝑥𝑓1 = 2,

𝑥(𝛿(𝑣3)) = 𝑥𝑒2 + 𝑥𝑒3 + 𝑥𝑒4 + 𝑥𝑔2 = 2,

𝑥𝑓1 = 1,

𝑥𝑓2 = 1,

𝑥𝑔2 = 1,

𝑥𝑒4 = 0,

𝑥𝑔1 = 0,

which is non-singular. Therefore 𝑥 is an extreme point of DTECP(𝐺).
On the other hand, one can see that the inequality

𝑥𝑒1 + 𝑥𝑒2 + 𝑥𝑒3 + 𝑥𝑒4 ≥ 2 (11)

is valid for DTECP(𝐺) and cut 𝑥.
Moreover, inequality (11) defines a facet of DTECP(𝐺). In what

ollows, we show that inequality (11) is a special case of a more general
lass of valid inequality for the DTECP(𝐺).

Theorem 7. Let 𝑉0, 𝑉1,… , 𝑉𝑝 be a partition of 𝑉 . Let 𝐾1,… , 𝐾𝑞 be 𝑞 sets
of edges such that 𝐾𝑖 ⊆ 𝛿(𝑉0), for 𝑖 = 1,… , 𝑞, 𝐾𝑖 ∩ 𝐾𝑗 = ∅, 𝑖 ≠ 𝑗, and the
edges of 𝐾𝑖 are pairwise in conflict, (that is 𝐾𝑖 is a complete graph in the
conflict graph) for 𝑖 = 1,… , 𝑞. Let 𝐹 be a set of edges such that 𝐹 ∩𝐾𝑖 = ∅
for 𝑖 = 1,… , 𝑞, 𝐹 ⊆ 𝛿(𝑉0), and |𝐹 | + 𝑞 is odd. Then the inequality

𝑥(𝛿(𝑉0, 𝑉1,… , 𝑉𝑝) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖)) ≥ 𝑝 − ⌊

|𝐹 | + 𝑞
2

⌋ (12)

is valid for the DTECP(𝐺) (see Fig. 4).

Proof. The following inequalities are valid for the DTECP(𝐺),

(𝛿(𝑉𝑖)) ≥ 2, for 𝑖 = 1,… , 𝑝,

𝑥𝑒 ≥ −1, for all 𝑒 ∈ 𝐹 ,
6

𝑥(𝐾𝑖) ≥ −1, for 𝑖 = 1,… , 𝑞,
Fig. 4. A disjunctive 𝐹 -partition configuration.

𝑒 ≥ 0, for all 𝑒 ∈ 𝛿(𝑉0) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖).

By summing these inequalities, we obtain

𝑥(𝛿(𝑉0, 𝑉1,… , 𝑉𝑝)) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖) ≥ 2𝑝 − |𝐹 | − 𝑞.

y dividing by 2 and rounding up the right hand side, we obtain
12). □

The inequalities of type (12) will be called disjunctive 𝐹 -partition
nequalities. These inequalities generalize the classical so-called 𝐹 -
artition inequalities (Mahjoub, 1994). The latter correspond to the
ase where 𝑞 = 0. Observe that inequality (11) is a disjunctive 𝐹 -
artition inequality where 𝑝 = 3, 𝑞 = 1, 𝑉𝑖 = {𝑣𝑖}, 𝑖 = 1, 2, 3, 𝑉0 = {𝑣4},
= {𝑓1, 𝑓2}, and 𝐾1 = {𝑔1, 𝑔2}.
In what follows we describe some necessary conditions for inequal-

ties (12) to be facet defining.

heorem 8. Inequality (12) defines a facet of DTECP(𝐺) only if:

(1) |𝐹 | + 𝑞 is odd and ⌊

|𝐹 |+𝑞
2 ⌋ < 𝑝.

(2) 𝐺(𝑉𝑖) is connected for 𝑖 = 1,… , 𝑝.
(3) If ⌊ |𝐹 |+𝑞

2 ⌋ = 𝑘, then 𝑉0 is adjacent to at least 𝑘 + 1 𝑉 ′
𝑖 s, 𝑖 ≠ 0.

(4) There does not exist a partition 𝑉 1
𝑖 , 𝑉

2
𝑖 of a set 𝑉𝑖, 𝑖 ∈ {1,… , 𝑝},

such that [𝑉 1
𝑖 , 𝑉

2
𝑖 ] induces a complete graph in the conflict graph.

(5) The 𝐾 ′
𝑖 s are maximal complete subgraphs in the conflict graph.

(6) 𝐹 does not contain edges in conflict.

Proof.

(1) is easily seen to be true.
(2) Suppose 𝐺(𝑉𝑖) is not connected, and let 𝑉 1

𝑖 , 𝑉
2
𝑖 be a parti-

tion of 𝐺(𝑉𝑖) such that [𝑉 1
𝑖 , 𝑉

2
𝑖 ] = ∅. Consider the partition

𝑉0,… , 𝑉𝑖−1, 𝑉 1
𝑖 , 𝑉

2
𝑖 , 𝑉𝑖+1,… , 𝑉𝑝 of 𝑉 . Inequality (12), with respect

to this partition, yields

𝑥(𝛿(𝑉0,… , 𝑉𝑖−1, 𝑉
1
𝑖 , 𝑉

2
𝑖 , 𝑉𝑖+1,… , 𝑉𝑝))⧵ (𝐹 ∪

𝑞
⋃

𝑖=1
𝐾𝑖) ≥ 𝑝+1−⌊

|𝐹 | + 𝑞
2

⌋.

As [𝑉 1
𝑖 , 𝑉

2
𝑖 ] = ∅, this inequality dominates (12), and hence the

latter cannot define a facet.
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(3) Suppose that 𝑉0 is adjacent to 𝑙 sets say 𝑉1, 𝑉2,… , 𝑉𝑙 with 𝑙 ≤ 𝑘.
Any solution of the DTECP satisfies the inequalities

𝑥(𝛿(𝑉𝑖)) ≥ 2, for 𝑖 = 𝑙 + 1,… , 𝑝,

𝑥(𝛿(𝑉𝑙+1 ∪⋯ ∪ 𝑉𝑝)) ≥ 2.

By summing these inequalities, we obtain

2𝑥(𝛿(𝑉𝑙+1,… , 𝑉𝑝)) + 2𝑥(𝛿(𝑉𝑙+1 ∪⋯ ∪ 𝑉𝑝)) ≥ 2(𝑝 − 𝑙 + 1).

Since ⌊

|𝐹 |+𝑞
2 ⌋ = 𝑘, and 𝑙 ≤ 𝑘, it follows that

𝑥
(

𝛿(𝑉𝑙+1,… , 𝑉𝑝)
)

+ 𝑥
(

𝛿(𝑉𝑙+1 ∪⋯ ∪ 𝑉𝑝)
)

≥ 𝑝 − ⌊

|𝐹 | + 𝑞
2

⌋ + 1.

As 𝑥𝑒 ≥ 0 for all 𝑒 ∈ 𝐸, the left hand side of the above inequality
is less than or equal to that of (12). This yields

𝑥
(

𝛿(𝑉0, 𝑉1,… , 𝑉𝑝) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖)

)

≥ 𝑝 − ⌊

|𝐹 | + 𝑞
2

⌋ + 1,

which dominates (12). Implying that (12) cannot be facet defin-
ing.

