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D $!-$ &/!6'7)+ 18!&$%)%0*$%!" #!)6%"*$!%/+ &+-$ E$/+ *00!#%2 -" &/!6'7)+ 1+ 12#%<

0%!"3 F!-$ &/!6'7)+ 18!&$%)%0*$%!" #!)6%"*$!%/+ 1!"$ '+ &/!6'7)+ 1+ 12#%0%!" *00!#%2

+0$ 4:<#!)&'+$ +0$ 1%$  !"*+,#+'(3

 !" #$%&'()* +' $, )-%./0' +'* 1.$23+/'*

G*"0 #+$$+ 0+#$%!". "!-0 %"$/!1-%0!"0 ,-+',-+0 12?"%$%!"0 +$ &/!&/%2$20 1+ '* $H2!/%+

1+0 &!'(71/+03 :!-/ &'-0 1+ 12$*%'0. !" &+-$ 0+ /2 2/+/ 9 :-''+(6'*"#> @IJC +$ K#H/%LM+/

@IIC3

K!%$ x ∈ R
n
3 N" 1%$ ,-+ x +0$ -"+ #$%-+./+0$. '+.1/+2( 1+0 &!%"$0 x1, ..., xk ∈ R

n
08%'

+;%0$+ k 0#*'*%/+0 λ1, λ2, ..., λk ∈ R $+'0 ,-+ x =
∑k

i=1 λixi3 K%. 1+ &'-0.

∑k
i=1 λi = 1 *'!/0

!" 1%$ ,-+ x +0$ -"+ #$%-+./+0$. /,.( 1+ #+0 &!%"$03 G+ )E)+. 0% λi ≥ 0 ∀ i ∈ {0, ..., k}

*M+#

∑k
i=1 λi = 1. *'!/0 !" 1%$ ,-+ x +0$ -"+ #$%-+./+0$. #$.3(4( 1+ #+0 &!%"$03

G+0 &!%"$0 x1, ..., xk ∈ R 0!"$ 1%$0 '+.1/+2(%(.) +.*1&(.*/.)0 O/+0&3 /,.(%(.) +.*1"

&(.*/.)0P 0% '+ 0(0$7)+

k∑

i=1

λixi = 0

O/+0&3

k∑

i=1

λixi = 0 +$

k∑

i=1

λi = 0P

*1)+$ -"+ 0!'-$%!" -"%,-+. λi = 0, ∀ i = 1, ..., k3

K!%$ S -" +"0+)6'+ "!" M%1+ 1+ &!%"$0 1+ R
n
3 Q8(.3('$&&( #$.3(4( 1+0 &!%"$0 1+ S.

"!$2+ #$.35S6. +0$ '8+"0+)6'+ 1+0 &!%"$0 1+ R
n

,-% &+-M+"$ 082#/%/+ #!))+ #!)6%"*%0!"

#!"M+;+ 1+ &!%"$0 1+ S3

5" &$'78*2( P +0$ -" +"0+)6'+ 1+ &!%"$0 1+ R
n

+"R+"1/2 &*/ '8%"$+/0+#$%!" 18-"

"!)6/+ ?"% 1+ 1+)%<+0&*#+0 1+ R
n
3 G8-"+ )*"%7/+ 2,-%M*'+"$+. P +0$ '8+"0+)6'+ 1+0

0!'-$%!"0 18-" 0(0$7)+ 18%"2R*'%$20 '%"2*%/+0. #8+0$<9<1%/+ P = {x ∈ R
n |Ax ≤ b}. !S

A +0$ -"+ )*$/%#+ 9 m '%R"+0 +$ n #!'!""+0. +$ b -" M+#$+-/ 1+ m #!)&!0*"$+03 4!-0

&!-M!"0 *'!/0 1%/+ ,-+ '+ 0(0$7)+ Ax ≤ b #*/*#$2/%0+ '+ &!'(71/+ P 3



 !"#$"%& '()*$+$%,$(-&

 !  !"#$! % "#$ %! &'()*+," -',!./ 01!#12 %! &'()*+," P ⊆ R
n
"#$ %! &'()$'&" #1

"$ #"%("3"!$ #41( "51#$" l, u ∈ R
n
$"(# 6%" l ≤ x ≤ u, &'%, $'%$ x ∈ P / 78, "5"3&("2

(4"!9"('&&" :'!9"5" +4%! !'3-," ;!1 +" &'1!$# "#$ %! &'()$'&"/

 ! &'()*+," P +" R
n
"#$ +" &'(%)*'!) +2 !'$." &'(+P ,2 #1 (" !'3-," 38513%3

+" &'1!$# +" P 8<!"3"!$ 1!+.&"!+8!$# "#$ .=8( > d + 1/  ! &'()*+," "#$ +"  "%')%

&'(%)*'!) #1 &'(+P ,= n/

 ! &'1!$ x ∈ R
n
"#$ %!  !')$ %-$./(% +4%! &'()*+," P #41( !" &"%$ #4.:,1," :'33"

:'3-1!81#'! :'!9"5" +48%$,"# &'1!$# +" P /

 !" 1!.=8(1$. ?'% 0!)$.1')$%@ aTx ≤ α2 'A a "#$ %! 9":$"%, > n :'3&'#8!$"# "$ α

%! #:8(81,"2 "#$ +1$" 21"'&% &'%, %! &'()*+," P #1 "((" "#$ 9.,1;." &8, $'%# ("# &'1!$#

+" P 2 #'1$ P ⊆ {x ∈ R
n | aTx ≤ α}/ B$8!$ +'!!. %! &'1!$ x∗ ∈ P 2 !'%# +1,'!# 6%"

(41!.=8(1$. aTx ≤ α "#$ *%..3% ?,"#&/ "405%@ &'%, x∗ #1 aTx∗ = α ?,"#&/ aTx∗ < α@/ C'1$

aTx ≤ α %!" :'!$,81!$" 98(1+" &'%, (" &'()*+," P / 0(',# (" #'%#D"!#"3-(" F ⊆ P +.;!1

&8, F = {x ∈ P | aTx = α} "#$ %!" 610% +" P / E! +1$ 8(',# 6%" (8 F8:" F "#$ +.;!1"

?'% 1!+%1$"@ &8, (8 :'!$,81!$" aTx ≤ α/ C12 +" &(%#2 F 6= ∅ "$ F 6= P 8(',# F "#$ %!"

610%  .! .%/ C1 F "#$ &,'&," "$ 6%" dim(F ) = dim(P )− 12 8(',# F "#$ %!" 610%$$%/

 !" 1!.=8(1$. "#$ +1$" %**%)$'%""% &'%, %! &'()*+," P #1 "((" 1!+%1$ %!" F8:"$$" &'%,

P /  !" 1!.=8(1$. "#$ +1$" .%&!)&1)$% +8!# %! #)#$*3" Ax ≤ b +.;!1##8!$ %! &'()*+,"

P 2 #1 (" #'%#D#)#$*3" '-$"!% > &8,$1, +" Ax ≤ b "! #%&&,138!$ :"$$" 1!.=8(1$. +.;!1$

(" 3G3" &'()*+," P /

 !" #$$%&'() $&*+,-%.*)/ 0,1(&-) -) '&2$)3 )1 4%.56

'()0)513

C'1"!$ P %! &,'-(*3" +4'&$131#8$1'! :'3-1!8$'1," "$ S (4"!#"3-(" +" #"# #'(%$1'!#/

H" &,'-(*3" P #4.:,1$ 8(',#

min {cx | x ∈ S}

'A c "#$ %! 9":$"%, :'I$ 8##':1. 8%5 98,18-("# +% &,'-(*3"/ J'!#1+.,'!# (4"!9"('&&"

:'!9"5" conv(S) +"# #'(%$1'!# +" P / H" &,'-(*3" P "#$ .6%198("!$ 8% &,'=,833"

(1!.81,"

min {cx | x ∈ conv(S)}

H41  .!05%  !"#3&.1"%2 1!$,'+%1$" &8, K+3'!+# LMNO +8!# (" :8+," +% &,'-(*3" +"

:'%&(8="#2 :'!#1#$" > +.:,1," (" &'()*+," conv(S) &8, %! #)#$*3" +41!.=8(1$.# (1!.81,"#2



 !" #$$%&'() $&*+,-%.*)/ 0,1(&-) -) '&2$)3 )1 4%.5'()0)513 6

 !"#$!$% !&$'& (# ) *+(,"# P - (!  .'*(/%&*$ 01/$ ) *2 !""# (&$.!& #3 4#5& )# "#% 0*$5

0#  .'*/0 # (# ) *+(,"# P #$ /%&(&'!$% (#' !(2* &%6"#' 0# (! ) *2 !""!%&*$ (&$.!& #

789: ;;: ;<=3 >!))#(*$' ?/# (!  .'*(/%&*$ 01/$ ) *2 !""# (&$.!& # )#/% @% # #A#5%/.#

#$ %#")' )*(B$*"&!( 7;;: ;<=3

C$# 0#'5 &)%&*$ 5*")(,%# 0/ )*(B,0 # )#/% 5#)#$0!$% 5*")* %# /$ $*"+ # #D)*E

$#$%&#( 01&$.2!(&%.'3 F# ) *+(,"# 01*)%&"&'!%&*$ '/ (# )*(B%*)# conv(S) $# )#/% 0*$5

@% #  .'*(/ 5*""# /$ ) *2 !""# (&$.!& # !B!$% #D)(&5&%#"#$% %*/%#' '#' 5*$% !&$%#'3

4#)#$0!$%: /$ $*"+ #  .0/&% 0# 5#' &$.2!(&%.' )#/% @% # '/G'!$% )*/  .'*/0 # (#

) *+(,"# - (1!&0# 01/$#  !"#$%& %& '$()&*3 4#%%# ".%6*0# '1!))/&# '/ (# ) *+(,"#

'/&H!$%: !))#(. )+$,-. & %& *!)/+/"0$13

 !"#$%&' I*&% C /$# 5(!''# 01&$.2!(&%.' H!(&0#' )*/ conv(S)3 F# ) *+(,"# 0# '.)!E

 !%&*$ !''*5&. - C 5*$'&'%#: .%!$% 0*$$. /$ )*&$% x ∈ R
n
: - 0.5&0# '& x '!%&'J!&% %*/%#'

(#' &$.2!(&%.' 0# C #% '&$*$: - % */H# /$# &$.2!(&%. 0# C H&*(.# )! x3

F# ) *+(,"# 0# '.)! !%&*$ #'% /$ 0#' )*&$%' #''#$%&#(' 0# (1!)) *56# )*(B.0 !(#3 K$

#A#%: L M%'56#(: F*'H-'N #% I56 &OH# 7P9= *$% "*$% . ?/1/$ ) *+(,"# 01*)%&"&'!%&*$

5*"+&$!%*& # '/ /$ #$'#"+(# 0# 5*$% !&$%#' C )#/% @% #  .'*(/ #$ %#")' )*(B$*"&!( '&

#% '#/(#"#$% '& (# ) *+(,"# 0# '.)! !%&*$ !''*5&. - C )#/% @% #  .'*(/ #$ %#")' )*(BE

$*"&!(3 Q&$'&: /$# ".%6*0# 0# 5*/)#' )# "#% 0#  .'*/0 # /$ ) *+(,"# 01*)%&"&'!%&*$

5*"+&$!%*& # #$ %#")' )*(B$*"&!( '& (1*$ '!&%  .'*/0 # #$ %#")' )*(B$*"&!( (# ) *E

+(,"# 0# '.)! !%&*$ )*/ /$ 'B'%,"# 01&$.2!(&%.' 5! !5%. &'!$% (# )*(B,0 # !''*5&.3 K$

#A#%: (! ".%6*0# 0# 5*/)#' )# "#% 0#  .'*/0 # /$ ) *+(,"# P 5*""# /$# '.?/#$5# 0#

) *2 !""#' (&$.!& #': 56!5/$ 5*$%#$!$% /$ $*"+ #  !&'*$$!+(# 0# 5*$% !&$%#'3 R*/ 

5#(!: (! ".%6*0# 5*""#$5# )!  .'*/0 # /$ ) *2 !""# (&$.!& # 5*$%#$!$% /$ '*/'E

#$'#"+(# 0# 5*$% !&$%#' 0# conv(S)3 S*%*$' )! x∗ (! '*(/%&*$ *)%&"!(# *+%#$/#3 K$

!))(&?/!$% (#' ) *+(,"#' 0# '.)! !%&*$ !''*5&.' !/D 0&A. #$%#' 5(!''#' 01&$.2!(&%.' 0.TE

$&''!$% conv(S): &( #'% )*''&+(# 0# '!H*& '& x∗ H. &T# %*/%#' (#' 5*$% !&$%#' 0# conv(S):

02&2: '& x∗ ∈ conv(S)3 I& %#( #'% (# 5!': !(* ' x∗ #'% (! '*(/%&*$ 0/ ) *+(,"#3 Q/% #"#$%:

(#' 5*$% !&$%#' H&*(.#' )! x∗ 2.$. .#' (* ' 0# (1!))(&5!%&*$ 0#' ) *+(,"#' 0# '.)! !%&*$

'*$% !O*/%.#' !/ ) *2 !""# (&$.!& #3 4# ) *5#''/' 0#  .'*(/%&*$ #'%  .).%. O/'?/1- 5#

?/# (! '*(/%&*$ *)%&"!(# !))! %&#$$# - conv(S)3

4#)#$0!$%: &( #'% 2.$. !(#"#$% 0&G5&(# 01*+%#$& (! 5! !5%. &'!%&*$ 5*")(,%# )*/ (#'

) *+(,"#' SRE0&G5&(#'3 U# )(/': (# ) *+(,"# 0# '.)! !%&*$ !''*5&. - 5# %!&$#' 5(!''#'

01&$.2!(&%.' )#/% (/&E"@"# @% # SRE0&G5&(#3 V$ $# )#/% 0!$' 5# 5!' *+%#$& ?/# 0#'

%#56$&?/#' 0# '.)! !%&*$ !)) *56.#'3 Q&$'&: /$# ".%6*0# 0# 5*/)#' '#/(# )#/% $# J*/ E

$& ?/# 0#' '*(/%&*$' $*$  .!(&'!+(#' WJ !5%&*$$!& #'X3 U!$' 5# 5!': *$ #D.5/%# /$# .%!)#

0# + !$56#"#$% ?/& 5*$'&'%# - 0&H&'# (# ) *+(,"# #$ )(/'&#/ ' '*/'E) *+(,"#' %#( ?/#



 !"#$"%& '()*$+$%,$(-&

 !"#$"%& " '"$ $( )*+(#$ ,-. +$.& "$ '"$ $()$/0,(& 1%"$ 2(,%" )# ,"3()4,"%"#* 5+'-. "/

%"#* )#" 0.,*+*+(#6 '"$ $( )*+(#$ ') 0,(& 1%"7 8" &,.#39"%"#* 0")*: 0., ";"%0 ": $"

2.+," "# 39(+$+$$.#* )#" 4.,+.& " 2,.3*+(##.+," xi "* < 3(#$+'-,", 0 )$+"),$ 5.)*.#* =)"

 " #(%&," '" 4. "),$ 0($$+& "$ 0(), xi6 $()$/0,(& 1%"$ ') 0,(& 1%" 3(),.#* "# >;.#*

'.#$ 39.3)# xi < )#" '" $"$ 4. "),$ 0",%+$"$7 ?# .00 +=)" . (,$  . %-*9('" '" 3()0"$

0(), 39.3)# '"$ $()$/0,(& 1%"$7 8" 0,(3"$$)$ 3(#*+#)" @)$=)!<  !(&*"#*+(# '!)#" $(/

 )*+(# (0*+%. "7 8"**" 3(%&+#.+$(# '"  . %-*9('" '" &,.#39"%"#* "* '!)#" %-*9('"

'" 3()0"$ .) #+4".) '" 39.=)" #A)' '"  !.,&," "$* .00" -"  !"#$%&' %& ($)*&' &"

+,-.(#& &."'7

8"**" .00,(39" "$*  .,B"%"#* )*+ +$-" 0(),  "$ 0,(& 1%"$ '!(0*+%+$.*+(# 3(%&+#.*(+,"7

 !" #$%&%'$() *% +,-('%'$()

C()$ '(##(#$ '.#$ 3"**" $"3*+(# 3",*.+#"$ '->#+*+(#$ "* #(*+(#$ 0,- +%+#.+,"$ '"  .

*9-(,+" '"$ B,.09"$7

D# /,-*#& #(# (,+"#*- "$* #(*- G = (V,E) (E V "$*  !&.'& +0& %&' '$  &"' "* E

 !&.'& +0& %&' -,1"&'7

F+ e "$* )#" .,G*" ," +.#* '"); $(%%"*$ u "* v: . (,$ u "* v $",(#* .00" -$  "$ &2",! 3"!'

