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Abstract

Given a graph G = V, E)) with nonnegative weights x(e) for each edge e, a partition in-
equality is of the form z(6(V4,...,V,)) > ap + b. Here 6(V4,...,V,) denotes the multicut
defined by (V4,...,V,) of V. Partition inequalities arise as valid inequalities for optimization
problems related to k-connectivity. In this paper, we will show that, if G decomposes into
G1,...,G, by 1and 2-node cutsets, then the separation problem for the partition inequalities
on G can be solved by mean of a polynomial time combinatorial algorithm provided that such
an algorithm exists for Gy,. .., G, where G4, ..., G, are graphs related to G4, ...,G,. We

will also discuss some applications.
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1 Introduction

Given a graph G = (V, E), a subset of nodes S whose cardinality is k, ¥ > 1 is called a
k-node cutset if the removal of S increases the numbers of connected components in G. If
7= (Vi,...,Vp), p > 2is apartition of V', we will denote by §(V1, ..., V}) the set of edges
with endnodes in different sets of the partition. We will also write §(x) for §(V4, ..., Vp). For
T C E, we will use z(T') to denote ) z(e). Given a and b, an inequality of the form

z(0(Vh,...,Vp)) > ap+b, 1)

is called a partition inequality. Partition inequalities arise as valid inequalities for network
design and k-connectivity problems.

Given a vector z, the separation problem for inequalities (1) is to find an inequality of type
(1) violated by z, if there is any. In [Baiou et al. (2000)], Baiou et al. show that the separation
problem for inequalities (1) reduces to the minimization of a submodular function, and thus it
is solvable in polynomial time.



In this paper, we consider the separation problem for inequalities (1) in the graphs that de-
compose by 1 and 2-node cutsets. We will show that the problem can be solved by mean
of a polynomial combinatorial algorithm if such an algorithm exists for graphs related to the
pieces.

If a < 0, the separation problem for inequalities (1), reduces to a minimum cut problem.
Indeed, if a partition (V1, ..., V},) with p > 2 induces a violated inequality, then any partition
obtained by collapsing two elements also induces a violated inequality. So in the sequel we
will suppose a > 0. In [Cunningham (1985)], Cunningham shows that if b < —a, the separa-
tion problem can be reduced to |E| minimum cut problems. In [Barahona (1992)], Barahona
proposes a reduction of the problem in this case to |V'| minimum cut problems. In this paper,
we then consider the case b > —a.

If between two given nodes there are multiple edges ey, - . ., e; then by replacing the edges
by only one edge and associated to this edge the sum of the weights of eq, ..., e;, then the
separation problem for inequalities (1) in G is equivalent to the separation problem in the new
graph. For this we will consider in the paper graphs without multiple edges.

Let G = (V, E) be agraph. Givenapartitionw = (V1,...,V},) of V, we let G denote the
graph obtained from G by contracting the elements V;, ¢ = 1,...,p. We denote by V3,...,V},
the nodes of G;. A partition mq of V' is said to be a most violated partition if for all violated
partition 7 of V' we have

apo — z(8(mo)) > ap — z(8()),

where pg and p are the number of elements of 7y and 7, respectively.
Given two sets V1, Vo C V with V1 NV, = 0, we let [V4, V2] denote the set of edges between
V1 and V2.

2 Decomposition and separation

In this section we give some properties of the violated partitions. We first give a basic lemma.

Lenmal Let # = (V4,...,V},) be a most violated partition. Suppose that V; is a node
cutset in G. Suppose that Vs,...,V,, 2 < r < p, are such that there is no edge link-
ing a node V; to a node V; where¢ € {1,...,r} andj € {r +1,...,p}. Letm =
(Vi (@] (Ufzr—i-l‘/i)’vé?' ..,VT) and my = (Vi U (UzT:lV;'),V;«+1,. ,V},) Then 7; and
are violated.

Proof. Note that » and p — r + 1 are the cardinalities of 7r; and 2. Suppose first that both
partitions 71 and 7o are not violated. Hence z(6(m1)) > ar+band z(6(m2)) > a(p—r+1)+b.
By summing these inequalities, we obtain z(6(m)) > a(r+p—7r+1)+2b=a(p+1) + 2b.
Since  is violated, it follows that ap + b > a(p + 1) + 2b. Hence a < —b, a contradiction.