(4) Suppose that there is a partition 𝑉 1
𝑖 , 𝑉

2
𝑖 of a certain 𝑉𝑖, 𝑖 ∈

{1,… , 𝑝}, such that [𝑉 1
𝑖 , 𝑉

2
𝑖 ] induces a complete subgraph in the

conflict graph. Consider the partition 𝑉0,… , 𝑉𝑖−1, 𝑉 1
𝑖 , 𝑉

2
𝑖 , 𝑉𝑖+1,

… , 𝑉𝑝. Inequality (12) with respect to this partition can be
written as

𝑥
(

𝛿(𝑉0,… , 𝑉𝑖−1, 𝑉
1
𝑖 , 𝑉

2
𝑖 , 𝑉𝑖+1,… , 𝑉𝑝)⧵ (𝐹 ∪

𝑞
⋃

𝑖=1
𝐾𝑖)

)

≥ 𝑝+1−⌊

|𝐹 | + 𝑞
2

⌋,

which is equivalent to

𝑥
(

𝛿(𝑉0, 𝑉1,… , 𝑉𝑝)⧵(𝐹∪
𝑞
⋃

𝑖=1
𝐾𝑖)

)

+𝑥[𝑉 1
𝑖 , 𝑉

2
𝑖 ] ≥ 𝑝+1−⌊

|𝐹 | + 𝑞
2

⌋. (13)

Since [𝑉 1
𝑖 , 𝑉

2
𝑖 ] is a complete graph in the conflict graph, we have

that

𝑥[𝑉 1
𝑖 , 𝑉

2
𝑖 ] ≤ 1 (14)

is valid for DTECP(𝐺).
Now inequality (12) can be obtained by summing (13) and (14).
Hence (12) cannot define a facet.

(5) Suppose that for some 𝑖0 ∈ {1,… , 𝑞}, 𝐾𝑖0 is not maximal, that is
to say, there is a complete graph 𝐾 ′

𝑖0
in the conflict graph strictly

containing 𝐾𝑖0 . We have the following valid inequalities

𝑥(𝛿(𝑉𝑖)) ≥ 2, for 𝑖 = 1,… , 𝑝,

−𝑥𝑒 ≥ −1, for all 𝑒 ∈ 𝐹 ,

−𝑥((𝐾𝑖)) ≥ −1, 𝑖 = 1,… , 𝑞; 𝑖 ≠ 𝑖0,

−𝑥(𝐾 ′
𝑖0
) ≥ −1,

𝑥𝑒 ≥ 0 for all 𝑒 ∈ 𝛿(𝑉0) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1,𝑖≠𝑖0

𝐾𝑖 ∪𝐾 ′
𝑖0
).

By summing these inequalities, dividing by 2, and rounding up
the right hand side, we obtain

𝑥(𝛿(𝑉0, 𝑉1,… , 𝑉𝑝) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖 ∪ (𝐾 ′

𝑖0
⧵𝐾𝑖0 ))) ≥ 𝑝 − ⌊

|𝐹 | + 𝑞
2

⌋.

As 𝐾 ′
𝑖0
⧵ 𝐾𝑖0 ≠ ∅ and 𝑥𝑒 ≥ 0 for all 𝑒 ∈ 𝐾 ′

𝑖0
⧵ 𝐾𝑖0 , this inequality

dominates (12). Therefore (12) cannot define a facet.
(6) Suppose that 𝐹 contains two edges, say 𝑒1, 𝑒2, in conflict. Con-

sider the valid inequalities

𝑥(𝛿(𝑉 )) ≥ 2 for 𝑖 = 1,… , 𝑝,
7

𝑖 𝑏
−𝑥(𝐾𝑖) ≥ −1 for 𝑖 = 1,… , 𝑞,

−𝑥(𝑒1) − 𝑥(𝑒2) ≥ −1,

−𝑥𝑒 ≥ −1 for all 𝑒 ∈ 𝐹 ⧵ {𝑒1, 𝑒2},

𝑥𝑒 ≥ 0 for all 𝑒 ∈ 𝛿(𝑉0) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖).

By summing these inequalities, dividing by 2 and rounding up
the right hand side, we get

𝑥(𝛿(𝑉0, 𝑉1,… , 𝑉𝑝))⧵(𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖) ≥ 𝑝−⌊

|𝐹 | − 1 + 𝑞
2

⌋ = 𝑝−⌊

|𝐹 | + 𝑞
2

⌋+ 1
2
,

as |𝐹 | + 𝑞 is odd.
This implies that inequality (12) cannot be satisfied with equal-
ity by any solution. Hence, it cannot define a facet. □

Theorem 9. Inequality (12) defines a facet of the DTECP(𝐺) if the
following hold.

(1) 𝐾𝑖 is a maximal clique for 𝑖 = 1,… , 𝑞, and 𝑝 is odd.
(2) No edge of 𝐸(𝐾𝑖) is in conflict with edges of 𝐸(𝐾𝑗 ), 𝑖 ≠ 𝑗 or edges of

𝛿(𝑉0, 𝑉1,… , 𝑉𝑝) ⧵ (𝐹 ∪
⋃𝑞

𝑖=1 𝐾𝑖).
(3) 𝐺(𝑉𝑖) ⧵𝐷 is 3-edge connected, for 𝑖 = 0, 1,… , 𝑝.
(4) [𝑉𝑖, 𝑉𝑖+1] ≥ 1 for 𝑖 = 1,… , 𝑝 (mod 𝑝).
(5) None of the edges of [𝑉𝑖, 𝑉𝑗 ] is in conflict with edges of 𝐸 ⧵ [𝑉𝑖, 𝑉𝑗 ].
(6) 𝐾𝑖 ⊆ [𝑉0, 𝑉𝑖] for 𝑖 = 1,… , 𝑞.
(7) 𝐹 ⊆ 𝐸 ⧵ 𝐷, that is the edges of 𝐹 are pairwise not in conflict,

𝐹 ∩𝛿(𝑉𝑖) = ∅ for 𝑖 = 1,… , 𝑞, and |𝐹 ∩ 𝛿(𝑉𝑖)| = 1 for 𝑖 = 𝑞+1,… , 𝑝.
(8) There are 𝑞 edges, 𝑓1,… , 𝑓𝑞 of 𝐾1,… , 𝐾𝑞 , respectively, and 𝑝 − 𝑞

edges 𝑓𝑞+1,… , 𝑓𝑝 of 𝐹 ∩ 𝛿(𝑉𝑞+1),… , 𝐹 ∩ 𝛿(𝑉𝑝), respectively, which
are not in conflict with any edge of ⋃𝑝

𝑖=0 𝐸(𝑉𝑖).

Proof. Let us denote inequality (12) by 𝑎𝑥 ≥ 𝛼, and let 𝑏𝑥 ≥ 𝛽 be a
facet defining inequality such that

{𝑥 ∈ DTECP(𝐺) | 𝑎𝑥 = 𝛼} ⊆ {𝑥 ∈ DTECP(𝐺) | 𝑏𝑥 = 𝛽}.

we will show that there is 𝜌 such that 𝑏 = 𝜌𝑎.
First we will show that 𝑏(𝑒) = 𝑏(𝑒′) for all 𝑒, 𝑒′ ∈ [𝑉𝑖, 𝑉𝑖+1], for

= 1,… , 𝑝 (where the indices are taken modulo 𝑝).
By Conditions (4), (5), there is an edge, say 𝑒𝑖, between 𝑉𝑖 and

𝑖+1, for 𝑖 = 1,… , 𝑝 (mod 𝑝), which is not in conflict with any edge of
⧵[𝑉𝑖, 𝑉𝑖+1]. And by condition (8) there are edges 𝑓1,… , 𝑓𝑞 of 𝐾1,… , 𝐾𝑞

nd 𝑓𝑞+1,… , 𝑓𝑝 of 𝐹 ∩ 𝛿(𝑉𝑞+1),… , 𝐹 ∩ 𝛿(𝑉𝑝), respectively, which are not
n conflict with any edge of ⋃𝑝

𝑖=0 𝐸(𝑉𝑖). Let 𝐸𝑖 = 𝐸(𝑉𝑖)⧵𝐷, that is the set
f edges in 𝐸(𝑉𝑖) which are not in conflict with other edges. Consider
he edge set

0 = {𝑒1, 𝑒3,… , 𝑒𝑝} ∪ {𝑓1, 𝑓2,… , 𝑓𝑞 , 𝑓𝑞+1,… , 𝑓𝑝} ∪
𝑝
⋃

𝑖=0
𝐸𝑖.

y Condition (3), 𝐺(𝐸𝑖) = 𝐺(𝑉𝑖) ⧵𝐷 is 3-edge connected. By Conditions
2), (5), (7) it follows that 𝑆0 is a solution of the DTECP.