'" e: "* #()$ -3,+,(#$ e = uv () e = {u, v}7 F+ u "$* )#" ";*,-%+*- '" e: . (,$ u 5,"$07

e6 "$* '+* 3.(3%&." < e 5,"$07 u67 H" %G%": '"); $(%%"*$ u "* v 2(,%.#* )#" .,G*" $(#*

'+*$ -%4-(&."'7

F+ F ⊆ E "$* )# $()$/"#$"%& " '!.,G*"$: . (,$ V (F ) ,"0,-$"#*"  !"#$"%& " '"$ ";*,-/

%+*-$ '"$ .,G*"$ '" F 7 F+ W ⊆ V "$* )# $()$/"#$"%& " '" $(%%"*$: . (,$ E(W ) '"#(*"

 !"#$"%& " '"$ .,G*"$ .I.#*  "),$ '"); ";*,-%+*-$ '.#$ W 7

D# '$)'5/,-*#& H = (U, F ) '" G "$* )# B,.09" *" =)" U ⊆ V "* F ⊂ E7 D# $()$/

B,.09" H = (U, F ) '" G "$* '+* ($)6,-." $+ U = V 7 F(+* W ⊆ V : H = (W,E(W )) "$*

'+* $()$/B,.09" '" G 3.%)3" 0., W "* $",. #(*- 0., G(W )7

F+ F ⊂ E 5,"$07 W ⊂ V 6: (# #(*",. 0., G\F 5,"$07 G\W 6  " B,.09" (&*"#) < 0.,*+,

'" G "# $)00,+%.#*  "$ .,G*"$ '" F 5,"$07  "$ $(%%"*$ '" W "*  "$ .,G*"$ +#3+'"#*"$

< W 67 F+ F 5,"$07 W 6 "$* ,-')+* < )#" $") " .,G*" e 5,"$07 )# $") $(%%"* v6: #()$

-3,+,(#$ G\e 5,"$07 G\v67

F(+* W ⊆ V : ∅ 6= W 6= V : )# $()$/"#$"%& " '" $(%%"*$ '" V 7 J!"#$"%& " '"$ .,G*"$

.I.#* )#" ";*,-%+*- '.#$ W "*  !.)*," '.#$ V \W "$* .00" - ($)*& "* #(*- δ(W )7 K#



 !" #$%&%'$() *% +,-('%'$() .

 !"#$% W = V \W & $!'" #(!$" δ(W ) = δ(W )) *+ W ,"% -./'+% 0 '$ ",'1 "!22,% v&

$!'" .3-+-!$" δ(v)) 4# 3#-/+$#1+%. /, 1# 3!' , δ(W ) /5'$ "!'"6,$",271, W ,"% #  ,1.,

 !"#$ /, W ,% $!%., deg(W ))

8%#$% /!$$." W ,% W ′
/,'9 "!'"6,$",271," /+":!+$%" /, V & #1!-" [W,W ′] -, -.",$%,

15,$",271, /," #-;%," /, G <'+ !$% '$, ,9%-.2+%. /#$" W ,% 15#'%-, /#$" W ′
)

*+ {V1, . . . , Vp}& p ≥ 2& ,"% '$,  #-%+%+!$ /, V & #1!-" δ(V1, . . . , Vp) ,"% 15,$",271, /,"

#-;%," e = uv %,11," <', u ∈ Vi& v ∈ Vj ,% i 6= j)

*!+,$% u ,% v /,'9 "!22,%" /, V ) =$, %&'()! P ,$%-, u ,% v ,"% '$, ".<',$3, #1%,-$.,

/, "!22,%" ,% /5#-;%," (v0, e1, v1, e2, v2, . . . , vk−1, ek, vk) !> v0 = u& vk = v& ei = vi−1vi
 !'- i = 1, . . . , k) P ,"% /+%, $*$+!),'-#! "+ ,11,  #"", #'  1'" '$, ?!+"  #- 1, 2;2,

"!22,% @0 15,93, %+!$ /, v0 ,% vk "+ 3," /,-$+,-" -, -.",$%,$% 1, 2;2, "!22,% /, GA)

=$, 3B#C$, .1.2,$%#+-, ,"% /!$3 %!%#1,2,$% +/,$%+D.,  #- "!$ ,$",271, /5#-;%,")

E,'9 3B#C$," ,$%-, u ,% v "!$% /+%," '#.,!/ -012-),!0 @-," ) 02++!,/ -012-),!0A "5+1

$5,9+"%,  #" /5#-;%, @-," ) /, "!22,% /+F.-,$% /, u ,% vA #  #-#+""#$% /#$" 1," /,'9

3B#C$,")

=$ ,$",271, /, "!22,%" !' /5#-;%," S /#$" '$ G-# B, ,"% /+% +'3-+'* -," ,36

%#$% 1#  -! -+.%. PROP & "5+1 (.-+D, 1#  -! -+.%. PROP ,% "5+1 $5,9+"%,  #" /5,$",271,

3!$%,$#$% S ,% (.-+D#$% 3,%%,  -! -+.%.) 45,$",271, S ,"% /+% +'3-+4+ -," ,3%#$% 1#

 -! -+.%. PROP "+&  #-2+ %!'" 1," "!'"6,$",271," /, G -," ,3%#$% 1#  -! -+.%. PROP &

S ,"% 3,1'+ <'+ 0 1# 3#-/+$#1+%. 1#  1'" G-#$/,) 4," %,-2," 2+$+2#1 ,% 2+$+2'2 "!$%

/.D$+" /, 2#$+H-," #$#1!G',")

I%#$% /!$$. '$ G-# B, G = (V,E)& '$ 0,'5*! /#$" G ,"% '$ ,$",271, /, "!22,%"

/,'9 0 /,'9 /+":!+$%") 4,  -!71H2, /' "%#71, /, 3#-/+$#1+%. 2#9+2'2 3!$"+"%, 0 %-!'(,-

'$ "%#71, /!$% 1, $!27-, /, "!22,%" ,"% 2#9+2'2 JKLM) 4# 3#-/+$#1+%. /' "%#71,

2#9+2'2 ,"% $!%.,  #- α(G))

I%#$% /!$$. '$ G-# B, G = (V,E)& '$, %246!#,4#! /, "!22,%" /#$" G ,"% '$

,$",271, /, "!22,%" 3!$%,$#$% #' 2!+$" '$, ,9%-.2+%. /, 3B#<', #-;%,) 4,  -!71H2,

/, 3!'(,-%'-, /, "!22,%" 2+$+2'2 3!$"+"%, 0 %-!'(,- '$, 3!'(,-%'-, /!$% 1, $!27-,

/, "!22,%" ,"% 2+$+2'2 JKLM) 4# 3#-/+$#1+%. /, 1# 3!'(,-%'-, /, "!22,%" 2+$+2'2

,"% $!%.,  #- τ(G))

I%#$% /!$$. '$ G-# B, G = (V,E)& '$, %246!#,4#! /5#-;%," /#$" G ,"% '$ ,$",271,

/5#-;%," +$3+/,$% 0 %!'" 1," "!22,%" /, G) 4,  -!71H2, /, 3!'(,-%'-, /5#-;%," 2+$+6

2'2 3!$"+"%, 0 %-!'(,- '$, 3!'(,-%'-, /!$% 1, $!27-, /5#-;%," ,"% 2+$+2'2 JKLM) 4#

3#-/+$#1+%. /, 1# 3!'(,-%'-, /5#-;%," 2+$+2'2 ,"% $!%.,  #- ρ(G))



 ! "#$%#&' ()*+%,%&-%).'

 !"#! $%##& '# ()"*+, G = (V,E)- '#  !"#$%&' $"#. G ,.! '# ,#.,/01, $2")3!,.

$,'4 5 $,'4 $6.7%6#!,.8 9, *)%01:/, $' ;%'*1"(, $, ;")$6#"16!& /"46/'/ ;%#.6.!, 5

!)%'<,) '# ;%'*1"(, $%#! 1, #%/0), $2")3!,. ,.! /"46/'/ =>?@-=AB@8 9" ;")$6#"16!& $'

;%'*1"(, /"46/'/ $, G ,.! #%!&, *") ν(G)8 C# ;%'*1"(, ,.! $6! #%()%*+ .6 !%'. 1,.

.%//,!. $' ()"*+, "**")!6,##,#! 5 $,. ")3!,. $' ;%'*1"(,8

C# ()"*+, ,.! $6! ,*#%(+* .261 ,46.!, '#, *")!6!6%# $, .%# ,#.,/01, $, .%//,!. ,#

$,'4 .%'.D,#.,/01,. U ,! V !,11, E', ;+"E', ")3!, "6! '#, ,4!)&/6!& $"#. U ,! 12"'!),

$"#. V 8  # $2"'!),. !,)/,.- '# ()"*+, ,.! 06*")!6 .6 12%# *,'! ),()%'*,) 1,. .%//,!.

,# $,'4 ()%'*,. $6.!6#;!. ."#. 16,# ,#!), 1,. .%//,!. $, ;+"E', ()%'*,8

C# ()"*+, ,.! $6! +(*#%(+* .261 ,46.!, '#, *")!6!6%# $, .%# ,#.,/01, $, .%//,!. ,#

!)%6. .%'.D,#.,/01,. V1- V2 ,! V3 !,11, E', ;+"E', ")3!, "6! .%6! '#, ,4!)&/6!& $"#. V1

,! 12"'!), $"#. V2 .%6! '#, ,4!)&/6!& $"#. V2 ,! 12"'!), $"#. V3 .%6! '#, ,4!)&/6!& $"#.

V1 ,! 12"'!), $"#. V38  # $2"'!),. !,)/,.- '# ()"*+, ,.! !)6*")!6 .6 12%# *,'! ),()%'*,)

1,. .%//,!. ,# !)%6. ()%'*,. $6.!6#;!. ."#. 16,# ,#!), 1,. .%//,!. $, ;+"E', ()%'*,8

C# &(%#-' %)6,#!& ,.! #%!& D = (V,A) %F V ,.! 12'./'0,$' 1' /!00'+/ ,! A 12'./'0,$'

1'/ %( /8

G6 a ∈ A ,.! '# "); ),16"#! '# .%//,! u 5 '# .%//,! v- "1%). u .,)" "**,1& '2+(30*+3

*.*+*%$' ,! v '2+(30*+3 +'(0*.%$' ,! #%'. &;)6)%#. a = (u, v)8 H# $6! E', a ,.! '# %( 

/!(+%.+ $, u ,! '# %( '.+(%.+ $, v8 9,. .%//,!. u ,! v .%#! "**,1&. '2+(30*+3/ $, a8

G6 v ,.! '#, ,4!)&/6!& I6#6!6"1, %' !,)/6#"1,J $, a- "1%). v I),.*8 aJ ,.! $6! *. *1'.+ 5

a I),.*8 vJ8

G6 B ⊆ A ,.! '# .%'.D,#.,/01, $2");.- "1%). V (B) ),*)&.,#!, 12,#.,/01, $,. ,4!)&D

/6!&. $,. ");. $, B8 G6 W ⊆ V ,.! '# .%'.D,#.,/01, $, .%//,!.- A(W ) ),*)&.,#!,

12,#.,/01, $,. ");. "K"#! 1,'). $,'4 ,4!)&/6!&. $"#. W 8

C# /!"/4&(%#-' H = (U, F ) $, D ,.! '# ()"*+, !,1 E', U ⊆ V ,! F ⊂ A8 C#

.%'.D()"*+, H = (U, F ) $, D ,.! $6!  !"5(%.+ .6 U = V 8

G6 F ⊂ A I),.*8 W ⊂ V J- %# #%!,)" *") D\F I),.*8 D\W J 1, ()"*+, %0!,#' 5 *")!6)

$, D ,# .'**)6/"#! 1,. ");. $, F I),.*8 1,. .%//,!. $, W ,! 1,. ")3!,. 6#;6$,#!,. 5

W J8 G6 F I),.*8 W J ,.! )&$'6! 5 '# .,'1 "); a I),.*8 '# .,'1 .%//,! vJ- #%'. &;)6)%#.

D\a I),.*8 D\vJ8

G%6! W ⊆ V - ∅ 6= W 6= V - '# .%'.D,#.,/01, $, .%//,!. $, V 8 92,#.,/01, $,.

");. "K"#! 1,') ,4!)&/6!& 6#6!6"1, $"#. W ,! 1,') ,4!)&/6!& !,)/6#"1, $"#. V \W ,.!

"**,1&  !"#' /!(+%.+' ,! #%!& δout(W )8 9" ;")$6#"16!& $, 1" ;%'*, .%)!"#!, δout(W )



 !" #$%&'()*+ *, )-(&.*+ /0&(-,0+   

 !"# $%"$&'#$'()*' W '$+ ,--'*.'  !"#$ %&#'()'  ' W '+ #%+.' degout(W )/ 01 u ∈ W

'+ v ∈ V \W 2 ,*%3$ *, 4%"-' $%3+,#+' '$+ ,"$$1 ,--'*.' uv*+&,-! %&#'()'!/ 01 W '$+

3. "1+ 5 "# $'"* $%(('+ v2 #%"$ .4313%#$ 3'-'4+16'('#+ δout(v) '+ degout(v) ," *1'"  '

δout({v}) '+ degout({v})/

7!'#$'()*'  '$ ,34$ ,8,#+ *!'9+3.(1+. +'3(1#,*'  ,#$ W '+ *!'9+3.(1+. 1#1+1,*'  ,#$

V \W '$+ ,--'*. +&,-! !)'#()'! '+ #%+. δin(W )/ 7, 4,3 1#,*1+.  ' *, 4%"-' '#+3,#+'

δin(W )  !"# $%"$&'#$'()*' W '$+ ,--'*.'  !"#$ !)'#()'  ' W '+ #%+.' degin(W )/ 01

u ∈ W '+ v ∈ V \W 2 ,*%3$ *, 4%"-' '#+3,#+' '$+ ,"$$1 ,--'*.' uv*+&,-! !)'#()'!/ 01 W

'$+ 3. "1+ 5 "# $'"* $%(('+ v2 #%"$ .4313%#$ 3'-'4+16'('#+ δin(v) '+ degin(v) ," *1'"

 ' δin({v}) '+ degin({v})/

7, +&,-!  !"# '#$'()*' W ⊆ V 2 ∅ 6= W 6= V 2 '$+ #%+.' δ(W ) '+ 4%33'$-%# 5 *!"#1%#

 '$ ,34$  ' *, 4%"-' '#+3,#+' '+  ' *, 4%"-' $%3+,#+'2 ./!/2 δ(W ) = δout(W )∪δin(W )/ 7,

4,3 1#,*1+.  ' *, 4%"-' '$+ ,--'*.'  !"#$  'W '+ #%+.' deg(W )/ 01 u ∈ W '+ v ∈ V \W 2

,*%3$ *, 4%"-' '$+ ,"$$1 ,--'*.' uv*+&,-!/ 01 W '$+ 3. "1+ 5 "# $'"* $%(('+ v2 #%"$

.4313%#$ 3'-'4+16'('#+ δ(v) '+ deg(v) ," *1'"  ' δ({v}) '+ deg({v})/

0%1'#+ D "# :3,-;' %31'#+. '+ u '+ v  '"9 $%(('+$  ' V / <# +0!1.) P  ' u 5 v

 ,#$ D '$+ "#' $.="'#4'  !,34$ ((u1, v1), (u2, v2), . . . , (uk, vk)) ,6'4 u1 = u2 vk = v2

vi = ui+1 -%"3 +%"+ i = 1, 2, . . . , k − 1 '+ (ui, vi) ∈ A -%"3 +%"+ i = 1, 2, . . . , k/ 7'$

$%(('+$ u '+ v $%#+ 3'$-'4+16'('#+ ,--'*.$ %&11!' .).'.(2 '+ %&11!' '!#1.)(2  ' P /

7' #%()3'  !,34$  ' P '$+ ,--'*. +(# .)(2.'$  ' P '+ #%+. |P |/ P '$+ ,--'*. +.#+,.'

$1 u = v/ P '$+  1+ $2$1!)'(.#! $1 4;,="' $%(('+ , ," -*"$ "# ,34 '#+3,#+ '+ "# ,34

$%3+,#+ -,3(1 *'$ ,34$  ' P / 01 P '$+ "# 4;'(1# .*.('#+,13'2 ,*%3$ P '$+  .>#1 -,3

*!'#$'()*'  !,34$ ,--,3,1$$,#+  ,#$ P / 01 P '$+ "# 4134"1+ .*.('#+,13'2 ,*%3$ P '$+

 .>#1 -,3 *!'#$'()*'  !,34$ ,--,3,1$$,#+  ,#$ P '+ -,3 *' $%(('+ 1#1+1,*  ' P / 0%1+

Q = ((s1, t1), (s2, t2), . . . , (sl, tl)) "# 4;'(1#  ,#$ D/ Q '$+  1+ %&,%*+0!1.)  ' P $!1*

'91$+' j ∈ {1, 2, . . . , k + 1− l} +'* ="' (si, ti) = (ui+j, vi+j) -%"3 +%"+ i = 1, 2, . . . , l/

?'"9 4;'(1#$ '#+3' u '+ v $%#+  1+$ (#3'!* .%4&.)'% @3'$-/ %&11!'* .%4&.)'%A $!1*

#!'91$+' -,$  !,3B+' @3'$-/  ' $%(('+  1C.3'#+  ' u '+ vA ,--,3,1$$,#+  ,#$ *'$  '"9

4;'(1#$/

 !" #$%&'()*+ *, )-(&.*+ /0&(-,0+

7'$ -3%)*D('$  ' 4%"-*,:'$ $%#+ E%# ,('#+,"9 '# %-+1(1$,+1%# 4%()1#,+%13' '+ '#

+;.%31'  '$ :3,-;'$/ 7'$ 4%"-*,:'$ -'3('++'#+  ' (% .*1$'3  '$ -3%)*D('$  ,#$  '

#%()3'"9  %(,1#'$ ,"$$1 )1'# +;.%31="'$ @*' 4%"-*,:' -'"+ B+3' "+1*1$. 4%((' 3%"+1#'



 ! "#$%#&' ()*+%,%&-%).'