Now suppose that exactly one of the partitions, say 1, is violated. Thus z(é(m2)) > a(p—7+
1)+b. Since 7 is a most violated partition, we also have z(6(m1)) —ar —b > z(5(w)) —ap—b.
By summing these two latter inequalities and making some simplifications, we obtain a < —b,
yielding again a contradiction. O

Lemma2 Ifr = (V4,...,V},) isamost violated partitions of G, then G(V;) is connected for
1=1,...,p.

Proof. Suppose, for instance, that G(V1) is not connected and let (Vi!, V;?) be a partition of
Vi such that [V, V2] = 0. Let«' = (V{, ..., V,,) be the partition given by

V) =V{  fori=1,2,
V!=Vi.1 fori=3,...,p+1.

Note that (') = §(w). Moreover,a(p + 1) + b — z(6(n")) > ap + b — z(6(x)), which
contradicts the fact that 7 is a most violated partitions. d

Lemma3 Let G = (V,E) be a graph. Suppose that G contains a node cutset vo. Let
G = (U]_,El) andGa = (U2,E2) besuchthat Uy NU5 = {’Uo}, UuUy; =V,EiUEy, = FE
and E; N B, = (. If thereis a violated partition in G, then at least one of the graphs G; and
G contains a violated partition.



Proof. Let 7 = (V4,...,V,) be a most violated partitions in G. By Lemma 2, G(V;) is
connected fori = 1,...,p. W.l.o.g we may suppose that vy € V3. Then fori = 2,...,p,
Vi is contained either in U; or in U,. Suppose that there are two elements among Vs, ..., V,
such that one is in U; and the other in U,. Then we may suppose that Vs,...,V, C U3
and Vy41,...,V, C Uy, forsome 2 < r < p. As V; is a node cutset in the graph G, by
Lemma 1, the partition obtained from 7 by collapsing Vi, Va,..., V., (V1,Vrg1,...,V}) is
violated. This implies that the partitions ((V1\Uz) U {wo}, V5, ..., V;) of Gy and ((V1\U1) U
{vo},Vrt1,...,V,) Of G2 are violated.

Now suppose that all the elements V5, ..., V}, are, for instance, in U;. This means that Us C
V1. Consider the partition m; = ((Vi\Uz2)U{wo}, Va,...,V,) of G1. Asz(d(m)) = z(6(m1))
and r is violated, 7 is violated. O

3 2-node cutsets

Consider a graph G = (V, E) that decomposes into G; = (Ui, E1) and Gy = (Us, E») by
a 2-node cutset {vy,v2}, such that Uy N Uz = {v1,v2}, U1 UU; =V, By U Es = E and
EiNE> =0. Let Gy = (U7, E}) be the graph obtained from G by contracting v; and vs.
Let u be the node that arises from the contraction. The following is easily seen to be true.

Lemmad4 Let (Si,...,Sk) be a partition of U] and suppose that v € S;. Let S =
(S1\{u})UUs. If (S1,...,Sk) isviolated, then (S1, S2, . .., Sk) isaviolated partitionin G.

In what follows, we suppose that there is no violated partition in G{. We will show that,
in this case, determining a violated partition in G if there is any, reduces to determining a
violated partition in the graph obtained from G5 by adding an edge between v and vs.
Let G4 = (Us, E) be the graph obtained from G2 by adding an edge eq between vy and vs.
Consider the problem

minimize  {z(6(Sy,...,Sk)) — ak}. )
where (S, ..., Sk) is a partition of U;. We will denote by 75 = (S5, .. .,S;;) an optimal

solution of (2). Let o = x(8(S%,...,S5%)) — a(pt — 2) and =}, € IRP> be defined as

7 pi‘

o ife=¢gp.

wh(e) = { z(e) ife € Es,

We have the following lemmas.

Lemma5 If m = (V4,...,V},) isamost violated partitions of G, then z([V;, V;]) < a for
i,j=1,...,pi#j.

Proof. Suppose, for instance, that z([V1, V2]) > a. Letn’ = (V/,...,V,_;) be the partition
given by

Vi=ViuWg,
V! = Viq, fori=2,...,p—1.
We have
a(p—1) +b—2(5(x")) = alp — 1) + b — &(3(r)) + =([Vh, Va))
>alp—1)+b—2z(6(m) +a
=ap+b— z(6(n)),
contradicting the fact that 7 is a most violated partition. O

Lemma 6 If there exists a violated partition in G with at least three elements, then there
exists a violated partition in G, with respect to z.