Let 𝑆1 = (𝑆0 ⧵ {𝑒𝑝}) ∪ {𝑒𝑝−1}. Clearly 𝑆1 is also a solution of the
TECP. Moreover, 𝑎𝑥𝑆0 = 𝑎𝑥𝑆1 = 𝛼. Hence 𝑏𝑥𝑆0 = 𝑏𝑥𝑆1 = 𝛽, implying

hat 𝑏(𝑒𝑝) = 𝑏(𝑒𝑝−1). By symmetry, we obtain that

(𝑒) = 𝑏(𝑒′) for all 𝑒, 𝑒′ ∈ [𝑉𝑖, 𝑉𝑖+1], 𝑖 = 1,… , 𝑝. (15)

Let 𝑆3 = 𝑆0 ⧵ {𝑓1} (Recall that 𝑓1 ∈ 𝐾1). It is easy to see that 𝑆3
emains feasible for the DTECP. As 𝑎𝑥𝑆0 = 𝑎𝑥𝑆3 = 𝛼, it follows that
= 𝑏𝑥𝑆0 − 𝑏𝑥𝑆1 = 𝑏(𝑓1). By symmetry we obtain that
(𝑓 ) = 0 for all 𝑓 ∈ 𝐾𝑖, 𝑖 = 1,… , 𝑞. (16)
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Let 𝑆4 = 𝑆1 ⧵ {𝑓𝑝−1}. As 𝑆4 is also a solution of the DTECP and
𝑥𝑆1 = 𝑎𝑥𝑆4 = 𝛼, this yields 0 = 𝑏𝑥𝑆1 −𝑏𝑥𝑆4 = 𝑏(𝑓𝑝−1) = 0. By symmetry,
t follows that

(𝑓 ) = 0 for all 𝑓 ∈ 𝐹 . (17)

Now let 𝑒 ∈ [𝑉𝑖, 𝑉𝑗 ], 𝑗 ∈ {1,… , 𝑝} ⧵ {𝑖 − 1, 𝑖 + 1}. Without loss of
generality, we may suppose that 𝑖 = 1 and 𝑗 = 2𝑟 for some integer
≥ 2. Consider the solution

5 = (𝑆0 ⧵ {𝑒1, 𝑒3,… , 𝑒2𝑟−1}) ∪ {𝑒, 𝑒2, 𝑒4,… , 𝑒2𝑟−2}.

t is easily seen that 𝑆5 is a solution for the DTECP. Moreover, 𝑎𝑥𝑆5 = 𝛼.
herefore 𝑏𝑥𝑆5 = 𝑏𝑥𝑆0 = 𝛽. By (15) it then follows that 𝑏(𝑒) = 𝑏(𝑒1). By
ymmetry, we obtain that

(𝑒) = 𝑏(𝑒′) for all 𝑒, 𝑒′ ∈ 𝛿(𝑉1,… , 𝑉𝑝) ⧵ 𝛿(𝑉0). (18)

Now consider an edge 𝑒 ∈ [𝑉0, 𝑉𝑖] ⧵ (𝐹 ∪
⋃𝑞

𝑖=1 𝐾𝑖), for 𝑖 ∈ {1,… , 𝑝}.
ithout loss of generality, we may suppose that 𝑖 = 𝑝. Let 𝑆6 =

𝑆0 ⧵ {𝑒𝑝}) ∪ {𝑒}.
Since 𝐺(𝑉𝑖) ⧵𝐷 is 3-edge connected, we have that 𝑆6 is feasible for

he problem. As 𝑎𝑥𝑆6 = 𝑎𝑥𝑆0 = 𝛼, this implies that 0 = 𝑏𝑥𝑆0 − 𝑏𝑥𝑆6 =
(𝑒𝑝) − 𝑏(𝑒). Hence 𝑏(𝑒) = 𝑏(𝑒𝑝). By symmetry, and from (18), it follows
hat

(𝑒) = 𝑏(𝑒′) for all 𝑒, 𝑒′ ∈ 𝛿(𝑉0, 𝑉1,… , 𝑉𝑝) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖). (19)

Now we show that 𝑏(𝑒) = 0 for all 𝑒 ∈ 𝐺(𝑉𝑖) for 𝑖 = 0, 1,… , 𝑝.
Let 𝑒 ∈ 𝐸(𝑉𝑖), for some 𝑖 ∈ {0, 1,… , 𝑝}. If 𝑒 ∈ 𝐸 ⧵𝐷, then as 𝐺(𝑉𝑖)⧵𝐷

s 3-edge connected, we have that 𝑆0 ⧵ {𝑒} is still a solution of the
roblem, implying that 𝑏(𝑒) = 0.

So suppose that 𝑒 ∈ 𝐷. Let

7 = 𝑆0 ∪ {𝑒}.

y condition (8), 𝑒 is not in conflict with any edge of 𝑆0. Hence, 𝑆7
s feasible for the DTECP. As 𝑎𝑥𝑆7 = 𝑎𝑥𝑆0 = 𝛼, it follows that 0 =
𝑥𝑆7 − 𝑏𝑥𝑆0 = 𝑏(𝑒).

Therefore

(𝑒) = 0 for all 𝑒 ∈ 𝐸(𝑉𝑖), for 𝑖 = 0, 1,… , 𝑝. (20)

rom (16)–(20), it follows that

(𝑒) = 𝜌 for all 𝑒 ∈ 𝛿(𝑉0, 𝑉1,… , 𝑉𝑝) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖), for some 𝜌 ∈ R,

𝑏(𝑒) = 0 for all 𝑒 ∈ 𝐸 ⧵ (𝛿(𝑉0, 𝑉1,… , 𝑉𝑝) ⧵ (𝐹 ∪
𝑞
⋃

𝑖=1
𝐾𝑖)).

herefore 𝑏 = 𝜌𝑎, and the proof is complete. □

.4. Reduction operations

Let 𝐺 = (𝑉 ,𝐸) be a graph and 𝐷 a set of pairs of edges in conflict
n 𝐺. Let 𝑃 (𝐺) be the linear relaxation of DTECP(𝐺), that is to say
he polytope given by the cut, disjunctive and trivial inequalities. Let
𝑥 ∈ R𝐸 be an extreme point of 𝑃 (𝐺). In what follows we discuss some
reduction operations with respect to 𝑥 that generalize those introduced
by Fonlupt and Mahjoub (2006) for the 2-edge connected polytope.

• 𝑂1: Delete an edge with 𝑥(𝑒) = 0.
• 𝑂2: Contract an edge if one of its extremities is of degree 2.
• 𝑂3: Contract a node set 𝑈 such that 𝐺(𝑈 ) is 2-edge connected,
𝑥(𝑒) = 1 for all 𝑒 ∈ 𝐸(𝑈 ).

Note that the edges such that 𝑥(𝑒) = 1 are not in conflict. We have
the following consequence whose proof is similar to that of Theorem 1
in Kerivin et al. (2004).
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Proposition 10. Let 𝐺′ and 𝑥′ be the graph and the solution obtained from
𝐺 and 𝑥 by repeated applications of 𝑂1, 𝑂2, 𝑂3. Then 𝑥

′ is an extreme point
of 𝑃 (𝐺′).

Operations 𝑂1, 𝑂2, 𝑂3 can be performed in polynomial time. Also
they can be used in a preprocessing phase within a cutting plane
algorithm for the DTECP. Moreover we have the following result which
is easily seen to be true.

Proposition 11. Let 𝐺′ = (𝑉 ′, 𝐸′) and 𝑥′ be the graph obtained from 𝐺
and 𝑥 by repeated applications of operations 𝑂1, 𝑂2, 𝑂3.

(1) If 𝑎′𝑥 ≥ 𝛼′ is a valid inequality for the 𝐷𝑇𝐸𝐶𝑃 (𝐺′) of type (2)
or (12), then the inequality 𝑎𝑥 ≥ 𝛼 such that 𝑎(𝑒) = 𝑎′(𝑒) for all
𝑒 ∈ 𝐸′, 𝑎(𝑒) = 0 for all 𝑒 ∈ 𝐸 ⧵ 𝐸′ and 𝛼 = 𝛼′ is valid for the
DTECP(𝐺). Moreover, if 𝑎′𝑥 ≥ 𝛼 is violated by 𝑥′, then 𝑎𝑥 ≥ 𝛼 is
violated by 𝑥.