 !"# $% #&'!$"()!* +,%"(#-'  #!.$/0-' +- 1#% 2-' 3!00- $% #-32-#32- -*  #!4!*+-"#5

-(  #%()6"-' 7"()$)'&'  !"# 0!+&$)'-# +-'  #!.$/0-' +- #-3!**%)''%*3- +- 4!#0-'8 +,%49

4-3(%()!*8 +- 0%#)%1-:::5:

;%*' 3-((- '-3()!*8 *!"' %$$!*' *!"' )*(&#-''-# %"<  #! #)&(&' +-' 3!" $%1-' +%*' $-'

1#% 2-' -(  $"'  %#()3"$)/#-0-*( $-' 1#% 2-' .) %#()': =!"'  #&'-*(!*' %"'') 6"-$6"-'

%$1!#)(20-':

;%*' $-' 1#% 2-'8 .) %#()' !" *!*8 )$ -<)'(-  $"')-"#' #&'"$(%('  -#0-((%*( +- $)-#

$-' >%$-"#' τ(G) ρ(G)8 α(G) -( ν(G): =!"' %$$!*'  #&'-*(-# +-"< #-$%()!*' 6") !*( &(&

0!*(#&-'  %# ?%$$%) -* @ABA:

C-  #-0)-# $-00- 0!*(#- $% #-$%()!* -*(#- $% 3%#+)*%$)(& +" '(%.$- 0%<)0"0 -( $%

3%#+)*%$)(& +- $% 3!">-#("#- +- '!00-(' 0)*)0"0:

 !""! #$#  !"# $%&' G = (V,E) () *+,-./0 α(G) + τ(G) = |V |1 �

C- +-"<)/0- $-00- 0!*(#- $% #-$%()!* -*(#- $% 3%#+)*%$)(& +" 3!" $%1- 0%<)0"0 -(

$% 3%#+)*%$)(& +- $% 3!">-#("#- +,%#D(-' 0)*)0"0:

 !""! #$%  !"# $%&' G = (V,E) () *+,-./ )/ 2%)'/),)' -,3 4/ 3%55/' &3%670 ν(G)+

ρ(G) = |V |1 �

;%*' $- 3%' +-' 1#% 2-' .) %#()'8 )$ -<)'(- "*- #-$%()!* 4!#(- -*(#- $- 3!" $%1- 0%<)9

0"0 -( $% 3!">-#("#- +- '!00-(' 0)*)0"0: E-((- #-$%()!* % &(& 0!*(#&-  %# FG*)1

-* @AH@:

&'()*+"! #$#  8"#9:.7%+;5/ 4/ <=)&*>1 $%&' G = (V,E) () *+,-./ ?&-,+'&0 ,6%+3

τ(G) = ν(G)1 �

I*  -"( +&+")#- +" (2&!#/0- -( +-' $-00-'  #&3&+-*(' $% #-$%()!* '")>%*(- J

,)*)--./*! #$0 $%&' G = (V,E) () *+,-./ ?&-,+'&0 ,6%+3 ν(G) + α(G) = |V |1

C- (2&!#/0- +- FG*)1 % +!**& $)-" K  $"')-"#' (#%>%"< 6") !* %.!"()( '"# +,%"(#-'

(2&!#/0-' &6")>%$-*(': C,"* +-' (2&!#/0-' $-'  $"' "()$)'&' -'( +!**&  %# L%$$ -* @AHB:



 !" #$%&'()*+ *, )-(&.*+ /0&(-,0+  1

 !"#$%&' ()*  !"#$%&'()*+, -, ./0012 34 5)/6&, 786/)98 G = (U ∪ V,E) /-+,9 :4

;(:60/5, 6/)</89 =8 ,9 =,:0,+,49 =8 6(:) 9(:9 =(:=>,4=,+70, X -, U $),=62 -, V 1? 0,

4(+7), -, =(++,9= -, V $),=62 -, U1 /-@/;,49= /:A =(++,9= -, X ,=9 =:6')8,:) (:

'5/0 B 0/ ;/)-84/089' -, X2 �

 !"# $%%!&# '(#!)*$+# +&,)!'"+)- %-# '(.&+,+!&# /-)*-,,$&, '- '!&&-) 0"-%0"-# /)!1

/)+(,(# #") %-# 2!"/%$3-#4 5!+-&, G = (V,E) "& 3)$/6- -, M "& 2!"/%$3- '- G4 7&-

26$8&- (%(*-&,$+)- Γ -#, '+,- C>/09,)4/49, #+ %-# $)9,-# '- Γ $%,-)&-&, -&,)- '-# $)9,-#

$//$),-&$&, -, &:$//$),-&$&, /$# $" 2!"/%$3- M 4  !,!&# 0"- Γ /-", 2!**-&2-) /$)

"&- $)9,- $//$),-&$&, ; M !" "&- $)9,- &:$//$),-&$&, /$# ; M 4 5+ Γ 2!**-&2- -, .&+,

/$) "&- $)9,- &:$//$),-&$&, /$# $" 2!"/%$3- M < $%!)# Γ -#, "&- 26$+&- C>/:5+,49/49,4

=:->+#,-&2- ':"&- 26$8&- M 1$"3*-&,$&,- '$&# G /-)*-, '- #$?!+) #+ "& 2!"/%$3- -#,

!" &!& *$>+*"*4 @- /%"# %-# 26$8&-# $"3*-&,$&,-# #!&, ",+%+#(-# '$&# 2-),$+&# $%3!1

)+,6*-# /-)*-,,$&, '- ,)!"?-) "& 2!"/%$3- *$>+*"*4 =-# 26$8&-# $"3*-&,$&,-# !&,

(,( /)!/!#(-# /$) A-,-)#-& BCDE -& FGDF4

 !"#$%&' ()+  DE# F(8,49 :4 5)/6&, G = (V,E) :4 5)/6&, ,9 M :4 ;(:60/5, -, G?

M ,=9 :4 ;(:60/5, +/A8+:+ =8 ,9 =,:0,+,49 =G80 4G,A8=9, 6/= -, ;&/84, M >/:5+,49/49,

-/4= G2 �

H% -#, 2%$+) 0"- #+ G 2!&,+-&, "&- 26$+&- Γ M 1$"3*-&,$&,-< +% -#, /!##+I%- ':!I,-&+)

"& 2!"/%$3- M ′
/%"# 3)$&'< -& #"//)+*$&, %-# $)9,-# '- Γ ∩M -, $J!",$&, %-# $)9,-#

'- Γ \M 4

 !"#$%&' (),  DE# H,= 6)(70*+,= -, ;(:60/5,= +/A8+:+=? ;(:60/5,= -, 6(8-= +/A8>

+:+ ,9 ;(:60/5,= 6/)</89= -, 6(8-= +/A8+:+ $),=62 +848+:+1 6,:I,49 =, )'=(:-), ,4

9,+6= 6(0J4(+8/02 �

=- /)!I%K*- '" 2!"/%$3- *$>+*"* $ %!&3"-*-&, (,( (,"'+(4 LM&+3 BNOE -& FDPF

$ /)!/!#( "& $%3!)+,6*- -& O(nm) -& ",+%+#$&, n 26$8&-# $"3*-&,$&,-#4 5!+, M "&

2!"/%$3- 0"-%2!&0"- Q0"+ /-", 9,)- ?+'-R4 =:+'(- '- %:$%3!)+,6*- -#, '- ,)!"?-) "&-

26$8&- Γ M 1$"3*-&,$&,- /"+# -& )-*/%$S$&, '$&# %- 2!"/%$3- M %-# $)9,-# '- M ∩ Γ

/$) %-# $)9,-# '- Γ \ M < !& !I,+-&, "& 2!"/%$3- M ′
,-% 0"- |M ′| = |M | + 14 H% -#,

/!##+I%- '- ,)!"?-) "&- 26$8&- $"3*-&,$&,- -& -T-2,"$&, "& /$)2!")# -& /)!U!&'-")

-, -& $",!)+#$&, "&+0"-*-&, "& /$)2!")# 0"+ $%,-)&- -&,)- "&- $)9,- $//$),-&$&, ;

M -, "&- $)9,- &:$//$),-&$&, /$# ; M 4 V!/2)!U, -, L$)/ BPDE -& FDWF !&, /)!/!#(

"& $%3!)+,6*- -& O(n1/2m) /!") )(#!"')- %- /)!I%K*- '- 2!"/%$3-# '$&# %-# 3)$/6-#



 ! "#$%#&' ()*+%,%&-%).'

 !"#$%!&' ()!*+, ,&% *, %$#-&./$0+ 1, 2$#"3, *)/$!2!-, ,- 4- 2$#"3, /$!,-%+' (, "$/ 150,

*, 6/4"1#2,& &, $#05-, #1/$& 7 4- "$/ 150, *, 8/%&'

(, "$/ 150, *, 8/% 0#9!040 6/-&!&%, 7 %$/4:,$ 4- 8/% $+#1!&# 1, *,"4!& 4-, &/4$6,

4-!;4, :,$& 4- "4!%& 4-!;4, ;4! &/!% *, 6#$*!-#1!%+ 0#9!040' <, "$/ 150, ",4% &,

$+&/4*$, ,- %,0"& "/1=-/0!#1 >?@AB !1 ,9!&%, *, -/0 $,49 #12/$!%30,& ",$0,%%#-% *,

$+&/4*$, $#"!*,0,-% 6, "$/ 150, >?CAB >?DA'

E/!% G = (U ∪V,E) 4- 2$#"3,  !"#$%!' </-&!*+$/-& 1, 2$#"3, /$!,-%+ D = ((s∪U)∪

(V ∪ t), A) /F A ,&% ./$0+ *, 1# 0#-!5$, &4!:#-%,

GH "/4$ %/4% uv ∈ E /- #I/4%, 1)#$6 (u, v) #:,6 4-, 6#"#6!%+ 0#9!0#1, *, ∞B

?H "/4$ %/4% u ∈ U /- #I/4%, 1)#$6 (s, u) #:,6 4-, 6#"#6!%+ 0#9!0#1, *, 1B

JH "/4$ %/4% v ∈ V /- #I/4%, 1)#$6 (v, t) #:,6 4-, 6#"#6!%+ 0#9!0#1, *, 1'

E/!% f 1, 8/% 0#9!040 *#-& D' K1/$& 1, -/0 $, 0#9!040 *, 63,0!-& &/00,%&

*!&I/!-%& s− t */--+ "#$ 1, 8/% f *#-& D ,&% +2#1 7 ν(G) >?CA'

(# L24$, G'G 0/-%$, 4- ,9,0"1, *, 1# %$#-&./$0#%!/- *)4- 2$#"3, G ,- 4- 2$#"3,

D'

 !"#$% G'G M N$#"3, G ,% 1, 2$#"3, D #&&/6!+'

O*0/-*& >?JA "$/"/&# 1, "$,0!,$ #12/$!%30, "/1=-/0!#1 "/4$ $+&/4*$, 1, "$/ 150,



 !" #$%&'()*+ *, )-(&.*+ /0&(-,0+  1

 ! "#!$%&'( $&)*&+,  ( $#+ - .&/+.!. 0)(-$1 .+2+.!.31 4% $().(,  ( )5-#! )( %(

$)#6%7.(8  &2- %( "&- '525)&% 0$&- -(!%(.(2, $#!) %(- ')&$9(- 6+$&),+-38 (2 O(n2m)1 4%

(-, 6&-5 -!) !2( *#).!%&,+#2 (2 $)#')&..( %+25&+)(1 :#+(2, G = (V,E) !2 ')&$9( (,

O %;(2-(.6%(  (- -#!-<(2-(.6%(-  ( -#..(,-  ( V  ( "&) +2&%+,5- +.$&+)(- "#2,(2&2,

&! .#+2- = -#..(,-1 >#2-+ 5)#2- !2 ?(",(!) 0xe : e ∈ E3 (, !2 (2-(.6%( H ⊆ E8 -#+,

x(H)  #225 $&)
∑
(xe : e ∈ H)1 @2 ?(",(!)  ;+2"+ (2"( "#))(-$#2 &2, A !2 "#!$%&'(

$&)*&+,  &2- G -&,+-*&+, %( -B-,7.( %+25&+)(

x(δ(v)) = 1 ∀ v ∈ V, 0C1C3

xe ≥ 0 ∀ e ∈ E, 0C1D3

x(δ(S)) ≤
|S| − 1

2
∀ S ∈ O. 0C1=3

E( "#!$%&'( $&)*&+,  ( $#+ - .&/+.!. 0)(-$1 .+2+.!.3 $(!, F,)( )5-#%! $&) %(

$)#')&..( %+25&+)(

max 0)(-$1 min3 {wx|x -&,+-*&+, 0C1C3<0C1=3}, 0C1G3

#H w (-, %( ?(",(!) "#))(-$#2 &2, &!/ $#+ -  (- &)F,(-1

>(, &%'#)+,9.( & 5,5 &.5%+#)5 $&) I&%+%8 J+"&%+ (, I&6#K (2 CLMD NDMO $().(,,&2,

 ( )5-#! )( %( $)#6%7.(  ! "#!$%&'( $&)*&+,  ( $#+ - .&/+.!. 0)(-$1 .+2+.!.3 (2

O(nmlog(n))1 >;(-, "(,,( ?()-+#2  ( %;&%'#)+,9.( P!+ (-, %& $%!- -#!?(2, !,+%+-5(8 "#..(

$&) (/(.$%(  &2- %& 6+6%+#,97P!( EQJRS ITUVW (2 >XX NGO1 Y&%% (, Z()+'- #2,

$)#$#-5 !2 &%'#)+,9.( -+.+%&+)( (2 CLM= NLO1

S#!- $#!?#2- )(.&)P!() P!(  &2- %( "&-  (- ')&$9(- 6+$&),+- ,)#!?() !2 "#!$%&'(

$&)*&+,  ( "#[, .+2+.!. -( )&.72( A ,)#!?() !2 st<\#,  ( ?&%(!) n (,  ( "#[, .+2+.!.1

@2 st<\#, (-, !2 \#,8  ($!+- %& -#!)"( s ?()- !2 $!+,- t8 ?5)+]&2, %& "#2-()?&,+#2  !

\#, $#!) ,#!- %(- -#..(,-8 #H #2 &^#!,( &! ')&$9( !2 &)"  ( )(,#!) (2,)( %( -#..(,

t (, %( -#..(, s  ( "&$&"+,5 +2]2+(1 E& )("9()"9(  ;!2 st<\#,  ( ?&%(!) n (,  ( "#[,

.+2+.!. -( )5-#! (2 ,(.$- $#%B2#.+&%8 +% (/+-,(  ( 2#.6)(!/ &%'#)+,9.(- $().(,,&2,

 ( )5-#! )( )&$+ (.(2, "( $)#6%7.( ND_O8 N=`O1





 !"#$%&' (

)*+%,-'+ "./01&234$50&'6%$'.+

 ! "#"$%&' ()*+,-./012+-'!$1') '"$ 3! '!"'&,)' 04+53($1.!" 012+-'!$1'))'"6  !' +53(/

$1.! 012+-'!$1'))' '"$ 3!' -')($1.! '!$-' 3!' .3 7)3"1'3-" 8.!9$1.!" 1!9.!!3'" '$ )'3-"

0+-1:+'"6 ;( -+".)3$1.! 043! "#"$%&' ()*+,-./012+-'!$1') 9.!"1"$' ().-" < 0+$'-&1!'- 3!