Proof. Let 7 = (V4,...,V,) be a most violated partitions in G with p > 3. Let us consider
first the case where v, and v» are in the same element of 7, say V7. As G} does not contain
violated partition, at least one of the elements of 7 intersect U,. Since 7 is a most violated



partition and hence by Lemma 2, G(V;) is connected for i = 1,...,p, it follows that for
i =2,...,p eitherV; C U; or V; C U,. Hence, we may suppose that Va, ..., V,, for some
2 < g < p, are the elements of 7 in U,. We claim that p = q. In fact, if not then V; would be a
node cutset in G, and by Lemma 1, it follows that the partition (U7_, Vi, V41, ..., V,) of Gy
is violated. As vq, vy € V4, this implies that G| contains a violated partition. A contradiction.
Consequently ¢ = p, thatis Uy C V4. Letm = (V{,Va,...,V;) where V{ = V; N U,. Note
that 75 is a partition of G%. Since this partition has the same number of elements and same
weight as 7, we have that 75 is violated.

Now suppose that the nodes v and v, are in two different elements. Assume for instance
thatv, € V; and vy € Va. Let Vs, ...,V be the elements of 7 in Gy and V44, ...,V those

in Go. Consider the partition o = (V{, V3, ..., V), with p» = p — q + 2, of U, given by

Vi = (Vi\Ur) U {w1},
Vo = (V2\U1) U {2},
V! = Vyqioo, fori=3,...,pa.

We have
25 (0(m2)) = x(6(m)) — z(8(Va, Va, ..., Vy)) + @3(eo)
<ap+b—z(6(V1,V2,...,Vy)) + z((n7)) — a(pi — 2)
= a(ps +q - 2) +b— 2(0(Vi, Vi, ., V) +2(6(r])) — a(pi - 2).

Since rj is the partition of G; which minimizes (2), we have ag — z(6(V1,V2,...,V,)) <
apt — z(6(w})). Thus

5(8(m2)) < a(p2 —2) + b+ (ap] — 2(8(w7))) + 2(8(x7)) — a(p} — 2)

=aps + b.
Therefore, the partition inequality associated with 75 is violated with respect to z. d
Lemma7 If m, = (V/,...,V,,) isamost violated partitionsin G and e € 6(m5), then 7}

isviolated. Moreover there are two different elements of 7 such that v; belongsto one of the
elements and v, to the other.

Proof. Suppose that 7§ is not violated. Then
z(d(m7)) > api +b ®)

Since 7} is violated in G, by Lemma 5, it follows that a > x5 (eo) = z(d(n})) — a(pt — 2).
Thus z(é(nF)) < a(pf — 1). By summing this inequality and (3), we obtain b < —a, a con-
tradiction.

So 7} is violated. Moreover as G does not contain violated partition, we have that v; and v,
are in different elements. O

By Lemmas 6 and 7, there exists a violated partition in G if and only if there exists a
violated partition in G, with respect to z5,.

The following lemma is easy to prove.

Lemma8 Let m, = (V{,...,V,,) be a violated partition in G5 with respect to z5. Sup-
pose that v; and v, are in the same element of 7}, say V{. Then the partition 7 = (V] U
U1, V,...,V,,) isaviolated partitionin G.

Now suppose that G, contains a violated partition, and let 75 = (V,...,V],,) be a most
violated one. Suppose that eq € d(w5) and let us assume, for instance, that eq is between v
and V4. Then by Lemma 7, 7§ is violated and v; and vy belong to different elements of #7,
say S} and Sj, respectively. Let m = (V4,...,V,) with p = p} + p» — 2, be the partition of
G such that



Vi =V USE,

Vo =V US;,
V; = S?, fori=3,...,p},
Vi=V/ ., fori =pf +3,...,pf + p2.