(2) If there is an inequality of type (2) (resp. (12)) that is violated by
𝑥, then there is an inequality of type (2) (resp. (12)) violated by 𝑥′.

Using the previous polyhedral analysis, we propose a Branch-and-
Cut algorithm to solve the DTECP. Separation routines and experiments
held on a set of problem instances are discussed in the next section.

4. Branch-and-Cut algorithm

4.1. Algorithm description

The ILP formulation proposed in Section 2 contains an exponential
number of cut inequalities. As a consequence, we first consider a
restricted version of the corresponding linear program (LP) as an initial
LP, where a restricted number of cut inequalities is generated; i.e., we
generate only degree inequalities on the nodes of the graph. The first
iteration of the Branch-and-Cut algorithm consists hence is solving the
initial linear program, denoted by 𝐿𝑃0, whose constraints are the cut
inequalities (2) written only for the nodes, the conflict inequalities (3)
as well as the trivial inequalities (4).

Denote by 𝑥 ∈ R𝐸 the solution of the linear relaxation for the
TECP. 𝑥 is optimal for the restricted LP if and only if it satisfies all the
ut inequalities (2). In general, this is not the case. Therefore, violated
ut inequalities are added to the restricted LP, by solving a subproblem
alled separation problem. The process is repeated until no more violated
nequality is found. The final solution, is hence optimal for the linear
elaxation. If the solution is integral then it is optimal for the related
TECP. If not, then we create new subproblems by branching on a

ractional variable. The separation routine is then considered at each
ew node of the tree and the process continues until no branching is
eeded.

In our Branch-and-Cut algorithm, along with the basic cut inequal-
ties we also separate the valid inequalities described in Section 3. The
nequalities are separated in the following order:

1. Cut inequalities,
2. Cliques inequalities,
3. Odd-Cycles inequalities,
4. Disjunctive 𝐹 -partition inequalities.

In what follows, we describe the separation routines used to sepa-
ate the inequalities mentioned above. Depending on the class of the
alid inequality, we devise exact or heuristic procedures of separation.

.2. Separation routines

.2.1. Cut inequalities separation
The cut separation problem consists in finding one or more cut

nequality (2) that are violated by the current solution 𝑥, or to say
that such inequality does not exist. This can be done using an exact
algorithm based on the so-called Gomory–Hu tree (Gomory & Hu,
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1961) computed using the efficient implementation of Gusfield (Gus-
field, 1987, 1990). The minimum cut separating any pair of vertices 𝑠
and 𝑡 in graph 𝐺 is nothing but the minimum cut separating 𝑠 and 𝑡 in
he Gomory–Hu tree.

Recall that, by the maximum flow - minimum cut theorem (Ford
Fulkerson, 1956), the minimum cut problem can be solved in poly-

omial time. Consequently, in our Branch-and-Cut algorithm, for all
he cut separation problems, we use the algorithm of Goldberg and
arjan (1988), which is one of the most powerful implementations of
he maximum flow problem.

.2.2. Clique inequalities separation
Clique inequalities (9) represent an interesting family of valid in-

qualities that belongs to the independent set structure of the problem.
Since identifying the whole set of cliques in the conflict graph 𝐺𝑐 =

(𝑉𝑐 , 𝐸𝑐 ) (where 𝐸𝑐 = 𝐷) is NP-hard, we choose to generate a set of
cliques  using a greedy heuristic algorithm. Let  = ∅ be the set of
cliques that we are looking to identify, and assume that initially 𝐾 = ∅.
or each vertex 𝑣 ∈ 𝑉𝑐 , we iterate the following. We first consider
= {𝑣}. Then, we add to 𝐾 a maximum-degree vertex 𝑢 ∈ 𝑉𝑐 such

hat (𝑢, 𝑣) ∈ 𝐷. Then, among all the other nodes of 𝑉𝑐 , we add the one
hat is universal to vertices in 𝐾 (i.e., that is adjacent to all the vertices
f 𝐾), and with a maximum degree in 𝐺𝑐 . The process is repeated until
o more universal node can be added. At the end, if |𝐾| > 2, we obtain
clique 𝐾 that we add to the family of cliques .

Consider now the separation phase. Recall that 𝑥 is the optimal
solution obtained for the linear relaxation of the cut formulation after
separating all the cut inequalities. We choose to apply, with slight
modifications, a simple greedy heuristic presented by Nemhauser and
Sigismondi (1992) for the independent set problem. The heuristic can
be described as follows. We first choose a vertex, say 𝑖 ∈ 𝑉𝑐 , of
maximum-weight with respect to 𝑥, and set 𝐾 = {𝑖}. Then the following
rocess is repeated. Determine, if there exists in 𝐺𝑐 , a maximum-weight
ertex according to 𝑥, say 𝑗, that is universal to 𝐾 (i.e., 𝑗 is adjacent

to every vertex in 𝐾). Add 𝑗 to 𝐾 and reiterate this step until no
ore universal vertex can be found. If |𝐾| > 2 and 𝑥(𝐾) > 1, then

he corresponding clique inequality is violated. The whole process is
hen repeated for another initial vertex 𝑖 until either we find a violated
nequality or a maximum number of iterations is reached. In our
lgorithm, we choose to generate at most one violated clique inequality
er iteration, since in general this kind of inequalities were rarely found
uring the separation phase (see Section 4.3).

.2.3. Odd cycle inequalities separation
Separating the odd cycle inequalities (10) can be computed exactly

n polynomial time as it has been proposed by Grötschel, Lovász, and
chrijver (2012). The separation procedure is described in Mahjoub
2010). Consider the current solution 𝑥 obtained after separating the

cut and clique inequalities. Consider (𝑒𝑖, 𝑒𝑗 ) ∈  and let 𝑧𝑒 = 1−𝑥𝑒𝑖−𝑥𝑒𝑗 .
It is clear that, since 𝑥 satisfies (3) and (4), 𝑧𝑒 ≥ 0 for all 𝑒 = (𝑒𝑖, 𝑒𝑗 ) ∈ .

sing this, inequalities (10) can be written as
∑

𝑒∈𝐶
𝑧𝑒 ≥ 1 for all 𝐶 odd cycle of 𝐺𝑐 . (21)

s a consequence, separating inequalities (10) regarding 𝑥 reduces
o separating inequalities (21) regarding 𝑧, and this can be done as

follows. Consider graph 𝐺𝑐 and let 𝑧𝑒 be the weight of conflict-edge
for all 𝑒 = (𝑒𝑖, 𝑒𝑗 ) ∈ . In order to separate inequalities (21), one has to
look for a minimum-weight cycle in a graph with nonnegative weights.
This problem can be solved in polynomial time. To this end, consider
the bipartite graph 𝐺𝑐 = (𝑉 1

𝑐 ∪𝑉 2
𝑐 , 𝐷̃) obtained from 𝐺𝑐 in the following

way. For each vertex 𝑣 ∈ 𝑉𝑐 , consider two vertices 𝑣1 ∈ 𝑉 1
𝑐 and 𝑣2 ∈ 𝑉 1

𝑐 ,
and for each edge (𝑢, 𝑣) ∈ 𝐷 consider two edges (𝑢1, 𝑣2) ∈ 𝐷̃ and
𝑢2, 𝑣1) ∈ 𝐷̃ with the same weight 𝑧̃𝑢1𝑣2 = 𝑧̃𝑢2𝑣1 = 𝑧𝑢𝑣. Obviously, looking
or a minimum-weight odd cycle in 𝐺𝑐 with respect to 𝑧 going through

vertex 𝑣 is nothing but determining a minimum-weight path in 𝐺
9

𝑐 t
ith respect to 𝑧̃ between 𝑣1 and 𝑣2. Since 𝑧̃ ≥ 0, this can be done in
olynomial time, using for instance Dijkstra’s algorithm. At the end of
his step, we have (if there is any) a minimum-weight cycle in 𝐺𝑐 , say
. If ∑𝑒∈𝐶 𝑧𝑒 < 1, then a violated odd cycle inequality is detected.