'!"'&,)' 0' 8.!9$1.!" :+-1=(!$ )' "#"$%&'6 >! 01"$1!*3' )'" "#"$%&'" 012+-'!$1')" .-/

01!(1-'" 531 ".!$ )'" "#"$%&'" ()*+,-./012+-'!$1')" )'" 7)3" "1&7)'"6 ?(!" )'" "#"$%&'"

012+-'!$1')" .-01!(1-'"@ 9A(53' 8.!9$1.! 0+-1:+' '"$ 'B7-1&+' 0' 8(C.! 'B7)191$' 7(- 0'"

8.!9$1.!" !.! 0+-1:+'"6

;'" "#"$%&'" ()*+,-./012+-'!$1')" -'&.!$'!$ < )41!:'!$1.! 03 9()93) 012+-'!$1') '$ 1!/

$+*-()@ 0(!" )'" (!!+'" DEFG/DEHG6 I )4.-1*1!'@ 9'" "#"$%&'" "'-:(1'!$ < -+".30-' 0'"

7-.,)%&'" *+.&+$-153'"@ 9.&&' )( 0+$'-&1!($1.! 043!' 9.3-,' 0.!$ )'" $(!*'!$'" ".!$

".3&1"'" < 3!' 9.!01$1.! 0.!!+'6 J4'"$ "'3)'&'!$ :'-" DFKG 53' )' &($A+&($191'! L3/

)'- ( 9.&&'!9+ < )'" 3$1)1"'- 7.3- $-(1$'- 0'" 7-.,)%&'" 0' 0#!(&153'6 M3N.3-04A31@

'))'" (77(-(1""'!$ 0(!" 7-'"53' $.3" )'" 0.&(1!'" 0' )( "91'!9' '$ 0' )( $'9A!153'@

7(- 'B'&7)' )'" &($A+&($153'"@ )( 7A#"153'@ )( 9A1&1'@ )( ,1.).*1' '$ )4+9.!.&1'6 L))'"

"'-:'!$ < $-(031-' )'" ).1" 531 -+*1""'!$ )( :(-1($1.! 0'" :()'3-"@ 7(- 'B'&7)' 3! 9.!0'!/

"($'3- +)'9$-153' .3 )( 7."1$1.! 043!' !(:'$$' "7($1()'6

;( -+".)3$1.! 0'" "#"$%&'" ()*+,-./012+-'!$1')" 7'3$ "' 8(1-' 0' 0'3B &(!1%-'"6 ;(

-+".)3$1.! (!()#$153' 8.3-!1$ 3!' ".)3$1.! 'B(9$' '! 0.!!(!$ 3! '!"'&,)' 0' 8.!9$1.!"

"($1"8(1"(!$ )'" +53($1.!" 012+-'!$1'))'"6 J'$$' &+$A.0' 7'-&'$ 0' -+".30-' 3!153'&'!$

0'" "#"$%&'" "1&7)'"6 ;( -+".)3$1.! !3&+-153' 0.!!'@ "3- 3! 1!$'-:())'@ 3!' (77-.B1/

&($1.! 0' )( ".)3$1.! 7(- .7+-($1.!" "399'""1:'"6 J'$$' -+".)3$1.! '"$ ".3:'!$ ).!*3'6

O) '"$ ().-" 1!$+-'""(!$ 0' "(:.1- < )4(:(!9' "1 3! "#"$%&' ()*+,-./012+-'!$1') 7'3$ .3

!.! P$-' -+".)36



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

 ! "#$%&'(! )! &*+,+&-.! ./#01/0#!&&! "!#(!/ )! 23#45!# .4 0, .-./'(! +&63%#$7)483#!,/4!&

.+/4.9+4/ 0,! 1$,)4/4$, ,31!..+4#! "$0# :/#! .$&2+%&!; 1*!./7<7)4#! "$0# =0*4& "$..')! 0,!

0,4=0! .$&0/4$,> ?4 1!//! 1$,)4/4$, ,*!./ "+. 23#453!; 4& !./ +&$#. 4,0/4&! )*!..+-!# )!

#3.$0)#! &! .-./'(! +2!1 )!. (3/@$)!. ,0(3#4=0!.>

A+,. 1! 1@+"4/#!; ,$0. )$,,$,. 0,! 20! )*!,.!(%&! !/ &!. )35,4/4$,. ,31!..+4#!. < &+

1$("#3@!,.4$, )0 "#$%&'(! )! &*+,+&-.! ./#01/0#!&&! )!. .-./'(!. +&63%#$7)483#!,/4!&.>

B$0. "#3.!,/$,. +0..4 &!. 1+. "+#/410&4!#. )!. .-./'(!. )483#!,/4!&. $#)4,+4#!. !/ )!.

.-./'(!. +&63%#$7)483#!,/4!&. .!(47!C"&414/!.> A+,. &+ .!1/4$, D>E; ,$0. )$,,$,. 0,

+"!#F0 )!. .-./'(!. )483#!,/4!&. $#)4,+4#!. !/ )!. .-./'(!. +&63%#$7)483#!,/4!&.>  +

.!1/4$, D>D )$,,! =0!&=0!. 4)3!. "!#(!//+,/ )! #3.$0)#! 1!. .-./'(!.> B$0. )35,4.7

.$,.; )+,. &+ .!1/4$, D>G; &! "#$%&'(! )! &*+,+&-.! ./#01/0#!&&!> B$0. )$,,$,. 0, 3/+/ )!

&*+#/ .0# &! "#$%&'(! )! &*+,+&-.! ./#01/0#!&&! )+,. &+ .!1/4$, D>H> B$0. "#3.!,/$,. !,7

.04/! &!. 3=0+/4$,. )483#!,/4!&&!. 1$,)4/4$,,!&&!. "!#(!//+,/ )! 63,3#+&4.!# &!. .-./'(!.

+&63%#$7)483#!,/4!&.> I,5, ,$0. )$,,$,. 0,! 63,3#+&4.+/4$, )0 "#$%&'(! )! &*+,+&-.!

./#01/0#!&&! "$0# &!. .-./'(!. 1$("$#/+,/ )!. 3=0+/4$,. )483#!,/4!&&!. 1$,)4/4$,,!&&!.>

 !" #$%&'()% *+,-./01234-/)5&3)+%

A+,. 1!//! .!1/4$,; ,$0. "#3.!,/$,. )*+%$#) &!. .-./'(!. )483#!,/4!&. $#)4,+4#!.> B$0.

)$,,$,. !,.04/! &+ 9$#(! 63,3#+&!; !, "#3.!,/+,/ &!. .-./'(!. +&63%#$7)483#!,/4!&.> B$0.

)$,,$,. +0..4 &!. )35,4/4$,. !/ ,$/+/4$,. +..$143!. < 1!. .-./'(!.>

J/+,/ )$,,3! 0,! 9$,1/4$,

y(t) : R 7→ R
m,

t 7→ (y1(t), ..., ym(t)),

&+ )3#423! )! y(t) !, 0, "$4,/ t0 (!.0#! &! /+0C )! 1#$4..+,1! )! y(t) !, 1! "$4,/>  +

)3#423! )! y(t) !./ ,$/3!

ẏ(t) : R 7→ R
m,

t 7→ (ẏ1(t), ..., ẏm(t)).

K$0# .4("&45!# &!. ,$/+/4$,.; $, ,$/! y = y(t); ẏ = ẏ(t); yi = yi(t) !/ ẏi = ẏi(t); "$0#

i ∈ {1, ...,m}> K+# +%0. )! &+,6+6!; 0,! 9$,1/4$, yi(t) !./ +0..4 +""!&3! 2+#4+%&!>

 !. .-./'(!. +&63%#$7)483#!,/4!&. ,! 1$,.4)'#!,/ =0! &!. )3#423!. )!. 2+#4+%&!. !,

9$,1/4$, )0 /!(".> B$0. ,! ,$0. 4,/3#!..$,. "+. +0C )3#423!. "+#/4!&&!. "!#(!//+,/ )!

1$,.4)3#!# &!. )3#423!. "+# #+""$#/ +0C +0/#!. 2+#4+%&!.>



 !" #$%&'()% *+,-./01234-/)5&3)+% "6

 !"!" #$%&'()% *+,-.)/&+)0% 1.*+/2+.)%

 !" "#"$%&!" '()*+!,$(!-" .+'(,/(+!"0 /1""( /22!-*" '/," -/ -($$*+/$1+! *31/$(.," '(45

4*+!,$(!--!" .+'(,/(+!"0 ".,$ 4.,'/&!,$/16 !$ +!2+*"!,$!,$ 1,! /22+.78! 7-/""(31! 2!+5

&!$$/,$ '! &.'*-("!+ -!" "#"$%&!" '#,/&(31!" "(&2-!"9

:$/,$ '.,,*! 1,! 4.,7$(., y '*;,(! "1+ 1, (,$!+</--! '! R 7→ R
m
!$ 7.,$(,=&!,$

'*+(</>-!0 1,  ! "#$% &'()*%+"'%, -*&'+.'*% ?@ABC !"$ 1, "#"$%&! '! -/ 4.+&! D

ẏ = f(y, t)

.E f : Rm×R 7→ R
m
!$ t +!2+*"!,$! -! $!&2"9  !" @AB ".,$ 7/+/7$*+("*" 2/+ -! 4/($ 31!

78/31! '*+(<*! 2/+ +/22.+$ /1 $!&2" ẏi0 2.1+ i ∈ {1, ...,m}0 !"$ !62+(&*! '! &/,(%+!

!62-(7($! 2/+ y !$ t9

 !"#$% F9G H @#"$%&! &/""!5+!"".+$

I.1" 2+*"!,$.," -J!6!&2-! 'J1, @AB '.,,* '/," KLMN9 O.,"('*+.," -! "#"$%&! &/""!5

+!"".+$ '! -/ ;P1+! F9G9 A/," 7! "#"$%&!0 1, +!"".+$ '! +/('!1+ k !6!+7! 1,! 4.+7! "1+

1,! &/""! m9 O!$$! 4.+7! !"$ !6!+7*! "1+ -J/6! '!" .+'.,,*!"9 O! "#"$%&! 2!1$5Q$+!

&.'*-("* 2/+ -! @AB "1(</,$9



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

v̇ = −
klx
m

,  !"#$

l̇x = v,  !"!$

%& v '()'*+(,-( ./ 01-(++( 2( ./ 3/++( (- lx '()'*+(,-( ./ )%+1-1%, 2( ./ 3/++( +4' .5/6(

2(+ %'2%,,*(+" 7/,+ .( +8+-93( 3/++(:'(++%'-; .5*0%.4-1%, 2/,+ .( -(3)+ 1,21<4( <4(

./ =%'>( 2( '*/>-1%, 24 '(++%'- [−klx] (+- (6/>-(3(,- *?/.( /4 )'%241- 2( ./ 3/++( )/'

.5/>>*.*'/-1%, v̇" @(+ 0/'1/A.(+ 2( ,%-'( B7C +%,- 2%,,*(+ )/' y = (lx, v)"

B1 4,( 0/'1/A.( yi (+- 2*'10/A.( p =%1+; /.%'+ ./  !"#$!%  &'" "% p 2( yi +5/))(..( ./

2*'10*( p:193( 2( yi; (- %, ./ ,%-( y
(p)
i " C, ,%-( ÿi = y

(2)
i " D, B7C )(4- >%,-(,1' 2(+

0/'1/A.(+ 2*'10*(+ 25%'2'( +4)*'1(4' E #" 7/,+ >( >/+; %, 21- <454, B7C (+- 25%'2'( p;

%& p (+- .5%'2'( 3/61343 2(+ 0/'1/A.(+ 2*'10*(+ 24 +8+-93(" F. (+- -%4G%4'+ )%++1A.(

2( -'/,+=%'3(' 4, +8+-93( 21H*'(,-1(. 25%'2'( p (, 4, +8+-93( 21H*'(,-1(. 25%'2'( #"

F. +4I- )%4' >J/<4( 0/'1/A.( y
(k)
i ; 25/G%4-(' ./ 0/'1/A.( vi (- .5*<4/-1%, 21H*'(,-1(..(

vi = y
(k−1)
i )41+ %, '(3)./>( y

(k)
i )/' v̇i" K/' (6(3).(;

Ml̈x = A ⇒ Mv̇ = A,  !"L$

v = l̇x.  !"M$

N%4+ )%40%,+ 2%,> >%,+12*'('; +/,+ )('-( 2( ?*,*'/.1-*; <4( -%4+ .(+ B7C +%,-

25%'2'( #"

K/' (6(3).(; .( +8+-93( 3/++(:'(++%'- )'*+(,-* >1:2(++4+ )(4- /4++1 +5*>'1'( 2( ./

3/,19'( +410/,-( O

l̈x = −
klx
m

,  !"P$

%& l̈x (+- ./ 2*'10*( 25%'2'( ! 2( ./ 0/'1/A.( lx  y = (lx)$" Q( +8+-93( (+- 25%'2'( !"

N%4+ /0%,+ 04 .(+ +8+-93(+ 21H*'(,-1(.+ %'21,/1'(+ )('3(--/,- 2( 3%2*.1+(' .(+ +8+:

-93(+ 28,/31<4(+ +13).(+" N%4+ /..%,+ 0%1' 2/,+ ./ +(>-1%, +410/,-( .(+ +8+-93(+

/.?*A'%:21H*'(,-1(.+ <41 +%,- 4,( ?*,*'/.1+/-1%, 2(+ B7C RSTU"

 !"! #$%&'()% *+,-./01234-/)5&3)+%

@(+ +8+-93(+ /.?*A'%:21H*'(,-1(.+ 2*>'10(,- .(+ +8+-93(+ 28,/31<4(+; 254,( 3/,19'(

).4+ ?*,*'/.( <4( .(+ B7C"



 !" #$%&'()% *+,-./01234-/)5&3)+%  "

 !"#! $%##&' (#' )%#*!+%# y $&,#+' -(. (# +#!'./"00' $' R 7→ R
m
'! *%#!+#12'#!

$&.+/"30'4 (#  ! "#$% &'()*+,-./0)+%1"/%' 56789 '-! (# -:-!;2' $' 0" )%.2' <

f(ẏ, y, t) = 0

%= f : Rm × R
m × R 7→ R

m
'! t .'>.&-'#!' 0' !'2>-? @%(- *%#-+$&.%#- -"#- >'.!' $'

A&#&."0+!& (#+B('2'#! 0'- 678 $C%.$.' D? E" 2&!F%$' >'.2'!!"#! $' !."#-)%.2'. (#

678 $C%.$.' p '# 678 $C%.$.' D '-! 0" 2G2' B(' 0" 2&!F%$' (!+0+-&' >%(. 0'- 68H?

I%#-+$&.%#- 0' -:-!;2' $' $'(J 2"--'- M1 '! M2 *%(>0&'- >". (#' 3"..' ,J'4 $'

0%#A('(. l4 $%##& >". 0" ,A(.' K?K? I' -:-!;2' >'(!LG!.' 2%$&0+-& >". 0' 678 -(+/"#!?

M1v̇1 = F, 5K?M9

M2v̇2 = − F + f(t), 5K?N9

l̇x1
= v1, 5K?O9

l̇x2
= v2, 5K?P9

lx1
− lx2

= l. 5K?DQ9

%= lx1
5.'->? lx2

9 .'>.&-'#!' 0" >%-+!+%# $' 0" 2"--' M1 5.'->?M29 -(. 0C"J' $'- "3-*+--'-4

v1 5.'->? v29 .'>.&-'#!' 0" /+!'--' $' 0" 2"--' M1 5.'->? M29 -(. 0C"J' $'- "3-*+--'-4 F

.'>.&-'#!' 0" )%.*' "A+--"#! '#!.' 0'- $'(J 2"--'- '! f(t) .'>.&-'#!' 0" )%.*' 'J!&.+'(.'

'J'.*&' -(. 0" 2"--' M2? E'- /".+"30'- -%#! y = (lx1
, lx2

, v1, v2, F )? EC&B("!+%# 5K?M9

5.'->? 5K?N99 .'>.&-'#!' 0C"**&0&."!+%# -(. 0C"J' $'- "3-*+--'- $' 0" 2"--' M1 5.'->? M29

'# )%#*!+%# $' 0" )%.*' 'J'.*&' >". 0" 3"..'? E'- &B("!+%#- 5K?O9 '! 5K?P9 )%#! 0' 0+'# '#!.'

0" /+!'--' '! 0" >%-+!+%# $'- 2"--'- -(. 0C"J' $'- "3-*+--'-? EC&B("!+%# 5K?DQ9 .'>.&-'#!'

0" $+-!"#*'4 '#!.' 0'- $'(J 2"--'-4 $&,#+' >". 0" 3"..' ,J'?

@%(- "00%#- $&-%.2"+- >.&-'#!'. (# *"- >".!+*(0+'. $'- 678 >'.2'!!"#! $' )"+.' 0'

0+'# '#!.' 0'- 68H '! 0'- &B("!+%#- "0A&3.+B('-?

 !"#$%$&# '() 21% 3&+/&*'% &'()*+/45% % " 51% 3&+/&*'% x 16&77&+&/  &1" 7& .&1 '%

 ! "#$%  ,5 '& 8,+$% .)+/3)% ẋ9

R0 'J+-!' $'- 678 >".!+*(0+'.- $&,#+- >". (# '#-'230' $C&B("!+%#- $+S&.'#!+'00'- %.L

$+#"+.'- '! (# '#-'230' $C&B("!+%#- "0A&3.+B('-4 "(--+ ">>'0&' *%#!."+#!'- "0A&3.+B('-?

I'- -:-!;2'- -%#! "0%.- .'>.&-'#!&- *%22' -(+! <

ẏ = f(y, x, t)

0 = g(y, x, t)



  !"#$%&'# ()*+,-./012+-'3$1')#

 !"#$%  ! " #$%&'() *) *)+, (-%%)%!

./ x )%& 0) 1)2&)+3 *)% 1-34-50)% -0675348+)% )& y )%& 0) 1)2&)+3 *)% 1-34-50)% *73417)%!

9)% %$%&'()% %.:& -;;)07%  !" #$%&'$()*&+&,$#!