Lemma9 =« isamost violated partitionin G.
Proof. We first show that 7 is violated. Note that z(8(w)) = z(6(n})) + z(6(r5)). We have
ap — z(8(m)) = a(p} + p2 — 2) — x(d(n})) — z(6(m3))
=apy — 0 — (0(m3))
= ap, — 25(3(m3)).
Since my is violated, 7 is so.
Let# = (V1,...,V};) be a partition of G. Let 7; and @ be the restrictions of 7+ on G; and
G, respectively. Let p; and p, be the number of elements of 7; and 7, respectively.We will
discuss three cases. .
CaselThereisi € {1,...,p} such that U; C V;. Thus
ap — z(6(%)) = ap — z(5(#2))
< ap2 — z(d(m3))
= ap — z(d(n)).
The second inequality comes from the fact that 75 is a most violated partition in G5,
Case2Thereisnoi € {1,...,p} suchthat U; C V; and v; and v, are in the same element
of #. As G} does not contain a violated partition, it follows that z(6(71)) > ap; + b. This
implies that
ap — z(6(7)) = a(py + P2 — 1) — x(6(71)) — 2 (6(#2))
<a(pr +p2 — 1) —ap1 — b—z(5(72))
=apy —a—b—x(6(72))
< apz — z(0(72))
=ap — z(6(n)).
The third inequality comes from the fact that —b < a.
Case 3 v; and vq are in two different elements. We have
ap — z(8(7)) = a(p1 + P2 — 2) — x(8(71)) — x(6(72))
< a(py + P2 — 2) — 2(8(77)) — z(6(%2))
= aﬁ2 — 0 — .CL'((S(fl’Q))
As 7 is the most violated partition in G4, it follows that

ap — z(8(%)) < apx — x(5(m))

= ap — z(d(m))
In all cases, we obtain that ap — z(6(7)) < ap — z(d(w)), that is to say « is more violated
than 7. As 7 is an arbitrary partition, this implies that 7 is a most violated one. O

By Lemma 9, if we know a most violated partition in G, with respect to x4, such that
vy and v, belong to different sets of the partition, then we can extend this partition to a most
violated one in G.

4 A polynomial combinatorial algorithm

The previous lemmas lead to a technic for separating the partition inequalities in the graphs
that decompose by 1 and 2-node cutsets. If G has a node cutset and G decomposes into H; and
H, then by Lemma 3, looking for a violated partition in G reduces to looking for a violated
partition in each of the graphs H; and H,. We may thus suppose that G decomposes only
by 2-node cutsets. For separating the inequalities in G, we recursively apply the procedure
below.



If G has a 2-node cutset v1, v2 and G decomposes into G and G, then apply the following.

Solve the separation problem for inequalities (1) in G .

If a violated partition is found, then extend the found partition to a violated partition
in G according to Lemma 4 and stop.

If not, then
solve problem (2) for G;.
Consider the graph G, obtained from G- by adding an edge eq between v; and v,
and the weight vector zf,.
Solve the separation problem in G, with respect to =}, and extend the found violated
partition, if there is any, to a violated partition in G according to either Lemma 9 or
Lemma 8 depending on whether e belongs to the partition or not.

If G decomposes into Gy, .. ., G, by 1 and 2-node cutset and G, . . ., G, are the graphs ob-
tained from G4, - . ., G, by adding an edge between every pair of nodes consisting of a 2-node
cutset, the above procedure yields a polynomial time combinatorial algorithm for separating
inequalities (1) in G, if such an algorithm exists for G, . .., G,. Moreover by Lemma 9, the
algorithm may give a most violated inequality.

5 Applications

A graph G = (V, E) is called k-edge connected (where & is a positive integer), if between
any pair of nodes i, j € V, there are at least & edge-disjoint paths.

Given a weight function ¢ : E — IR, the k-connected spanning subgraph problem (kECSP)
is to find a k-edge connected subgraph H = (V, F') of G, spanning all the nodes in V' such
that 3, . - w(e) is minimum.

A homeomorph of K4 (the complete graph on 4 nodes) is a graph obtained from K4 where
its edges are subdivised into paths by inserting new nodes of degree two. A graph is called
series-parallel if it does not contain a homeomorph of K, as a subgraph. In [Didi Biha and
Mahjoub (1996)], Didi Biha and Mahjoub show that the following inequalities are valid for
the polytope associated with the kECSP when £ is odd.

z(6(V1,...,Vp)) > [g-‘ p — 1, forall partition w = (V4,...,V}) 4)
such that G . is series-parallel

These inequalities are called SP-partition inequalities. Series-parallel graphs decomposable
by node and 2-node cutsets into graphs consisting of paths. Since the separation problem for
inequality (4) can be easily solved into these graphs, we have that this problem can be solved
in polynomial time using a combinatorial algorithm in series-parallel graphs.

Graphs with no W, (the wheel on 5 nodes) as a minor decompose by 1 and 2-node cutsets.
Each piece is either an edge or a diamant (the graph K4 — e) [Halin (1981)]. It is clear that the
separation problem of (1) can be solved in polynomial time (by enumeration) in the pieces.
Then the problem can be solved using a polynomial combinatorial algorithm on the Wy-free
graphs.
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