.2.4. Disjunctive 𝐹 -partition inequalities separation
Separating the disjunctive 𝐹 -partition inequalities (12) is an NP-

ard problem, since it is a generalization of the classical 𝐹 -partition
nequalities introduced by Mahjoub (1994). In order to separate the
isjunctive 𝐹 -partition inequalities, we propose the following heuristic.
irst we apply the reduction operations until no more operation can be
sed. Then, we determine an odd cycle, (𝑣1, 𝑣2,… , 𝑣𝑝), 𝑝 ≥ 3, in the
esulting graph whose edges have fractional values and whose nodes
re tight (that is to say that 𝑥(𝛿(𝑣𝑖)) = 2, for all 𝑖 = 1,… , 𝑝). We let 𝑉𝑖

be the set obtained by expanding 𝑣𝑖 for 𝑖 = 1,… , 𝑝, and 𝑉0 = 𝑉 ⧵
⋃𝑝

𝑖=1 𝑉𝑖.
We choose the cliques 𝐾𝑖, 𝑖 = 1,… , 𝑞 and the edges 𝐹 among the edges
of 𝛿(𝑉0) having values greater than 1

2 such that |𝐹 | + 𝑞 is odd. If such
a configuration cannot be found, then we look for another odd cycle.
Since the cycle is obtained by a direct labeling procedure, our heuristic
runs in a linear time.

In the following section, we present the results obtained by the
Branch-and-Cut algorithm on several sets of instances.

4.3. Computational results

We devise the Branch-and-Cut algorithm described in the previ-
ous section. The algorithm is implemented in C++ using SCIP (https:
//scipopt.org/) to manage the Branch-and-Cut tree and Cplex (http:
//www.ilog.com/products/cplex/) as a linear solver. We set a time
limit to 2 hours. Our algorithm is tested over several sets of instances
generated from TSPlib (http://comopt.ifi.uni-heidelberg.de/software/
TSPLIB95/).

We consider complete graphs TSPlib-based instances generated as
follows:

• A first set of instances where conflicts are randomly generated.
• A second set of instances where conflicts are taken from the

conflict graphs of the graph coloring problem taken from https:
//mat.tepper.cmu.edu/COLOR/instances.html.

For both sets of instances, it is guaranteed that the graph 𝐺⧵𝐷 is at
east 3-edge connected, which means that the instances are solvable.

Detailed results are reported in Table 1 (random conflicts), Tables 2
nd 3 (graph-coloring problem conflicts).

Entries of the tables are the following:

Name : Name of the instance;
|𝑉 | : number of vertices in the graph 𝐺

ranging from 51 to 574;
|𝐷| : number of pairs in conflict ranging from 650 to

49629;
FP : number of generated 𝐹 -partition inequalities;
Cliques : number of generated Cliques inequalities;
O-Cycles : number of generated Odd Cycles inequalities;
Cuts-1/Cuts-2 : number of separated cuts for the formulation

without/with valid inequalities;
Sub-1/Sub-2 : number of nodes in the Branch-and-Cut tree

(number of treated subproblems) for the
formulation
without/with valid inequalities;

Gap-1/Gap-2 (%) : relative error between the best upper bound;
and the lower bound obtained at the root for the
formulation without/with valid inequalities;

CPU-1/CPU-2 (s) : total execution time in seconds for the
formulation without/with valid inequalities.

verall, we tested over 100 instances. Our Branch-and-Cut algorithm of
he formulation with valid inequalities was able to solve 95 instances

o optimality within the time limit. 57% of the instances were solved

https://scipopt.org/
https://scipopt.org/
https://scipopt.org/
http://www.ilog.com/products/cplex/
http://www.ilog.com/products/cplex/
http://www.ilog.com/products/cplex/
http://comopt.ifi.uni-heidelberg.de/software/TSPLIB95/
http://comopt.ifi.uni-heidelberg.de/software/TSPLIB95/
http://comopt.ifi.uni-heidelberg.de/software/TSPLIB95/
https://mat.tepper.cmu.edu/COLOR/instances.html
https://mat.tepper.cmu.edu/COLOR/instances.html
https://mat.tepper.cmu.edu/COLOR/instances.html
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Table 1
Branch-and-Cut results (1).

Name |𝑉 | |𝐷| Cuts-1 Gap-1 Sub-1 CPU-1 Cuts-2 FP Cliques O-cycles Gap-2 Sub-2 CPU-2

a150_650 150 650 554 0.69 17 00:00:08 133 72 0 0 0 1 00:00:03
a150_700 150 700 696 0.17 19 00:00:11 125 16 0 0 0 1 00:00:02
a150_800 150 800 552 0.17 10 00:00:09 106 119 0 0 0 1 00:00:03
a150_900 150 900 536 0.17 11 00:00:09 123 15 0 0 0 1 00:00:02
a200_650 200 650 2063 0.44 126 00:00:31 650 201 0 0 31 4 00:00:15
a200_700 200 700 2320 0.47 318 00:00:43 175 62 0 0 23 2 00:00:07
a200_900 200 900 1562 0.44 170 00:00:37 401 120 0 0 30 3 00:00:09
d300_1250 300 1250 3045 0.42 1983 00:05:06 1617 1253 0 0 0.18 139 00:15:28
d300_1500 300 1500 9349 0.42 3290 00:13:01 1493 1592 0 0 0.22 226 00:20:27
d300_750 300 750 5722 0.42 2516 00:05:30 1985 1392 0 0 0.15 141 00:15:39
d350_1000 350 1000 4392 0.36 1276 00:05:47 1834 2227 0 0 0 91 00:32:14
d350_1250 350 1250 3903 0.36 586 00:03:48 1061 1599 0 0 0 39 00:19:18
d350_1500 350 1500 5674 0.36 1566 00:06:25 1150 2305 0 0 0.13 133 00:36:10
d350_2000 350 2000 2884 0.36 866 00:04:02 1372 1683 0 0 0.12 57 00:19:46
d350_750 350 750 3984 0.36 753 00:03:57 1060 644 0 0 0 9 00:05:04
d400_1000 400 1000 3353 0.22 751 00:07:10 1040 1118 0 0 0 9 00:07:51
d400_1250 400 1250 1646 0.22 172 00:04:06 1437 1931 0 0 0 45 00:19:35
d400_1500 400 1500 1835 0.22 331 00:04:57 948 1019 0 0 0 12 00:08:34
d400_2000 400 2000 3106 0.22 590 00:06:53 947 1086 0 0 0 12 00:09:55
d400_750 400 750 2864 0.22 454 00:05:55 4234 4383 0 0 0.2 561 01:59:27
d450_1250 450 1250 17977 0.27 5713 00:41:06 4274 2064 0 0 0.26 175 02:00:00
d450_1500 450 1500 23931 0.27 7575 00:46:44 4743 4973 0 0 0.2 522 00:41:01
gr125_650 125 650 820 34 13 00:00:10 279 35 0 0 10 13 00:00:04
gr125_700 125 700 600 40 5 00:00:05 676 49 0 0 59 5 00:00:04
gr125_800 125 800 635 11 5 00:00:06 277 31 0 0 7.6 13 00:00:03
gr125_900 125 900 346 7.6 14 00:00:07 567 44 0 0 20 4 00:00:04
gr175_650 175 650 493 8.2 14 00:00:09 356 62 0 0 6.3 2 00:00:05
gr175_700 175 700 806 27 14 00:00:13 326 94 0 0 20 2 00:00:05
gr175_800 175 800 779 6.1 13 00:00:20 226 9 0 0 0 1 00:00:03
gr175_900 175 900 605 9.9 7 00:00:10 573 89 0 0 9.7 5 00:00:08
gr200_650 200 650 522 17 7 00:00:10 458 100 0 0 8 3 00:00:09
gr200_700 200 700 493 16 7 00:00:11 255 13 0 0 0 1 00:00:04
gr200_800 200 800 1105 8.9 22 00:00:24 510 59 0 0 21 2 00:00:07
gr200_900 200 900 560 10 8 00:00:15 507 41 0 0 43 3 00:00:09
usa500_1000 500 1000 22096 0.5 10748 00:17:10 2445 758 0 0 0 93 00:31:13
to optimality within less than 1 min, and overall only 14 instances
ere solved to optimality within more than 10 min. Concerning the
asic formulation, 62% of the instances were solved within less than
minute, and only 8 were solved to optimality within more than 10
inutes. Note that in terms of execution time, the basic formulation is

lightly better than the one with valid inequalities for some instances.
his can be explained by the fact that the formulation with valid

nequalities spends more time than the basic one while separating valid
nequalities.