<-3 ),)(;0)= 0) %$%&'() *) *)+, (-%%)% ;37%):&7 24>*)%%+% ;.%%'*) 2.(() 1-34-50)

-0675348+) x = (F ) )& 2.(() 1-34-50)% *73417)% y = (lx1
, lx2

, v1, v2)! ?.+% ;.+1.:% 1.43

8+@40 :@)%& ;-% ;.%%450) *@),;0424&)3 Ḟ ): A.:2&4.: *) y= x )& t 2-3 0- 1-34-50) F )%& +:)

1-34-50) -0675348+)! B: ): *7*+4& 8+) 2) %$%&'() :@)%& ;-% +: #CB! <-3 2.:&3)= .: 1.4&

8+) 2) %$%&'() )%& +: #DC %)(4>),;0424&)= ./ 0)% 78+-&4.:% E !FG )& E !HG %.:& 377234&)%

*) 0- (-:4'3) %+41-:&)

v̇1 =
F

M1

, E !IIG

v̇2 =
−F + f(t)

M2

. E !I G

J)% 78+-&4.:% E !KG= E !LG= E !IIG )& E !I G A.3():& 0@):%)(50) *)% 78+-&4.:% *4M73):>

&4)00)% .3*4:-43)% )& 0@78+-&4.: E !ING )%& +:) 78+-&4.: -0675348+)!

C-:% 0- 04&&73-&+3)= 0)% #DC %.:& -+%%4 3);37%):&7% %.+% +:) A.3() (-&3424)00)! J-

A.3() (-&3424)00) ;)3()& *) *7O:43 8+)08+)% ;3.;347&7% %+3 0- %&3+2&+3) *)% #DC! C-:%

2) 2-% 0)% #DC %@72341):& %.+% 0- A.3() P

Eẏ = Ay + g(t) E !IQG

./ E )& A %.:& *)% (-&342)% m×m= g(t) )%& 0) 1)2&)+3 *) A.:2&4.: :) *7;):*-:& ;-%

*)% 1-34-50)% y!

J- A.3() (-&3424)00) ;)3()& *) *7O:43 8+)08+)% ;3.;347&7% %+3 0- %&3+2&+3) *)% #DC!

 !"#$%$&# '(' -.$ %/,0&+$ A $#, 1&,$ 0234*&50$ #& $**$ $#, &.6$0#&7*$8 !4,0$%$., */

%/,0&+$ A $#, 1&,$ #&.34*&50$8



 ! "#$%&'()%* +,$ $-$(./,$ 0&1#23%4+)5#3,*(),&$  6

 ! "# $#%&!'( E ()% &*+,"!-&( #".&) "( )/)%-$( 012345 6(,% )( &**'&!&( ).,) "# 7.&$(

89,:  ;<

ẏ = Ây + ĝ(t) 0123=5

.> Â = E−1A (% ĝ(t) = E−1g(t)2

 ! "# $#%&!'( E ()% )!:+,"!-&( #".&) "( )/)%-$( 012345 ()% 8!%  !" #$%#$&? '#& !" :(

6(,% 6#) )( &**'&!&( ).,) "# 7.&$( 89,:  ;<2

 !"#"$%&%"' ()* '()* +,& -./$01& 1.$$2& E &3/ $245607$& 30 3%, 8&/&$-0,.,/ &3/ ,%,

,569 ".,3 6& 1.3 1%,/$.0$&: E &3/ 30,45607$&9

@( )/)%-$( 8, 6(:8,"( 6&*)(:%* '!A8()),) 6(,% 8.:' )( &**'&!&( ).,) "# 7.&$(




1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0







v̇1
v̇2
l̇x1

l̇x2

Ḟ



=




0 0 0 0 1
M1

0 0 0 0 − 1
M2

1 0 0 0 0

0 1 0 0 0

0 0 −1 1 0







v1
v2
lx1

lx2

F



+




0
f(t)
M2

0

0

l




.

B.,) #"".:) C.!&? 8#:) "# 6&.'D#!:( )('%!.:? "() $*%D.8() ,%!"!)*() 6.,& &*).,8&( "()

 ;< (% "()  E;2

 ! "#$%&'()%* +,$ $-$(./,$ 0&1#23%4+)5#3,*(),&$

F*).,8&( ,: )/)%-$( #"+*G&.A8!H*&(:%!(" &(C!(:% I %&.,C(& ,:( 7.:'%!.: y(t) J,! C*&!K(

"() *J,#%!.:) 8, )/)%-$(2

L#& (M($6"(? "( )/)%-$(

u̇ = v,

v̇ = − u,



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

 !""#$% &'% (')'(*+ $% "!,&*(!'"- *!&*%" $% ,. /!01%

u(t) = A cos(t+ T ),

v(t) = − A′ sin(t+ T ),

!2 A- A′ %* T "!'* $%" 3!'"*.'*%"4 5%" 3!'"*.'*%" A- A′ %* T $+ %'$%'* $% ,6('(*(.,(7

".*(!' $& "8"*#1%4 9.0 %:%1 ,% $.'" ,% 3." $& "8"*#1% 1.""%70%""!0* $% ,. );&0% <4=-

(, %"* '+3%"".(0% $% 3!''.>*0% ,.  !"(*(!' ('(*(.,% $% ,. 1.""% lx0
%* ,. ?(*%""% ('(*(.,% v04

5%" ?.,%&0"  %01%**.'* $6('(*(.,("%0 ,% "8"*#1% "6.  %,,% ?.,%&0" ('(*(.,%"4 @.'" ,% 3."

;+'+0.,- (, "&A* $6.B!&*%0 .& "8"*#1% ,%" +C&.*(!'" y(t0) = c0- !2 c0 %"* &' ?%3*%&0 $%

3!'"*.'*%"4

5. 0+"!,&*(!' $%" "8"*#1%" $(D+0%'*(%,"  %&* "% /.(0% E ,6.($% $% 1+*F!$%" .'.,87

*(C&%" !& '&1+0(C&%"4 5%" 1+*F!$%" .'.,8*(C&%" 3F%03F%'* &'% %: 0%""(!' 1.*F+1.7

*(C&% %:.3*% $%" "!,&*(!'"4 G' %:%1 ,% $% 0+"!,&*(!' .'.,8*(C&% %"* $!''+ 3(7$%""&"4

H%" 1+*F!$%" '% /!'3*(!''%'* C&% $.'" &' 0%;("*0% ,(1(*+- $%  ,&"-  0! !0*(!''%,,%7

1%'*- *0#"  %& $% "8"*#1%" $(D+0%'*(%,"  !""#$%'* &'% "!,&*(!' .'.,8*(C&%- %: 0(1.I,%

.?%3 ,%" /!'3*(!'" &"&%,,%"4 5. 0+"!,&*(!' '&1+0(C&% $6&' JK@ 3!'"("*% E !I*%'(0 &'%

.  0!:(1.*(!' $% ,. /!'3*(!' y(t)- "!,&*(!' $& JK@- "&0 &' ('*%0?.,,% [t0, t0 + T ] %'

%"*(1.'* ,. ?.,%&0 $% 3%**% /!'3*(!' %' &' '!1I0% )'( $%  !('*" "&0 3%* ('*%0?.,,%4 5%"

1+*F!$%" '&1+0(C&%" 3.,3&,%'* &'% I!''% .  0!:(1.*(!' $% ,. "!,&*(!'4 L' ,6.I"%'3%

$% "!,&*(!' .'.,8*(C&%- (, %"* .,!0" '+3%"".(0% $% 0+"!&$0% ,%" JK@ .?%3 $%" 1+*F!$%"

'&1+0(C&%"4

5. 0+"!,&*(!' '&1+0(C&% $%" JK@ 0%?(%'* E *0!&?%0 &'% .  0!:(1.*(!' $% ,. /!'3*(!'

y(t)- %' 3%0*.('"  !('*" $% ,6%'"%1I,% [t0, t0 + T ]- ?+0().'* ,% "8"*#1% M

0 = f(ẏ, y, t),

y(t0) = c0.

56($+% $% ,. 0+"!,&*(!' '&1+0(C&% %"* $% $("30+*("%0 $% /.N!' 0+;&,(#0% [t0, t0 + T ] %'

N 1!03%.&:4 O+'+0.,%1%'*-  ,&" N %"* ;0.'$  ,&" ,6.  0!:(1.*(!' $% ,. "!,&*(!' %"*

.1+,(!0+%4

@.'" ,%" 1+*F!$%" C&% '!&"  0+"%'*!'" '!&" "&  !"!'" C&% ,. ?.,%&0 ('(*(.,% y(t0) =

c0 %"* $!''+%4

@.'" ,. "&(*%- '!&" '!&" ('*+0%""!'" &'(C&%1%'* .&: 1+*F!$%" '&1+0(C&%"4 P!&"

 0+"%'*!'" $.'" &'  0%1(%0 *%1 " ,. 1+*F!$% $6L&,%0 %: ,(3(*%- '!&" ?%00!'" ,%" ,(7

1(*.*(!'" $% 3%**% 1+*F!$%4 P!&"  0+"%'*!'" %'"&(*% ,. 1+*F!$% $6L&,%0 (1 ,(3(*%

 %01%**.'* $% 3!00(;%0 3%" ,(1(*.*(!'"4



 ! "#$%&'()%* +,$ $-$(./,$ 0&1#23%4+)5#3,*(),&$  6

 !" #$%&'(!" ()*+,!-. ,)+/! !01,232%! !% ,)4+%-! 2#1,232%!. 1!-#!%%!/% ()411-'02#!-

,4 54,!+- (! ,4 6'/3%2'/ 4+ 1'2/% y(tn)  ! "#!$%&#! ' () *)( +, ' () "#!$%&#! )+ -#&!%

y(tn−1). / 0 12%3#' 0 - ,1 %% !%4 ' -,#$3  ! -,#$3 4 '5)--,#6&1 , (5 !0 17( ' 0

N -#&!%0 0+, (5&!% ,*)(( $3#&0& [t0, t0 + T ]. 8! !#% tn = t0 + nh4 n ∈ {0, ..., N} +! 

'&0$,2%&0)%&#! ,29+(&:, ' [t0, t0 + T ] )* $ h = T/N ( -)0 ' % 1-0. /#!0&'2,#!0 ()

, -,20 !%)%&#! 1)%,&$& (( '5+! ;<=4 #! ) )(#,0 Eẏ(t) = Ay(t) + g(t), ∀t ∈ [t0, t0+ T ]

$ >+&  !%,)?! Eẏ(tn) = Ay(tn) + g(tn), ∀n ∈ {0, ..., N}. / %% 2>+)%&#! *) !#+0

- ,1 %%, '5#7% !&, ( 0 0$321)0 '2@!&00)!%0 ( 0 12%3#' 0 '5A+( ,. 8! -#0 yn = y(tn)

-#+, %#+% n ∈ {0, ..., N}.

 ! !" #$%&'() (*+,-). )/0-121%)

B) 12%3#' '5A+( ,  6-(&$&% 0 '2'+&% '&, $% 1 !% ' () "#,1+( ' 0 '&C2, !$ 0 @!& 0

-,#9, 00&* 0 DEFG. A((  0% '#!!2 -), ( 0$321)

Eyn+1 = (E + hA)yn + hg(tn), ∀n ∈ {0, ..., N − 1},

y0 = c0.

;& () 1)%,&$ E  0% 0&!9+(&:, 4 &(  0% )(#,0 &1-#00&7( ' ,20#+', ( 0H0%:1  ! +%&(&0)!%

$ %% 12%3#' . A!  C %4 -#+, $)($+( , yn+1 &(  0% !2$ 00)&, ' , "#,1+( , ( 0$321) ' 

() 1)!&:, 0+&*)!% 

yn+1 = (I + hE−1A)yn + hE−1g(tn), ∀n ∈ {0, ..., N − 1},

y0 = c0.

B) 12%3#' '5A+( ,  6-(&$&% ! - +% '#!$ -)0 ,20#+', ( 0 ;<= -,#-, 0 -+&0>+ 

() 1)%,&$ E  0% 0&!9+(&:, -#+, ' % (0 0H0%:1 0. = -(+04 $ %% 12%3#' !5 0% -)0

0%)7( 4 $5 0%IJI'&, >+ (5)$$+1+()%&#! ' 0  ,, +,0 , ()%&* 0 J $3)>+ )--,#6&1)%&#!  0%

&1-#,%)!% DKLG.

/#!0&'2,#!0 ( 0H0%:1 



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

ẏ1 + ẏ2 = y1 + y2,  !"#$%

ẏ1 + ẏ2 = 2y1 + 5,  !"#&%

y1(t0) = 2,  !"#'%

y2(t0) = 1.  !"#(%

)*++,-,.- /*0 .,*- 0--12,.- 30 45-,*340 60 -2-7890 0. *7:;:-1.7 ;1 957<,30 3=>*;04

0?+;:6:70" @,*- ,A70.,.- 1;,4-

yn+1
1 + yn+1

2 = yn1 + yn2 + h(yn1 + yn2 ),

yn+1
1 + yn+1

2 = yn1 + yn2 + h(2yn1 + 5).

B; 0-7 6;1:4 /*0 /*0;/*0- -,:0.7 ;0- C1;0*4- 30 y01 07 y02D :; .=0-7 +1- +,--:A;0 30 74,*C04

;0- C1;0*4- 30 yn+1
1 07 yn+1

2 " >. 0E07D ,. .0 +0*7 +1- 0?+4:904 yn+1
1 ,* yn+1

2 *.:/*090.7

0. F,.67:,. 30 yn1 07 yn2 "

@,*- 1;;,.- 35-,491:- +45-0.704 ;1 957<,30 3=>*;04 :9+;:6:70D 60770 957<,30 +04907

30 45-,*340 ;0- )GH 07 -*47,*7 0;;0 +04907 *.0 90:;;0*40 1++4,?:917:,. /*0 ;1 957<,30

0?+;:6:70"

 ! ! "#$%&'( ')*+,(- ./0,.1.$(

I1 957<,30 3=>*;04 :9+;:6:70D /*1.3 J 0;;0D 0-7 3,..50 +14 ;0 -6<591

(E − hA)yn+1 = Eyn + hg(tn+1), ∀n ∈ {0, ..., N − 1},

y0 = c0.

B6: ;0 -6<591 0-7 :.C04-5" G* ;:0* 30 6,.-:35404 yn+1
0. F,.67:,. 30 ynD ,. 6,.-:3840

yn 0. F,.67:,. 30 yn+1
"

K,.-:354,.- J .,*C01* ;0 -2-7890 3,..5 +14 ;0- 0/*17:,.-  !"#$%L !"#(%" >. *7:;:-1.7

;1 957<,30 3=>*;04 :9+;:6:70 .,*- ,A70.,.-



 ! "#$%&'()%* +,$ $-$(./,$ 0&1#23%4+)5#3,*(),&$  6

yn+1
1 − yn1 + yn+1

2 − yn2
h

= yn+1
1 + yn+1

2 ,

yn+1
1 − yn1 + yn+1

2 − yn2
h

= 2yn+1
1 + 5,

 !" #$% & !"'()#*% +

yn+1
1 =

yn1 + yn2
2(1− h)

−
5

2
,

yn+1
2 =

yn1 + yn2
2(1− h)

+
5

2
.

," h 6= 1 ()-.$ ") #$% /-$$"0)# 1# .&$-!1.# )# $2$%34#5

6(*$ 789:; )#$ (!%#!.$ #</)" !#*% #* 1&%(") )=('(*%(># 1# )( 4&%?-1# 1=@!)#. "4/)"A"%#

/(. .(//-.% + )( 4&%?-1# 1=@!)#. #</)"A"%#5

B) #<"$%# 1=(!%.#$ 4&%?-1#$ /#.4#%%(*% 1# .&$-!1.# )#$ ,6C #% ,D6 7EE; FG; HE; HI;

IF; IJ; 8E; IK:5

B) /#!% L%.# %.3$ 1"MA")# 1# .&$-!1.# 1".#A%#4#*% !* ,D6 ('#A !*# 4&%?-1# 1# .&$-)!N

%"-* *!4&." !#5 O="*1#< 1=!* $2$%34# /#.4#% 1# 1&%#.4"*#. )( 1"MA!)%& 1# .&$-)!%"-*

1=!* ,D6 7PE:5 C* (//#))# "*1#< 1=!* $2$%34# )# *-40.# 1# 1&."'(%"-*$ *&A#$$(".#$

/#.4#%%(*% 1# %.(*$Q-.4#. !* ,D6 #* ,6C5 R* ,6C #$% !* ,D6 1="*1#< 95 ," )="*1#<

1! $2$%34# #$% &)#'& S$!/&."#!. + FT ()-.$ )#$ 4&%?-1#$ 1# .&$-)!%"-*$ 1-**#.-*% 1#

%.3$ 4(!'("$#$ (//.-<"4(%"-*$ 7E9; EF:5

B) #$% /-$$"0)# 1# .&1!".# )="*1#< 1=!* ,D6 (U* 1# Q(A")"%& $( .&$-)!%"-*5 V-!$ ())-*$

"))!$%.#. )( .&1!A%"-* 1="*1#< /#.4#%%(*% 1# .&$-!1.# )#$ ,D6 )#$ /)!$ 1"MA")#$5 W-*$"N

1&.-*$ #*A-.# )# $2$%34# 1# 1#!< 4($$#$ M1 #% M2 A-!/)&#$ /(. !*# 0(..# U<#5 V-!$

())-*$ '-". A-44#*% .&1!".# A# ,D6 $#4"N#</)"A"%# #* !* ,D6 $#4"N#</)"A"%# 1="*1#< E5

O( /(.%"# ()>&0." !# 1! $2$%34#; 1-**&# 1(*$ )=#<#4/)#; #$% A-*$%"%!&# 1# )=& !(%"-*

SP5E9T #% )"# )#$ '(."(0)#$ lx1
#% lx2

#* Q-*A%"-* 1=!*# A-*$%(*%#5 @))# )"# &>()#4#*% )#$

'(."(0)#$ v1 #% v2 1# 4(*"3.# "4/)"A"%#5 @* 1&."'(*% )=& !(%"-* SP5E9T #* Q-*A%"-* 1!

%#4/$; -* '-"% )# )"#* #*%.# v1 #% v25

lx1
− lx2

= l ⇒ l̇x1
− l̇x2

= 0 SP5EKT

⇔ v1 − v2 = 0 SP5P9T



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

 !" #$%&'(")* +" , - .(/)0(123)4)'( #$)"#(1 56 )3 (.' "74(..8)*( #( #7*)9(* : "%+9(8+

4(''( 7;+8')%" <

v1 − v2 = 0⇒ v̇1 − v̇2 = 0, =>?>5@

⇔
F

M1

−
−F + f(t)

M2

= 0, =>?>>@

⇔ F =
M1

M1 +M2

f(t). =>?>A@

B%+. %&'("%". +" , - .(/)0(123)4)'( #$)"#(1 5

v̇1 =
f(t)

M1 +M2

, =>?>C@

v̇2 =
f(t)

M2

(
M1

M1 +M2

+ 1), =>?>D@

l̇x1
= v1, =>?>E@

l̇x2
= v2, =>?>F@

F =
M1

M1 +M2

f(t). =>?>G@

B%+. *(/8*;+%". ;+( .) "%+. #7*)9%". : "%+9(8+ 3$7;+8')%" 2(*/(''8"' #( 4834+3(*

F %" %&')("' 83%*. +" ,-H? H" 2(+' (" #7#+)*( ;+( 3( , - 2%..I#( +" )"#(1 #(

#)J7*("')8')%" #( A? -8". KEGL6 M8"'(3)#(. 2*%2%.( +" 83N%*)'O/( &8.7 .+* 3(. 4%+238N(.

#8". +" N*82O( &)28*') 8!" #( '*%+9(* 3( .%+.0(".(/&3( #$7;+8')%". : #7*)9(*?

P%//( "%+. 9("%". #( 3( 9%)*6 38 *7.%3+')%" #$+" , - (.' +" 2*%4(..+. 3%"N (' #)Q0

4)3(? R3 (.' #%"4 '*I. )"'7*(..8"' #( .89%)* : 3$898"4( .) +" , - 2(+' %+ "%" S'*( *7.%3+?

B%+. 833%". 2*7.("'(* 3( 2*%&3I/( #( 3$8"83T.( .'*+4'+*(33( ;+) #%""( +"( 4%"#)')%"

"74(..8)*( : 38 *7.%3+')%" #$+" , -?

 !" #$%&'() (*+,-*,+)&&)

U(  !"#$%&' (' $)*+*$,-' -.!/0./!'$$' =M ,@ (.' +"( 4%"#)')%" "74(..8)*(6 /8). 28.

.+Q.8"'(6 2(*/(''8"' 38 *7.%3+')%" "+/7*);+( #(. , -? U$)#7( #+ M , 9)("' #(. 2*%0

2*)7'7. #(. 7;+8')%". 2+*(/("' 83N7&*);+(.6 .8". 98*)8&3(. #7*)97(.? B%+. 833%". 9%)*6



 !" #$%&'() (*+,-*,+)&&)  .

 !"# $" %&'()'& *'(%#+ ,' -./ %0$& ,'# 12$!*)0"# %$&'('"* !,314&)2$'#5 6"#$)*' "0$#

7'&&0"# 80(('"* 8'# %&0%&)1*1# #' *&!"#('**'"* %0$& ,'# /.95

:0$# %!&,0"#  ;!"!,<#' #*&$8*$&',,'+ 8!& "0$# "' "0$# )"*1&'##0"# %!# !$= 7!,'$&# 2$'

%'$7'"* %&'" &' ,'# 7!&)!4,'#+ "0$# *&!7!),,0"# $")2$'('"* #$& ,! #*&$8*$&'  $ #<#*>('+

8;'#*?@? )&' #) $"' 7!&)!4,' !%%!&!A* 0$ "0"  !"# $"' 12$!*)0"5

 !"#$%&! '()  !"# $!%#&'()!%# '*# #+#,-.*# %* /!##('0%, /0# '1(2"0,&!% )*'!%3

'0%,* *, '*# #+#,-.*# $0))(# /!##('0%, 0",0%, '* 40)&056*# 2"* '1(2"0,&!%#7

/) "0$# !70"# %,$#  ;12$!*)0"# 2$'  ' 7!&)!4,'# 0$ %,$#  ' 7!&)!4,'# 2$'  ;12$!*)0"#

'* 2$;), ";'=)#*' %!#  ;12$!*)0" &' 0" !"*' !,0&#+ ,' #<#*>(' "' %0##> ' %!#  ' #0,$*)0"

0$ $"' )"B")*1  ' #0,$*)0"# CDEF5

 !"!# $%& '()* +,- -.-/01,- 2+345*67),-

G'# #<#*>('# !,314&)2$'# #0"*  '# #<#*>('#  ;12$!*)0"# %0##1 !"* $")2$'('"*  '#

7!&)!4,'# !,314&)2$'#5 G! H0&(' 31"1&!,'  '# #<#*>('# !,314&)2$'# '#*  0""1' %!& I

Ax = b,

0J A '#* $"' (!*&)8' m × m+ x ∈ R
m

,' 7'8*'$& 80&&'#%0" !"* !$= 7!&)!4,'#  $

#<#*>(' '* b ,' 7'8*'$&  '# 80"#*!"*'#  $ #<#*>('5

/) ,! (!*&)8' A '#* &13$,)>&'+ 8;'#*?@? )&' 2$' ,! (!*&)8' A '#* )"7'&#)4,'+ ,' #<#*>('

%0##> ' $"' $")2$' #0,$*)0" 2$) '#*  0""1' %!&

x = A−1b.

-!& 80"*&' #) ,! (!*&)8' A '#* #)"3$,)>&' !,0&# ,' #<#*>(' "' %0##> ' %!#  ' #0,$*)0"

0$ $"' )"B")*1  ' #0,$*)0"# CKLF5

9;!%&># ,!  1B")*)0" E5K $"' (!*&)8' A '#* &13$,)>&' #) '* #'$,'('"* #) ,'  '*'&()"!"*

 ' A '#*  )M1&'"*  ' N5

9!"# CDOF+ P$&0*! (0"*&' ,' ,)'" '"*&' ,! #0,7!4),)*1  ;$" #<#*>('+ ,'  1*'&()"!"*  '#

(!*&)8'# '* ,'# 80$%,!3'# %!&H!)*#  !"# ,'# 3&!%Q'# 4)%!&*)#5



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

 !"#$% %&' #% ()&&%* ()* +,% -)'*".% ",'%*-$#")"*% )((%/$% -)'*".% &'*+.'+*%//% )0,

#% #$0,"* +,% .1,#"'"1, ,$.%&&)"*% &+* /) *$&1/+'"1, #%& &2&'3-%&4 5%''% #$0,"'"1, ) $'$

",'*1#+"'% ()* 6),'-).7%* 89:;4

 !"#$%$&# '()  !"# $%& '(#)"*& A+ m × m, -( '(#)"*& .#)$*#$)&//& Astr (..!*"0& 1

/( '(#)"*& A &.# 203%"& 2& /( '(%"4)& .$"5(%#&

Astri,j =

{
tij ." Ai,j 6= 0,

0 ."%!%,

!6 /&. tij+ 7!$) #!$# i, j ∈ {1, ..., n}+ .!%# "%207&%2(%#.,

<, (%+' )/1*& )&&1."%* = /) -)'*".% Astr /% >*)(7% ?"()*'" GAstr = (U ∪ V,E) 1@

U = {1, ...,m}A V = {1, ...,m} %' "/ %B"&'% +,% )*C'% ij ∈ E %,'*% +, &1--%' i ∈ U %'

+, &1--%' j ∈ V &" Astri,j 6= 04  % >*)(7% G %&' )((%/$ 8)(79& 2:"%*"2&%*&4

*+!&,-./ '(0 ;<=> -( '(#)"*& .#)$*#$)&//& Astr &.# )08$/"4)& ." &# .&$/&'&%# ." /&

8)(79& G 7!..42& $% *!$7/(8& 7()?("#, �

 ) (*%+D% %&' #1,,$% %, #$')"/ #),& 8EF;4

 !"#$%$&# '(1 -( '(#)"*& A &.# 2"#& .#)$*#$)&//&'&%# )08$/"4)& ." /( '(#)"*& Astr &.#

)08$/"4)&, @$#)&'&%#+ &//& &.# 2"#& .#)$*#$)&//&'&%# ."%8$/"4)&,

G, %H%'A &" /) -)'*".% Astr %&' &",>+/"3*% )/1*& /) -)'*".% A /!%&' )+&&"4 I)* .1,'*% &" /)

-)'*".% Astr %&' *$>+/"3*% )/1*& 1, ,% (%+' *"%, #"*% &+* AA .)* /%& $/$-%,'& #% /) -)'*".%

Astr &1,' ",#$(%,#),'& -)"& ()& J1*.$-%,' /%& $/$-%,'& #% A4  !),)/2&% &'*+.'+*%//%

#1,,% #1,. +,% .1,#"'"1, ,$.%&&)"*% &+* /) *$&1/+'"1, #%& &2&'3-%& )/>$?*"K+%&4

I)* )?+& #% /),>)>%A 1, #"' K+!+, &2&'3-% %&' &'*+.'+*%//%-%,' *$>+/"%* L*%&(4 &",>+M

/"%*N &" /) -)'*".% &'*+.'+*%//% )&&1."$% %&' *$>+/"3*% L*%&(4 &",>+/"3*%N4

2/.3,45/ '(6 89:; O" /) -)'*".% Astr %&' &",>+/"3*% )/1*& "/ %B"&'% +, &1+&M%,&%-?/%

#!$K+)'"1,& (1&&$#),' (/+& #% D)*")?/%& K+% #!$K+)'"1,& %' #1,.A .1--% /% &2&'3-%

%&' .)**$ L(1&&3#% )+'),' #% D)*")?/%& K+% #!$K+)'"1,&NA "/ %B"&'% +, &1+&M%,&%-?/%

#!$K+)'"1,& (1&&$#),' -1",& #% D)*")?/%& K+% #!$K+)'"1,&4



 !" #$%&'() (*+,-*,+)&&) ".

 !"# $%%!&# '!() *+", +,+-.%+# .!") (%%"#/)+) %+ .)!0%1-+ *+ %2$&$%3#+ #/)"4/")+%%+5 6+

.)+-(+) +,+-.%+ -!&/)+ "& #3#/1-+ #/)"4/")+%%+-+&/ )78"%(+) +/ .!##7*$&/ "&+ #!%"/(!&

"&(9"+5

 !"#$%" &'( :!&#(*7)!&# %+ #3#/1-+ $%870)(9"+ #"('$&/ ;

x1 + 2x2 + 3x3 = 4,

x1 + 3x3 = 1,

x1 + x2 = 3.

6$ -$/)(4+ A1 $##!4(7+ $" #3#/1-+ +#/ 79"('$%+&/+ <

A1 =




1 2 3

1 0 3

1 1 0


 .

=& +& *7*"(/ %$ -$/)(4+

A1str =




t11 t12 t13
t21 0 t23
t31 t32 0


 .

6+ 8)$.>+ 0(.$)/( GA1str? $##!4(7 < %$ -$/)(4+ Astr? +#/ *!&&7 .$) %$ @8")+ A5B

 !"#$% A5B C D)$.>+ 0(.$)/( $##!4(7 < %$ -$/)(4+ A1str

6+ 8)$.>+ GA1str .!##1*+ "& 4!".%$8+ .$)E$(/? *!&&7 .$) %+# $)F/+# +& 8)$#5 6+ #3#/1-+

+#/ *!&4 #/)"4/")+%%+-+&/ )78"%(+) +/ .!##1*+ 4!--+ #!%"/(!& "&(9"+ x1 = 3/2? x2 = 3/2

+/ x3 = −1/65



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

 ! "!#$%&'! !$!'()! "*++! #+ ,-,.&'! ,./#0.#/!))!'!+. /12#)%!/ '3%, 4#% +! (*,,&"!

(3, "! ,*)#.%*+5

 !"#$%" &'() 6*+,%"1/*+, )! ,-,.&'! 3)217/%4#! ,#%83+. 9

x1 + 2x2 + 3x3 = 4,

2x1 + 20x3 = 1,

x1 + 10x3 = 3.

 3 '3./%0! A2 3,,*0%1! 3# ,-,.&'! !,. 14#%83)!+.! :

A2 =




1 2 3

2 0 20

1 0 10


 .

;+ !+ "1"#%. )3 '3./%0!

A2str =




t11 t12 t13
t21 0 t23
t31 0 t33


 .

 ! 2/3(<! 7%(3/.% GA2str 3,,*0%1 : )3 '3./%0! A2str !,. "*++1 (3/ )3 =2#/! >5?

 !"#$% >5? @ A/3(<! 7%(3/.% 3,,*0%1 : )3 '3./%0! A2str

 ! 2/3(<! GAstr (*,,&"! #+ 0*#()32! (3/B3%.C "*++1 (3/ )!, 3/D.!, !+ 2/3,5  ! ,-,.&'!

!,. "*+0 ,./#0.#/!))!'!+. /12#)%!/ '3%, (*#/.3+. %) +! (*,,&"! (3, "! ,*)#.%*+5 E+ !F!.

A2 !,. ,%+2#)%&/! (#%,4#! det(A2) = 05



 !" #$%&'() (*+,-*,+)&&) ""

 !"# $%%!&# '!() *$&# %$ #+,-(!& #"('$&-+ ,!..+&- %/(*0+ *+ %/$&$%1#+ #-)",-")+%%+ $

0-0 0-+&*"+ *$&# %+ ,$# *+# 2345

 !"! #$% &'() *+, %$-

4$&# 6789: %+# $"-+")# )$;;+%%+&- <"/"&+ *0=&(-(!& )$(#!&&$>%+ *+ %$ #!%'$>(%(-0 */"&

234 +#- *!&&0+ ;$) %/+?(#-+&,+ */"&+ #!%"-(!& "&(<"+ ;!") -!"-+ '$%+") (&(-($%+ ,!&#(#@

-$&-+5

A!..+ &!"# %/$'!&# '": ;!") )0#!"*)+ "& 234 ;$) %$ .0-B!*+ */C"%+) (.;%(,(-+

*!&&0+ ;$)

(E − hA)yn+1 = Eyn + hg(tn+1), ∀n ∈ {0, ..., N − 1},

y0 = c0,

(% +#- &0,+##$()+ <"+ %$ .$-)(,+ (E−hA) #!(- (&'+)#(>%+ +- *!&, <"+ det(E−hA) 6= 05

D"+&>+)E+) 6F89 $ E0&0)$%(#0 ,+--+ ,!&*(-(!& <"+%<"+ #!(- %$ .0-B!*+ *+ )0#!%"-(!&

"-(%(#0+5

 !"#$%&' ()**  !"# $% &'&()*+ +&( &,-./0-+ &1 +( &+2-+*+%( &1 det(E − λA) 6= 03 ,4

λ +&( 2% 5/6/*)(6+ 789%1 +% :,%;(1,% 7+ -/ *8(<,7+ 7+ 68&,-2(1,% ;<,1&1+ +( 7+ h=

G& #/(&-0)+##+ H %$ #-)",-")+ *+ %$ .$-)(,+ (E − λA)5 I!") ,+%$: &!"# $%%!&# *0=&()

%$ .$-)(,+ #-)",-")+%%+ Âstr: !J Â = (E − λA)5

+",-./.#- ()*( >,1( -/ */(61;+ Âstr 7?2% >@A +&( 789%1+ 5/6 B

Âstri,j =

{
tij &1 Ei,j 6= 0 +(C,2 Ai,j 6= 0 ,

0 &1%,%.

,4 -+& tij3 5,26 (,2( i, j ∈ {1, ..., n}3 &,%( 1%785+%7/%(&=

C& +K+-: Âi,j = 0 #( +- #+"%+.+&- #( Ei,j = 0 +- Ai,j = 05 I$) ,!&-)+ #( Ei,j 6= 0 +-L!"

Ai,j 6= 0 $%!)# (% +?(#-+ "& λ -+% <"+ Âi,j 6= 05

0#$#112.$' ()*3  D"# $% &'&()*+ %?+&( 5/& &,-./0-+ &1 &/ */(61;+ &(62;(26+--+ Âstr +&(

&1%E2-1)6+=



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

 !"#$%&! '()*  ! "#$%&'&#$ Ei,j 6= 0 (')#* Ai,j 6= 0 "#++(,-#$% !* .!&' /*( 0!