Having more computational time for the formulation with valid
nequalities helps improve the linear relaxation compared with the
asic formulation. In fact, the linear relaxation of the formulation with
alid inequalities outperforms the basic one (except for 12 instances).
6 instances were solved with a gap equal to 0 for the formulation with

valid inequalities while only 8 instances have a gap equal to 0 for the
basic formulation (see lines with bold gaps in all the tables). However,
for both formulations, we attain important values for the gap reaching
40% for the basic formulation and 59% for the formulation with valid
inequalities (see instance 𝑔𝑟125700 for both formulations in Table 1,
gaps are in bold). This means that more valid inequalities would be nec-
essary to improve the linear relaxation. One should mainly detect facets
to cut better the current fractional points, since the separated valid
inequalities may not be facet defining within the tested conditions.

Concerning the Branch-and-Cut tree, the formulation with valid
inequalities is able to solve to optimality 10 instances at the root node
compared with the basic formulation that solves to optimality only 2
instances. Overall, we note that the formulation with valid inequalities
is devised within smaller Branch-and-Cut trees for all the instances.
For many instances, the basic formulation is solved using an extended
Branch-and-Cut tree while reaching only few nodes for the formulation
with valid inequalities. For example, instance 𝑢𝑠𝑎500_1000 (Table 1 in
bold) is solved with 10748 subproblems for the basic formulation and
10

only 93 subproblems for the formulation with valid inequalities. This
observation is supported by the results depicted in Fig. 5. In this figure,
we plot the cumulative number of subproblems in the Branch-and-Cut
trees for all the tested instances. The blue-‘*’ curve is related to the
basic formulation, that is without generating valid inequalities. The
green-‘+’ one corresponds to the formulation with valid inequalities.
We clearly see through this figure that the total number of subproblems
is significantly more important in the basic formulation compared with
the one with valid inequalities. This proves the efficiency of the added
valid inequalities in cutting fractional solutions and enabling to fathom
many branches of the Branch-and-Cut tree.

Along with solving instances using small Branch-and-Cut trees, the
valid inequalities obviously help generating less cut inequalities (cuts-
2) compared to the basic formulation (cuts-1). For example, for the
instance 𝑟𝑑400_15668 (Table 3 in bold) the number of cuts that are
generated is 25603 compared to only 1847 for the formulation with valid
inequalities.

The results illustrated in Fig. 6 come to support this remark. This
figure illustrates the cumulative number of generated cut inequalities
for both formulations, the basic one (blue-‘*’ curve) and the one with
valid inequalities (green-‘+’ curve). It is clear through this figure that
the number of generated cut inequalities for the basic formulation is
quite larger than the one for the formulation with valid inequalities.
Thus, these valid inequalities help cutting fractional points without
necessarily generating a huge number of cut inequalities.

In particular, we mainly note that 𝐹 -partition inequalities play a
crucial role in improving the linear relaxation and well cutting some
fractional solutions. For several instances, we are generating an impor-
tant number of 𝐹 -partitions, which helps accelerating the resolution
mainly in terms of subproblems. For the instance 𝑟𝑑400_15668 (Table 3
in bold), separating 3563 𝐹 -partition inequalities helps solving the
instance using a Branch-and-Cut tree of only 211 compared to the basic

formulation that solves the same instance within 9468 subproblems.
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Table 2
Branch-and-Cut results (2).

Name |𝑉 | |𝐷| Cuts-1 Gap-1 Sub-1 CPU-1 Cuts-2 FP Cliques O-cycles Gap-2 Sub-2 CPU-2

a280_12458 280 12458 2543 0.43 545 00:00:40 2543 923 0 0 11 5 00:07:19
berlin52_12458 52 12458 207 0 48 00:00:06 207 129 4 0 0 34 00:00:06
ch130_12458 130 12458 616 1.2 67 00:00:08 616 741 0 0 0 21 00:00:13
eil51_12458 51 12458 587 4 403 00:00:13 587 470 23 1 3.6 223 00:00:16
eil76_12458 76 12458 388 0.59 73 00:00:05 388 114 2 0 0 10 00:00:03
kroA100_12458 100 12458 585 1.2 172 00:00:08 585 298 0 0 0.47 27 00:00:09
kroA150_12458 150 12458 402 0.47 53 00:00:06 402 701 0 0 0.083 6 00:00:13
kroA200_12458 200 12458 6250 0.73 2685 00:01:30 6250 912 0 0 0.44 168 00:02:26
kroB100_12458 100 12458 428 1.1 30 00:00:04 428 350 0 0 0 10 00:00:07
kroB150_12458 150 12458 1340 1.1 349 00:00:23 1340 733 0 0 0.71 114 00:00:41
kroB200_12458 200 12458 3723 0.78 1427 00:00:59 3723 1001 0 0 0.22 80 00:01:25
kroC100_12458 100 12458 182 0 11 00:00:03 182 395 0 0 1.3 11 00:00:08
lin105_12458 105 12458 117 2.4 4 00:00:02 117 3 0 0 0 1 00:00:01
lin318_12458 318 12458 3443 0.31 839 00:01:30 3443 4533 0 0 0.29 138 00:51:16
pr107_12458 107 12458 88 0 1 00:00:01 88 0 0 0 0 1 00:00:02
pr76_12458 76 12458 660 1.7 690 00:00:09 660 131 0 0 0.28 13 00:00:04
rat195_12458 195 12458 1320 0.7 1056 00:00:52 1320 2066 0 0 0.5 120 00:01:29
rat99_12458 99 12458 351 0 7 00:00:02 351 29 0 0 0.083 4 00:00:02
rd100_12458 100 12458 351 0.47 4 00:00:03 351 4 0 0 10 2 00:00:02
rd400_12458 400 12458 38310 0.54 7376 00:16:19 38310 4511 0 0 0.33 162 02:00:00
st70_12458 70 12458 168 0.56 11 00:00:04 168 137 0 0 0 6 00:00:04
ts225_12458 225 12458 74 1.5 881 00:00:16 74 104 0 0 40 3 00:00:07
u159_12458 159 12458 685 2.3 10 00:00:04 685 84 0 0 29 2 00:00:04
u574_12458 574 12458 75135 0.39 18463 01:37:25 75135 2617 0 0 0.8 79 02:00:00
a280_15668 280 15668 4304 0.43 1261 00:01:09 1721 896 0 0 22 6 00:01:25
berlin52_15668 52 15668 465 16 513 00:02:03 543 1161 409 2 15 457 00:00:42
ch130_15668 130 15668 834 0.65 178 00:00:12 417 462 0 0 0.19 15 00:00:12
eil51_15668 51 15668 2042 17 7788 00:07:15 728 2340 776 7 16 1064 00:01:00
eil76_15668 76 15668 289 2.6 41 00:00:21 147 404 22 0 2.4 39 00:00:09
kroA100_15668 100 15668 352 3 155 00:00:41 272 467 11 0 1.9 102 00:01:19
kroA150_15668 150 15668 722 0.69 372 00:00:56 444 585 0 0 0.37 43 00:01:48
kroA200_15668 200 15668 10672 0.79 3623 00:06:58 3047 2132 0 0 0.49 643 00:33:19
kroB100_15668 100 15668 386 0.86 37 00:00:05 232 229 10 0 0 12 00:00:07
kroC100_15668 100 15668 271 1.5 84 00:00:05 297 330 0 0 1.4 41 00:00:10
Table 3
Branch-and-Cut results (3).