1!+&!20( yi #* ẏi !--!+!3' %!$, 045/*!'&#$ j

60 (,' .!"&0( %( 1#&+7 %4!-+8, 0! +(9!+/*( :;<=7 /*( -#*+ +5,#*%+( 0( >?@ &0 $4(,'

-!, $5"(,,!&+( %( -!,,(+ -!+ 0! 9!'+&"( ,'+*"'*+(00(; 60 $#*, ,*A' %( 15+&B(+ /*4*$(

1!+&!20( !--!+!3' #* $#$ %!$, *$( 5/*!'&#$; 60 (,' !0#+, -#,,&20( %( +(%5B$&+ 0( C+!-D(

%4&$"&%($"( %( 0! 9!$&8+( ,*&1!$'(; @#&' 0( C+!-D( 2&-!+'& G = (U ∪ V,E) #E "D!/*(

,#99(' %( U "#++(,-#$% F *$( 5/*!'&#$7 "D!/*( ,#99(' %( V F *$( 1!+&!20(7 (' &0

(G&,'( *$( !+H'( uv ∈ E ($'+( *$ ,#99(' u ∈ U (' *$ ,#99(' v ∈ V ,& 0! 1!+&!20(

#* ,! %5+&15( "#++(,-#$%!$' !* ,#99(' v !--!+!3' %!$, 045/*!'&#$ "#++(,-#$%!$' !*

,#99(' u;

@& 0! 9!'+&"( Âstr (,' ,&$C*0&8+( !0#+, 0( @?I $4(,' -!, ,#01!20(;  ( >?@ %!$, 0( "!,

%(, @?I +(1&($' F 15+&B(+ /*( 0! 9!'+&"( Â (,' ,'+*"'*+(00(9($' +5C*0&8+(;

J#$,&%5+#$, F $#*1(!* 0( @?I ,*&1!$' K

ẏ1 + ẏ2 = y1 + y2,

ẏ1 + ẏ2 = 2y1 + 5,

L:;:MN

 ! 9!'+&"( Â !,,#"&5( F "( ,O,'89( (,' 5/*&1!0($'( F

Â =

(
1− λ 1− λ

1− 2λ 1

)
.

P$ ($ %5%*&' 0! 9!'+&"( K

Âstr =

(
t11 t12
t21 t22

)
.

 ( C+!-D( 2&-!+'& GÂstr !,,#"&5 F 0! 9!'+&"( Âstr (,' %#$$5 -!+ 0! BC*+( :;Q

I4!-+8, 0( 'D5#+89( :;R7 "#99( 0( C+!-D( GÂstr -#,,8%( *$ "#*-0!C( -!+.!&'7 %#$$5

-!+ 0(, !+H'(, ($ C+!,7 0( @?I (,' %#$" ,'+*"'*+(00(9($' +5C*0&(+; >!+ !&00(*+,7 %!$, 0!

,("'&#$ :;:;: $#*, !1#$, 9#$'+5 /*( "( ,O,'89( -(*' H'+( +5,#0* $*95+&/*(9($' ,#*,

"(+'!&$(, "#$%&'&#$,;

S#*, !00#$, 1#&+ %!$, 0! -+#"D!&$( ,("'&#$ 0(, 95'D#%(, (G&,'!$'(, -(+9(''!$' %(

,!1#&+ ,& *$ @?I (,' ,'+*"'*+(00(9($' +5C*0&(+ #* $#$;
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 !"#$%  !" # $%&'() *+'&%,+ &--./+0 1 2& 3&,%+/) Âstr

 !" #$%&'() (*+,-*,+)&&) )* .+/0&12)( -/$$)3)(

42 ')5, 6,%) 5,+2) 7) %0-.57%) /)%,&+8- '%.*293)- &:&8, 2& %0-.25,+.8 7;58 <=> '&%

7)- 30,(.7)- 8530%+?5)-!

@25-+)5%- ,)/(8+?5)- *&-0)- -5% 2& ,(0.%+) 7)- A%&'()- .8, 0,0 '%.'.-0)- '.5% %0B

-.57%) 2) @=< CD E  FE GHE G"I! >;&5,%)- 30,(.7)-E *&-0)- -5% 2)- 3&,%.J7)- CGHE KGI .8,

0A&2)3)8, 0,0 '%.'.-0)- '.5% 2) @=<!

L8) 7)- 7+M/52,0-E ?5&87 58 <=> )-, -,%5/,5%)22)3)8, -+8A52+)%E )-, 7) -&:.+% 2& %&+B

-.8 '.5% 2&?5)22) 2) -N-,93) )-, -,%5/,5%)22)3)8, -+8A52+)%! O;58) 7)- 30,(.7)- 5,+2+-0)-

)-, 7) 70,)/,)% 2) .5 2)- -.5-B-N-,93)- -,%5/,5%)22)3)8, -+8A52+)%-!

P5%.,& CGQI & 3.8,%0 ?5;+2 )-, '.--+*2) 7) 70,)/,)% 2)- -.5-B-N-,93)- -,%5/,5%)22)B

3)8, -+8A52+)%- )8 '&--&8, '&% 2) A%&'() *+'&%,+ G &--./+0! @.5% /)2&E +2 5,+2+-) 2&

>PB>0/.3'.-+,+.8 CGFI ?5+ ')%3), 7) 70/.3'.-)% 2) A%&'() *+'&%,+ G )8 '25-+)5%-

-.5-BA%&'()- *+'&%,+-! R),,) 70/.3'.-+,+.8 -) *&-) -5% 58 &2A.%+,(3) S.,-! P5%.,&

& &2.%- 3.8,%0 ?5;)T&/,)3)8, 7)5T 7) /)- -.5-BA%&'()- /.%%)-'.87)8, 1 7)- -.5-B

-N-,93)- -,%5/,5%)22)3)8, -+8A52+)%-! R.8-+70%.8- 2) A%&'() *+'&%,+ 7) 2& UA5%)  !G! O&

>PB>0/.3'.-+,+.8 /.%%)-'.87&8, 1 /) A%&'() )-, 7.880) '&% 2& UA5%)  !K! O)- -.5-B

-N-,93)- &--./+0- &5T A%&'()- G1 ), G4 -.8, -,%5/,5%)22)3)8, -+8A52+)%-! >&8- CH IE 2)-

&5,)5%- '%.'.-)8, 58) 30,(.7) '.5% &8&2N-)% ), 70,)/,)% 2)- -.5-B-N-,93)- 3+8+3&5T

-,%5/,5%)22)3)8, -+8A52+)%-! R),,) 30,(.7) -) *&-) -5% 2& >PB70/.3'.-+,+.8 &U8 7;+-.B

2)% 2)- -.5-B-N-,93)- 7;0?5&,+.8- -,%5/,5%)22)3)8, -+8A52+)%-! @.5% /(&?5) -.5-B-N-,93)E

58 )8-)3*2) 7;0?5&,+.8- U/,+:)- )-, &V.5,0! O) -N-,93) %0-52,&8, )-, 25+ &5--+ 70/.3B

'.-0E ), /)E V5-?5;1 /) ?5;58 -.5-B-N-,93) -,%5/,5%)22)3)8, -+8A52+)% 3+8+353 -.+,

70,)/,0! O& 30,(.7) )-, &''2+?50) 7) 3&8+9%) %0/5%-+:) V5-?5;1 /) ?5) ,.5- 2)- -.5-B

-N-,93)- -,%5/,5%)22)3)8, -+8A52+)%- 3+8+3&5T -.+)8, 2./&2+-0-! R),,) 30,(.7) ')%3),



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

 !"#$%& '"  ()*+,*-./.*$  *$$(% ,"& 01&*/"2

 !"#$% 324 5 67%+,'%  % 8&",9% G

:' %-/ (8"'%+%$/ .$/(&%--"$/  % &( 1.&% '!.$ %7  !1$ ;<= ">$ ?1% '" &(-*'1/.*$ -*./

,'1- -/"@'%2 A"$/%'. %- B4CD "  *$$( 1$ "'8*&./9+% %7")/E @"-( -1& '%- )*1,'"8%-E ,*1& '%

)"')1'  % '!.$ %7  !1$ ;<=2 :'  *$$% (8"'%+%$/ 1$% +(/9* % ,*1& &( 1.&% '!.$ %7  !1$

;<=E (8"'%+%$/ @"-(% -1& '%- )*1,'"8%-2 =!"1/&%- +(/9* %-E @"-(%- -1& '%- 8&",9%-

B4FE GHDE -1& '%- +"/&.)%- B4FE HID %/ '%- +"/&*J %- B4FD *$/ (8"'%+%$/ (/( ,&*,*-(%- ,*1&

'" &( 1)/.*$  !.$ %72

K*1- "''*$- L*.&  "$- '" ,&*)9".$% -%)/.*$E 1$% 8($(&"'.-"/.*$  %- ;<=2 M%//% 8(N

$(&"'.-"/.*$ ,%&+%/  % +* ('.-%&  %- )9"$8%+%$/-  "$- '% -O-/P+%2 M%'" ,%&+%/E ,"&

%7%+,'%E  % +* ('.-%& 1$ .$/%&&1,/%1&  "$- 1$ ).&)1./ ('%)/&.?1%2

 !" #$% %&%'()$% *+,-./01234-/$5'3$+% 60523'3055$+%

="$- )%//% -%)/.*$E $*1- ,&(-%$/*$- '%- -O-/P+%- "'8(@&*N .Q(&%$/.%'- )*$ ./.*$$%'-E

)!%-/NRN .&% '%- -O-/P+%-  *$/ '" S*&+%  % )%&/".$%- (?1"/.*$-  .Q(&%$/.%''%-  (,%$  %
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 !"#$%  !" # $%&'()& *& +,-+./0'(0123204 *& G

/&53624&1 /04*232041! 7081 (5.1&43041 &41823& )& (509):'& *& );646)<1& 1358/385&))& (085

*& 3&)1 1<13:'&1!

=4& .>863204 *2?.5&432&))& /04*232044&))& &13 84& .>863204 6110/2.& @ 84& /04*23204

&3 A.4.5643 *&8% .>8632041 *2?.5&432&))&1 1&)04 >8& )6 /04*23204 1023 B562& 08 C6811&!

D&1 .>8632041 /04*232044&))&1 (&5'&33&43 *& '0*.)21&5 )&1 /E64A&'&431 *;.363 *8

1<13:'&F 3&)1 >8& );832)2163204 *;84 243&558(3&85 *641 84 /25/823 .)&/352>8& 08 84 /E64-

A&'&43 *& 3&'(.56385& *641 84 1<13:'& E<*568)2>8&!

=4 1<13:'& 6)A.950-*2?.5&432&) /04*232044&) GHI+JK &13 84 HI+ /0'(053643 *&1

.>8632041 *2?.5&432&))&1 /04*232044&))&1! J0412*.5041 (65 &%&'()& )& HI+J (S1) 182-

B643 L



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

eq1 :  ! a > 0 "#$%&'

()*+ 0 = 4x2
1 + 2ẋ1 + 4x2 + 2,

*,-* 0 = ẋ2 + 2x3 + 4,

eq2 :  ! b > 0 "#$%.'

()*+ 0 = 6ẋ2 + 2ẋ3 + 2,

*,-* 0 = x1 + ẋ2 + 1,

eq3 :  ! c > 0 "#$%#'

()*+ 0 = 6ẋ1 + x2 + 2,

*,-* 0 = 3ẋ2 + x3 + 3,

eq4 : 0 = 6ẋ4 + x1 + x3 + 1. "#$%%'

/*- 0123( 4+- "#$%&' 5 "#$%#' -4+( ,*- 0123( 4+- 6 708*+( *,,*- 94+6 ( 4++*,,*-$

:+ -2;;4-* 12* ;428 6* (*,- -<-(=>*-? ,*- 6 708*+(*- 94+6 ( 4+- 3--49 0*- 32@ 01235

( 4+- 6 708*+( *,,*- 94+6 ( 4++*,,*- -4+(  +60;*+63+(*-? 9A*-(5B56 8* 12A , +A*@ -(* ;3- 6*

8*,3( 4+ *+(8* ,*- 94+6 ( 4+-$ C* ;,2- +42- 94+- 6084+- 6*- -<-(=>*- 93880-? 9A*-(5B56 8*

12A ,- ;4--=6*+( 32(3+( 6* D38 3E,*- 12* 6A0123( 4+-$ F, *-( 9,3 8 12* - ,* -<-(=>* +A*-(

;3- 93880 3,48-  , *-( -(829(28*,,*>*+( - +G2, *8$

:+ 3;;*,,*  !"! #$ %&%!'()? 2+* D3,*28 D83 *H!32--* 6* (42(*- ,*- 94+6 ( 4+- 62 -<-5

(=>*$ I4(4+- 12* 9)312* 0(3( 62 JKCL  +62 ( 2+ JKC$

/A0(3( 64++0 ;38 ,*- 94+6 ( 4+- a > 0? b > 0? c > 0 D83 *-? 64++* 3,48- ,* -<-(=>*

(S2) -2 D3+( M

eq1 : 0 = 4x2
1 + 2ẋ1 + 4x2 + 2, "#$%N'

eq2 : 0 = 6ẋ2 + 2ẋ3 + 2, "#$%O'

eq3 : 0 = 6ẋ1 + x2 + 2, "#$%P'

eq4 : 0 = 6ẋ4 + x1 + x3 + 1. "#$%Q'

/* -<-(=>* 64++0 ;38 ,A0(3( a > 0? b > 0 D83 *- *( c > 0 !32--* *-( ,* -<-(=>* (S3)

-2 D3+( M
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eq1 : 0 = 4x2
1 + 2ẋ1 + 4x2 + 2,  !"#$%

eq2 : 0 = 6ẋ2 + 2ẋ3 + 2,  !"#&%

eq3 : 0 = 3ẋ2 + x3 + 3,  !"'(%

eq4 : 0 = 6ẋ4 + x1 + x3 + 1.  !"')%

 !"#$% !"$ * +,-./01 234564205601 201 17189:01 (S2) 08 (S3)"

;- <=>,0 !"$ :?58,0 @01 =,-./01 23456420560 -11?64A1 ->B 17189:01 (S2) 08 (S3)" ;01

1?::081 u1C u2C u3 08 u4 6?,,01.?52058 ,01.0684D0:058 ->B AE>-84?51 eq1C eq2C eq3 08

eq4" ;01 1?::081 v1C v2C v3 08 v4 6?,,01.?52058 ,01.0684D0:058 ->B D-,4-F@01 x1C x2C x3

08 x4" ;01 =,-./01 23456420560 -11?64A1 ->B 17189:01 (S2) 08 (S3)C .?1192058 >5 6?>G

.@-=0 .-,H-48  @01 -,I801 05 =,-1%C 60 E>4 4:.@4E>0 E>0 @01 17189:01 (S2) 08 (S3) 1?58

18,>68>,0@@0:058 ,A=>@40,1" J4 ?5 6?51429,0 @3A8-8 2A<54 .-,C @01 6?52484?51 a > 0C c > 0

H->1101 08 b > 0 D,-40C 5?>1 ?F805?51 @0 17189:0 (S4) K

eq1 : 0 = ẋ2 + 2x3 + 4,  !"'!%

eq2 : 0 = 6ẋ2 + 2ẋ3 + 2,  !"'#%

eq3 : 0 = 3ẋ2 + x3 + 3,  !"''%

eq4 : 0 = 6ẋ4 + x1 + x3 + 1.  !"'L%



 ! "#$%&'($ )*+,-./0123,.(4%2(*$

 !"#$%  !" # $%&'() *+,-.,*)-.) */ 010234) (S4)!

5& 67/%) 8 !"9 4:-2%) ;) 7%&'() *+,-.,*)-.) &00:.,< &/ 010234) (S4)! =) 7%&'() -)

':003*) '&0 *) .:/';&7) '&%>&,2 )2 *:-. ;) 010234) (S4) )02 02%/.2/%);;)4)-2 0,-7/;,)%!

5) ?@A ':/% ;)0 A@B= .:-0,02) C D<%,6)% 0, ;)0 010234)0 ,-*/,20 '&% ;+)-0)4E;)

*)0 <2&20 */ 010234) 0:-2 02%/.2/%);;)4)-2 %<7/;,)%0 :/ C 2%:/D)% &/ 4:,-0 /- <2&2

*/ 010234) ,-*/,0&-2 /- 010234) 02%/.2/%);;)4)-2 0,-7/;,)%! 5) ?@A ':/% /- A@B=

%)D,)-2 *:-. C D<%,6)% 0, ;)0 7%&'()0 *+,-.,*)-.) &00:.,<0 C .(&F/) <2&2 ':003*)-2 /-

.:/';&7) '&%>&,2! 5) A@B= (S1) )02 02%/.2/%);;)4)-2 0,-7/;,)%G .&% ,; )H,02) &/ 4:,-0 /-

<2&2 ,-*/,0&-2 /- 010234) 02%/.2/%);;)4)-2 0,-7/;,)%G '&% )H)4';) ;+<2&2 .:%%)0':-*&-2

&/ 010234) (S4)! I- &'');;)  !"#$%&' (' $)*+*$,-' -.!/0./!'$$' 0"+(1.1"++'$$' 8?@A=9

;) ?@A &00:.,< &/H A@B=!