Name |𝑉 | |𝐷| Cuts-1 Gap-1 Sub-1 CPU-1 Cuts-2 FP Cliques O-cycles Gap-2 Sub-2 CPU-2

lin105_15668 105 15668 78 1.7 15 00:00:04 227 63 1 1 1.6 10 00:00:06
lin318_15668 318 15668 2104 0.31 835 00:01:38 1940 2193 0 0 0.34 20 00:06:16
pr107_15668 107 15668 434 0 7 00:00:04 162 17 9 1 0.63 2 00:00:04
pr76_15668 76 15668 355 7.8 346 00:00:48 197 150 33 1 6.2 30 00:00:11
rat195_15668 195 15668 2852 0.87 530 00:00:47 409 2080 0 0 0.52 84 00:01:21
rat99_15668 99 15668 517 2.2 161 00:00:08 200 140 7 0 0 28 00:00:06
rd100_15668 100 15668 112 0 1 00:00:02 112 1 0 0 0 1 00:00:01
rd400_15668 400 15668 25603 0.59 9468 00:18:54 1847 3563 0 0 0.28 211 01:35:25
st70_15668 70 15668 176 4 22 00:00:05 221 487 25 0 3.2 36 00:00:10
ts225_15668 225 15668 24 1.7 817 00:00:17 159 105 6 0 34 3 00:00:13
u159_15668 159 15668 802 7.4 21 00:00:05 486 299 1 0 5.6 3 00:00:06
u574_15668 574 15668 89430 0.39 19079 01:16:59 9266 8091 0 0 0.43 501 02:00:00
a280_49629 280 49629 1885 0.47 466 00:01:34 1411 1082 0 0 0.29 112 00:02:14
berlin52_49629 52 49629 22335 23 128460 02:00:00 15899 11799 15272 244 23 80867 02:00:00
ch130_49629 130 49629 868 1.4 287 00:00:52 422 472 1 0 1.1 47 00:00:39
eil76_49629 76 49629 588 4 521 00:01:19 722 1142 63 0 3.9 471 00:01:31
kroA100_49629 100 49629 333 3.3 149 00:00:45 400 487 10 0 2.6 89 00:01:07
kroA150_49629 150 49629 608 0.93 428 00:00:54 565 838 4 0 0.32 61 00:01:05
kroA200_49629 200 49629 7692 0.73 3456 00:04:31 2445 2373 0 0 0.48 520 00:07:03
kroB100_49629 100 49629 464 3.2 379 00:01:02 406 1045 15 0 2.9 177 00:01:21
kroB150_49629 150 49629 2238 1 496 00:00:47 713 1085 1 0 0.55 47 00:00:54
kroC100_49629 100 49629 684 2.4 210 00:00:46 353 640 5 0 2.1 111 00:01:02
lin105_49629 105 49629 197 0 11 00:00:09 140 51 1 0 0 3 00:00:09
lin318_49629 318 49629 2309 0.31 1344 00:03:46 1019 3686 0 0 0.16 85 00:07:59
pr107_49629 107 49629 201 0 23 00:00:12 272 24 2 0 0.58 21 00:00:13
pr76_49629 76 49629 747 5.3 1089 00:01:09 277 344 42 0 4.2 249 00:01:02
rat195_49629 195 49629 2463 0.79 1380 00:02:04 616 2936 0 0 0.53 106 00:01:44
rat99_49629 99 49629 671 2.4 179 00:00:24 265 411 8 0 2 78 00:00:33
rd100_49629 100 49629 533 2.1 161 00:00:54 465 1590 4 0 1.8 154 00:01:19
st70_49629 70 49629 2496 10 8273 00:06:53 2405 4318 636 7 10 5327 00:08:42
ts225_49629 225 49629 58 1.4 724 00:00:27 46 38 0 0 0 1 00:00:06
u159_49629 159 49629 720 0.67 26 00:00:11 714 107 0 0 0.67 13 00:00:13
11
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Fig. 5. Number of subproblems in the Branch-and-Cut trees for formulations without
and with valid inequalities.

Fig. 6. Number of generated cut inequalities for formulations without and with valid
inequalities.

Unfortunately, the execution time is more important when sep-
arating valid inequalities. We may here think about improving the
complexities of the current separation routines in the future.

Concerning the families of valid inequalities related to the indepe-
ndent-set structure, we note that clique and odd cycle inequalities were
more difficult to find, mainly for the random instances where we could
not separate any of them (see Table 1). This can be explained by the fact
that randomly generated conflicts may not necessarily induce conflict
graphs with cliques and odd-cycles.

We also remark that the random instances (Table 1) were easier to
solve in this case. First, the number of conflicts is small not exceeding
2000 pairs of conflicts. Moreover, the conflicts are randomly generated,
which means that the conflict graph may be somehow sparse. Instances
where the conflicts are generated based on the coloring-problem con-
flicts are clearly more difficult to solve (see Tables 2 and 3). In fact,
we are dealing with instances having 12458, 15668 and 49629 conflicts,
where it is a bit easier to find cliques and odd cycles. This is due to the
fact that the conflict graphs for these instances are dense.
12
5. Concluding remarks

In this paper, we studied the Disjunctive Two Edge Connected
subgraph Problem (DTECP) that is a variant of the Two Edge Con-
nected Subgraph Problem, a well-studied problem in network design.
In this variant, some pairs of edges are in conflict, which means that
they cannot be considered simultaneously in the final solution. We
proposed an ILP formulation for the DTECP, and identified new classes
of valid inequalities. We studied the associated polytope and discussed
sufficient conditions and necessary conditions for the basic and valid
inequalities to be facet-defining. We also discussed the separation rou-
tines and devise Branch-and-Cut algorithm for the basic formulation,
and the formulation with valid inequalities. Experiments show that the
valid inequalities, though difficult to find for some configurations, have
shown to be effective. They have helped strengthening the linear relax-
ation of the basic formulation for the majority of the tested instances,
and solving them to optimality.

In the future, we aim at more improving the linear relaxation by
adding new classes of valid inequalities, mainly facet-defining ones. In
fact, even if the current formulation with valid inequalities is able to
solve the majority of the instances, the value of the gap in the root is
important for some instances and need to be reduced.
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Appendix. Facet-defining proofs for the clique and odd-cycle in-
equalities

Theorem 12. Inequality (9) defines a facet of DTECP(𝐺) if and only if
𝐾 is maximal in 𝐺𝑐 .

Proof. Necessity: If 𝐾 is not maximal in 𝐺𝑐 , then there is a node
𝑓 ∈ 𝑉𝑐 ⧵ 𝐾 of 𝐺𝑐 such that 𝐾 ′ = 𝐾 ∪ {𝑓} is a clique. Therefore
∑

𝑒∈𝐾′ 𝑥𝑒 =
∑

𝑒∈𝐾 𝑥𝑒+𝑥𝑓 ≤ 1 is valid for DTECP(𝐺). Since this inequality
dominates (9), the latter cannot define a facet.

Sufficiency: Let us denote inequality (9) by 𝑎𝑥 ≤ 𝛼 and let 𝑏𝑥 ≤ 𝛽 be
a facet defining inequality of DTECP(𝐺) such that

{𝑥 ∈ DTECP(𝐺) ∶ 𝑎𝑥 = 𝛼} ⊆ {𝑥 ∈ DTECP(𝐺) ∶ 𝑏𝑥 = 𝛽}.

We will show that there is 𝜌 ∈ R such that 𝑏 = 𝜌𝑎.
First, we show that 𝑏(𝑒) = 𝑏(𝑒′) for all 𝑒, 𝑒′ ∈ 𝐾. Consider the

following sets

𝑇𝑒 = (𝐸 ⧵𝐷) ∪ {𝑒} for 𝑒 ∈ 𝐾.

As 𝐺(𝐸 ⧵ 𝐷) is 3-edge connected, clearly, these sets are solutions of
DTECP(𝐺). Hence 𝑎𝑥𝑇𝑒 = 𝑎𝑥𝑇𝑒′ = 𝛼, 𝑏𝑒 − 𝑏𝑒′ = 𝑏𝑥𝑇𝑒 − 𝑏𝑥𝑇𝑒′ = 0 for all
𝑒, 𝑒′ ∈ 𝐾, which implies that

𝑏𝑒 = 𝑏𝑒′ = 𝜌 for all 𝑒, 𝑒′ ∈ 𝐾,
for some 𝜌 ∈ R. (22)

Now we will show that 𝑏𝑒 = 0 for all 𝑒 ∈ 𝐸 ⧵𝐾.
Let 𝑓 ∈ 𝐷 ⧵𝐾. As 𝐾 is maximal, there should exist 𝑒 ∈ 𝐾 such that

𝑒 and 𝑓 are not in conflict. Consider the set

𝑇 = 𝑇 ∪ {𝑓},
𝑓 𝑒
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where 𝑇𝑒 is introduced above. Trivially 𝑇𝑓 is a solution of DTECP(𝐺)
nd 𝑎𝑥𝑇𝑓 = 𝛼. Hence 𝑏𝑥𝑇𝑓 = 𝛽. As 𝑏𝑥𝑇𝑒 = 𝛼, it follows that 𝑏𝑓 =
𝑥𝑇𝑓 − 𝑏𝑥𝑇𝑒 = 0. Consequently,

𝑓 = 0 for all 𝑓 ∈ 𝐷 ⧵𝐾. (23)

ow we will show that 𝑏𝑔 = 0 for all 𝑔 ∈ 𝐸 ⧵𝐷. Let

𝑔 = 𝑇𝑒 ∪ {𝑔}.

s 𝐺(𝐸 ⧵𝐷) is 3-edge connected, 𝑇𝑔 is a solution of DTECP(𝐺).
As 𝑎𝑥𝑇𝑔 = 𝛼, and hence 𝑏𝑥𝑇𝑔 = 𝛽, we have 𝑏𝑔 = 𝑏𝑥𝑇𝑒 − 𝑏𝑥𝑇𝑔 = 0

ielding

𝑔 = 0 for all 𝑔 ∈ 𝐸 ⧵𝐷. (24)

rom (22)–(24), we obtain that

𝑏𝑒 = 𝜌 for all 𝑒 ∈ 𝐾.
𝑏𝑒 = 0 for all 𝑒 ∈ 𝐸 ⧵𝐷.

(25)

herefore, 𝑏 = 𝜌𝑎, which ends the proof. □

emark 1. Remark that the disjunctive inequalities are inequalities
f type (9). So a disjunctive inequality 𝑥𝑒 + 𝑥𝑓 ≤ 1 defines a facet of
TECP(𝐺) if and only if {𝑒, 𝑓} is not contained in a larger complete
raph of 𝐺𝑐 .

heorem 13. Inequality (10) defines a facet for DTECP(𝐺) if 𝐶 is
hordless, and for every 𝑒 ∈ 𝐷 ⧵ 𝐶, there is a set 𝐶𝑒 ⊂ 𝐶, |𝐶𝑒| = 𝑘−1

2
such that the elements of 𝐶𝑒 ∪ {𝑒} are pairwise not in conflict.

Proof. If 𝐶 contains a chord (𝑒𝑖0 , 𝑒𝑗0 ), (𝑖0 < 𝑗0), then one of cycles
𝐶1 = (𝑒1,… , 𝑒𝑖0 , 𝑒𝑗0 ,… , 𝑒𝑘) and 𝐶2 = (𝑒𝑖0 ,… , 𝑒𝑗0 ), say 𝐶1, is odd. It
is not hard to see that (10) can be obtained as linear combination of
the odd cycle inequality induced by 𝐶1 and the disjunctive inequality
𝑥𝑒𝑖0+𝑙 + 𝑥𝑒𝑗0+𝑙 ≤ 1, 𝑙 = 1,… , 𝑗0 − 2. Hence inequality (10) cannot define
a facet.

Let 𝑎𝑥 ≤ 𝛼 denote inequality (10) and let 𝑏𝑥 ≤ 𝛽 be a facet defining
inequality of DTECP(𝐺) such that

{𝑥 ∈ DTECP(𝐺) ∶ 𝑎𝑥 = 𝛼} ⊆ {𝑥 ∈ DTECP(𝐺) ∶ 𝑏𝑥 = 𝛽}.

We will show that is 𝜌 such that 𝑏 = 𝜌𝑎.
First we show that 𝑏𝑒 = 𝑏𝑒′ for all 𝑒, 𝑒′ ∈ 𝐶.
Consider the edge set

𝑇𝑖 = {𝑒𝑖, 𝑒𝑖+2,… , 𝑒𝑖+𝑘−3} ∪ (𝐸 ⧵𝐷), for 𝑖 = 1, 2,… , 𝑘 (mod 𝑘).

Since 𝐶 is chordless, and hence 𝑒𝑖, 𝑒𝑖+2,… , 𝑒𝑖+𝑘−3 (mod 𝑘) are pairwise
non adjacent in 𝐺𝑐 . 𝑒𝑖, 𝑒𝑖+2,… , 𝑒𝑖+𝑘−3 (mod 𝑘) are pairwise not in con-
flict. As 𝐸 ⧵ 𝐷 induces a 3-edge connected graph, the sets 𝑇𝑖, 𝑖 =
1, 2,… , 𝑘 (mod 𝑘) are solutions of DTECP(𝐺).

Moreover as 𝑎𝑥𝑇𝑖 = 𝛼, it follows that 𝑏𝑥𝑇𝑖 = 𝛽 for 𝑖 = 1,… , 𝑘 (mod 𝑘).
Let 𝐴 be the 𝑘 × 𝑘 matrix given by the restrictions of the incidence

vectors 𝑥𝑇1 ,… , 𝑥𝑇𝑘 on the edges of 𝐶, 𝑒1,… , 𝑒𝑘.
As 𝑘 is odd, 𝐴 is a cyclic matrix of the following form.

𝐴 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

1 0 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ 1
⋮ 1 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋮
⋮ ⋮ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ 1
1 ⋮ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ 0
0 1 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋮
⋮ 0 ⋱ ⋮
⋮ ⋮ ⋱ ⋮
⋮ ⋮ ⋱ ⋮
⋮ ⋮ ⋱ ⋮
⋮ ⋮ ⋱ ⋮
⋮ ⋮ ⋱ 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

13

⎝0 0 1⎠
Moreover, 𝑏𝑒1 ,… , 𝑏𝑒𝑘 is a solution of the system

𝐴𝑇 𝑏̃ = 𝛽 = 𝛽 −
∑

𝑒∈𝐸⧵𝐷
𝑏𝑒

where 𝑏̃ = (𝑏𝑒1 ,… , 𝑏𝑒𝑘 ).
As 𝐴 is nonsingular, the system above has a unique solution given

by

𝑏𝑒𝑖 =
2𝛽′

𝑘 − 1
for 𝑖 = 1,… , 𝑘.

Hence

𝑏𝑒 = 𝜌 for all 𝑒 ∈ 𝐶,
for some 𝜌 ∈ R. (26)

Next we will show that 𝑏𝑒 = 0 for all 𝑒 ∈ 𝐶.
Let 𝑒 ∈ 𝐷 ⧵ 𝐶. By assumption, there should exist a set 𝐶𝑒 ⊂ 𝐶 such

that the elements of 𝐶𝑒 ⧵ {𝑒} are pairwise not in conflict. Set 𝐶𝑒 should
be one, say 𝑇1, of the sets 𝑇1,… , 𝑇𝑘 introduced above. Let 𝑇̃1 = 𝑇 ∪{𝑒}.
As 𝑎𝑥𝑇̃1 = 𝛼, and hence 𝑏𝑥𝑇̃ = 𝛽, it follows that 𝑏𝑒 = 0. Consequently

𝑏𝑒 = 0 for all 𝑒 ∈ 𝐷 ⧵ 𝐶. (27)

Now, as in the proof of the previous theorem, we can show that 𝑏𝑒 = 0
for all 𝑒 ∈ 𝐸 ⧵𝐷. This, together with (26) and (27) yields

𝑏𝑒 = 𝜌 for all 𝑒 ∈ 𝐶.
𝑏𝑒 = 0 for all 𝑒 ∈ 𝐸 ⧵ 𝐶.

(28)

herefore, 𝑏 = 𝜌𝑎 and the proof is complete. □
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