=:44) ,; )H,02) /- -:4E%) )H':-)-2,); *+<2&20 ':00,E;)0 -:/0 -) ':/D:-0G '&% .:-0<J

F/)-2G '&0 2:/0 ;)0 <-/4<%)%! K:/0 *)D:-0 *:-. *<D);:'')% /-) 2).(-,F/) )L.&.) ':/%

%<0:/*%) ;) '%:E;34)! M -:2%) .:--&,00&-.)G ;) ?@A= -+& '&0 <2< <2/*,<!



 !" #$%&'()*$% +,

 !" #$%&'()*$%

 !"# $% $&!'()*%+ ",-# !.,"# '*/#%")/ 0%# #1#)23%# !04/5*,67(8/*%")(%0#9 :,-# !.,"#

!-##( 7,""/ 0%# (7/%# '%*3%))!") 7% */#,-7*% $%# #1#)23%# %) ",-# !.,"# %;'0(<-/ 0=(")/6

*>) 7- '*,5023% 7% 0=!"!01#% #)*-$)-*%00% %) $,33%") (0 /)!() */#,0- 7!"# 0! 0())/*!)-*%9

:,-# !.,"# %"#-()% /)%"7- 0%# #1#)23%# !04/5*,67(8/*%")(%0# !-; #1#)23%# !04/5*,6

7(8/*%")(%0# $,"7()(,""%0# %) ",-# !.,"# 7/?"( 0% '*,5023% 7% 0=!"!01#% #)*-$)-*%00%

',-* $%# #1#)23%#9  !"# 0% $&!'()*% #-(.!")+ ",-# '*,',#,"# -"% @,*3-0!)(," ',-* 0%

'*,5023% 7% 0=!"!01#% #)*-$)-*%00% $,"7()(,""%00% %" )%*3% 7% 4*!'&%#9 :,-# 3,")*,"#

%"#-()% <-% $% '*,5023% %#) 7(A$(0% B */#,-7*%9 :,-# '*,',#,"# %"?" 7%-; 3,7/0(#!6

)(,"# #,-# 0! @,*3% 7% '*,4*!33%# 0("/!(*%# %" ",35*%# %")(%*#9





 !"#$%&' (

)*"+,-' -%&./%.&'++' 0'- -,-%12'-

"+345&670$84&'*%$'+- /6*0$%$6**'+-

 !""# $%&$'() &*%+ ,# -.*/$01# 23 (% +4+05"# *,6)71!8&$9)1#%0$#, -!%&$0$!%%#, #+0

(% +4+05"# *,6)71!8&$9)1#%0$#, -!%0#%*%0 &#+ )'(*0$!%+ &$9)1#%0$#,,#+ -!%&$0$!%%#,,#+3

-:#+08;8&$1# &#+ )'(*0$!%+ &!%0 ,* <!1"# &)/#%& &# -#10*$%#+ -!%&$0$!%+= >!(+ 1*//#,!%+

'(# %!(+ -!%+$&)1!%+ &*%+ %!01# )0(&# &#+ ?@A -*11)+=

B# /1!7,5"# &# ,:*%*,4+# +01(-0(1#,,# /!(1 &# 0#,+ +4+05"#+ -!%+$+0# *,!1+ ; &)0#1"$%#1

+:$, #C$+0# (% )0*0 &( +4+05"#3 -:#+08;8&$1# (%# D*,#(1 /!(1 -.*'(# -!%&$0$!%3 $%&($+*%0

(% ?@A +01(-0(1#,,#"#%0 +$%6(,$#1=

A*%+ ,* +#-0$!% E3 %!(+ <!1"(,!%+ ,# /1!7,5"# &# ,:*%*,4+# +01(-0(1#,,# -!%&$0$!%%#,,#
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i
21 i = 1, ...,m 6$! 8)0&"'# $' 2)$(%,4" (,08,!#

"'#0" V ′1 "# V ′2 . F, >4$0" G.H !%%$ #0" 2"##" 2)' #0$2#!)'.

 !"#$% G.H I 9)' #0$2#!)' +" H ′
3 (,0#!0 +$ 40,(5" G.

 !!"#$%&' ()* G  !""#$% &' "()*+% $% (),++% k ", %( "%&+%-%'( ", H ′
 !""#$% &' "()*+%

$% (),++% m+ k.

+#",-") J⇒K =' ')#" E = {e1, ..., em}. A)!# S $'  #,-%" +" G +" 2,0+!',%!#7 k.

9)' #0$! )' %"  #,-%" S ′ +" H ′
+" %, &,'!*0"  $!C,'#". /) )' +<,-)0+ S ′ = S. /,0

,!%%"$0 1 2)&&" S " # $'  #,-%"1 ()$0 #)$#" ,0?#" ei = uv ∈ E1 i = 1, ...,m1 ,$ (%$ $'

 )&&"# (,0&! u "# v ,((,0#!"'# 3 S. A! u '<,((,0#!"'# (, 3 S ,%)0 )' ,:)$#" vi1 3 S ′.

A!')'1 )' ,:)$#" vi2. 9"##" 2)' #0$2#!)' ,  $0" 6$" S ′ " # $'  #,-%". E" (%$ 1 S ′ " # +"

#,!%%" m+ k.



 ! "#$%&'( ')*+,)+*(%%( -(' '&')./(' $%012*34-561*(#)5(%' ,3#-5)53##(%'

 ⇐! "#$% S ′ &' (%)*+, -, %)$++, m + k -)'( H ′
. /#00, V ′1 ,% V ′2 (#'% 1,+$2( 3)1 &'

4#&3+)5,6 #' ) S ′ ∩ {V ′1 , V
′
2} ≤ m. "$ S ′ ∩ {V ′1 , V

′
2} < m )+#1( $+ ,7$(%, i ∈ {1, ...,m} %,+

8&, vi1, v
i
2 /∈ S ′6 #9 vi1 ∈ V1 ,% vi2 ∈ V2. /#00, vi1 ,(% :#$($' -;&' &'$8&, (#00,% -, V ′2 6

-$(#'( u6 #' %1)'(<#10, S ′ ,' )=#&%)'% vi1 ,% ,' (&331$0)'% u -)'( S ′. >' 3,&% -#'4

(&33#(,16 ()'( 3,1%, -, 52'21)+$%26 8&, S ′ ∩{V ′1 , V
′
2} = m. ?, (%)*+, S ′ ∩{V ′3} ,(% -#'4

-, %)$++, k ,% 4#11,(3#'- @ &' (%)*+, -)'( G. �

/#'(%1&$(#'( 0)$'%,')'% +, 51)3A, H = (V1∪V2∪V3, F ) @ 3)1%$1 -, H ′ = (V ′1 ∪V ′2 ∪

V ′3 , F
′). B#(#'( Vi = V ′i ∪ {v

m+1
i , ..., vm+k−1

i }6 i = 1, 2 ,% V3 = V ′3 ∪ {v
n+1
3 , ..., vm+k−1

3 }.

B#(#'( F = F ′ ,% )=#&%#'( -)'( F +,( )1C%,( (&$:)'%,(.

D B#&1 %#&% i = m+ 1, ...,m+ k − 1 #' )=#&%, +,( )1C%,( vi1v
i
26

D 3#&1 %#&% u ∈ V3, v ∈ {v
j
i : j ∈ {m + 1, ...,m + k − 1} ,% i ∈ {1, 2}} #' )=#&%, +,(

)1C%,( uv6

D 3#&1 %#&% u ∈ {vn+1
3 , ..., vm+k−1

3 }, v ∈ V ′1 ∪ V ′2 #' )=#&%, +,( )1C%,( uv.
H 4#'%$,'% )+#1( 3(m+ k− 1) (#00,%( ,% 3m+ k− 1+2(k− 1)(k+m− 1)+2m(k+

m− 1− n) )1C%,(. E, 3+&( #' ) |V1| = |V2| = |V3| = m+ k − 1 ,% +,( )1C%,( -& 51)3A,

$'-&$% 3)1 V1 ,% V2 <#10,'% &' 4#&3+)5, 3)1<)$%.

 !!"#$%&' ()* H  !""#$% &' "()*+% $% (),++% m + k ", %( "%&+%-%'( ", H ′
 !""#$% &'

"()*+% $% (),++% m+ k.

+#",-") /#00, V ′i ⊆ Vi6 i = 1, 2, 3 ,% )&4&', )1C%, -, F \ F ′ ';,(% $'4$-,'%, @ &'

(#00,% -, V ′1 ∪ V ′2 ∪ V ′3 6 %#&% (%)*+, -, H ′
,(% (%)*+, -, H.

/#'($-21#'( &' (%)*+, S -, H -, %)$++, m + k. B)1 4#'(%1&4%$#'6 S ', 3,&% 3)(

4#'%,'$1 -, (#00,% -, {vn+1
3 , ..., vk+m−1

3 }. F&%1,0,'%6 4#00, 4,( (#00,%( (#'% %#&(

)-=)4,'%( @ %#&( +,( (#00,%( -, V1 ,% -, V26 #' )&1)$% S ⊆ V36 &', 4#'%1)-$4%$#' ):,4

+, <)$% 8&, |S| = m + k. E, +) 0C0, 0)'$G1,6 S ', 3,&% 3)( 4#'%,'$1 &' (#00,% -,

{vm+1
i , ..., vm+k−1

i }, i = 1, 2. F&%1,0,'%6 4#00, %#&( 4,( (#00,%( (#'% )-=)4,'%( @ %#&(

+,( (#00,%( -, V36 #' )&1)$% S ⊆ V1 ∪ V2. /#00, $+ ,7$(%, &' 4#&3+)5, 4#&:1)'% +,(

(#00,%( -, V1 ,% V26 %#&% (%)*+, $'4+&( -)'( V1 ∪ V2 ,(% -, %)$++, )& 3+&( |V1| = |V2| =

m + k − 16 4, 8&$ -#'', -, '#&:,)& &', 4#'%1)-$4%$#'. E#'4 %#&% (%)*+, S -, H -,

%)$++, m + k ', 4#'%$,'% 8&, -,( (#00,%( -, H ′
6 4, 8&$ $03+$8&, 8&, S ,(% &' (%)*+,

-, H ′
. �

?,( )((,1%$#'( H.I ,% H.J $03+$8&,'% 8&, +;$'(%)'4, H -& B"K/B )-0,% &', (#+&%$#' ($

,% (,&+,0,'% ($ G 3#((G-, &' (%)*+, -, 4)1-$')+$%2 (&321$,&1, #& 25)+, @ k. /#00, +)

4#'(%1&4%$#' -& B"K/B @ 3)1%$1 -& 31#*+G0, -& (%)*+, (, <)$% ,' %,03( 3#+L'#0$)+6

#' ) -#'4 &', 12-&4%$#' 3#+L'#0$)+, -& 31#*+G0, -& (%)*+, ,' B"K/B. /#00, +,

31#*+G0, -& (%)*+, ,(% MBN4#03+,% OHPQ6 +, B"K/B ,(% MBN4#03+,%.



 ! "#$%&'()*#+ ,& -./.0- 12

 !"!# $%& '()*+(,-%)

 ! "#!"$%&'#! () ")**) &)"*'#! !#%& +),-+.%#!& .%) $) /0102/ 3)%* 4*+) +5&#$% )!

*),3& 3#$6!#,'-$ &7'$ )8'&*) %! &#,,)* (-!& V .%' !) 3#&&9() 3-& (7-+4*) '!"'()!*)

$-:)$$5) ; <+-')=>-%&&)? 0%33#&#!& )! )@)* .%7'$ !7)8'&*) 3-& (7-+4*) '!"'()!*) -% &#,,)*

vj ∈ V -33-+*)!-!* ; Etf
? A-!& ") "-&B !#%& "#!&'(5+#!& $) &#%&CD+-3E) HF #F F

"#!*')!*B 3#%+ *#%* ui ∈ UcB #F uivj ∈ EB $)& )!&),:$)& (7-+4*)& Et
ui
&' uivj ∈ Ef

ui

)* Ef
ui
-%*+),)!*? G:&)+<#!& .%) EF !) "#!*')!* -%"%!) -+4*) '!"'()!*) ; vj? 2)"'

',3$'.%) .%) HF !) "#!*')!* 3-& () "#%3$-D) 3-+>-'*? /-+ "#!&5.%)!*B HF )&* &#$%*'#!

(% /0102/? H#%& +),-+.%#!& -%&&' .%)B (-!& ") "-&B $7'!&*-!") H (% /0I2/ -&&#"'5)

-% D+-3E) G )&* *)$$) .%) $) &#,,)* v3j )&* -(J-")!* ; -% 3$%& %! &#,,)* () v1i )* v
2
i B

3#%+ i = 1, 2, . . . , n? K!) &#$%*'#! (% /0I2/ )&* (#!" #:*)!%) )! "#!&'(5+-!* %! &*-:$)

"#!*)!-!* v3j )*B 3#%+ i = 1, 2, . . . , nB &#'* v1i B &' v
1
i !7)&* 3-& -(J-")!* ; v3j B &#'* v

2
i ?

 ! "#$%&'()*#+ ,& -./.0-

H#%& >#+,%$#!& $) /0102/ ; $7-'() (7%! 3+#D+-,,) $'!5-'+) )! !#,:+)& )!*')+&? 0#'*

(G,Uc, π) %!) '!&*-!") (% /0102/ -<)" G = (U ∪V,E)B Uc ⊆ U )* π = {Et
u, E

f
u , E

tf
u :

u ∈ U} %!) 3-+*'*'#! () E? L-33)$#!& .%) $) 3+#:$9,) "#!&'&*) ; <5+'M)+ &7'$ )8'&*) %!

&#%&C)!&),:$) F ⊆ E B #F E = {Et
u, E

f
u : u ∈ Uc}B <5+'M-!* $)& "#!('*'#!& N'O )* N''O ()

$- (5M!'*'#! NP?QO? H#*#!& 3-+ x ∈ {0, 1}|Uc|
$) <)"*)%+ (7'!"'()!") *)$ .%)

xu =

{
1 &' Et

u ∈ F ,

0 &' Ef
u ∈ F ,

3#%+ *#%* u ∈ Uc?

R) <)"*)%+ x +)3+5&)!*) $75*-* (% &6&*9,) #F 3#%+ *#%* u ∈ UcB $- "#!('*'#! -&&#"'5) ;

u )&* <+-') &' xu = 1 )* >-%&&) &'!#!?

2#!&'(5+#!& %! "#%3$-D) 3-+>-'* M () G? 0#'* x ∈ {0, 1}|Uc|
<5+'M-!* xu = 1 &'

M ∩Et
u 6= ∅ )* xu = 0 &'M ∩Ef

u 6= ∅? S$#+& $) D+-3E) '!(%'* 3-+ x "#!*')!* %! "#%3$-D)

3-+>-'*B )* 3-+ "#!&5.%)!*B x &-*'&>-'* $75.%-*'#!

∑

u∈Uc:(Et
u∪E

tf
u )∩M 6=∅

xu +
∑

u∈Uc:(E
f
u∪E

tf
u )∩M 6=∅

(1− xu) = |Uc|.

T$ >-%* !#*)+ .%) $)& -+4*)& Etf
-33-+*')!!)!* *#%J#%+& -% D+-3E) '!(%'* 3-+ %!) &#$%C

*'#! (% /0102/? 2#,,) *#%*) &#$%*'#! (% /0102/ '!(%'* %! D+-3E) &-!& "#%3$-D)



 ! "#$%&'( ')*+,)+*(%%( -(' '&')./(' $%012*34-561*(#)5(%' ,3#-5)53##(%'

 !"#!$%& '( )(*%(+" x ,-$% !'-". )/"$0(" '! *-1%"!$1%( .+$)!1%(&

∑

u∈Uc:(Et
u∪E

tf
u )∩M 6=∅

xu +
∑

u∈Uc:(E
f
u∪E

tf
u )∩M 6=∅

(1− xu) ≤ |Uc| − 1.

2-1.$,/"-1.  !" (3(4 '( '( 5"! 6( 7$ !"%$ !..-*$/ !+ .8.%94( (S1) ,( '! 05+"( :;<;

=-$(1% '(. ,(+3 *-+ '!5(.  !"#!$%. ,-11/.  !" '(. !">%(. (1 5"!. ,!1. '(. 05+"(. :;? @!A

(% :;? @7A; B-+.  -+)-1. ,-1* (1 ,/,+$"( '(. ,(+3 $1/5!'$%/. .+$)!1%(. C

xu1
− xu3

≤ 0, @:;DA

xu2
+ xu3

≤ 1. @:;?A

E!" *-1./F+(1%& '( E=G=2E (.% /F+$)!'(1% !+  "-5"!44( '$1/!$"( (1 1-47"(. (1%$(".

(Q) .+$)!1%;

min 0x
∑

u∈Uc:(Et
u∪E

tf
u )∩M 6=∅

xu +
∑

u∈Uc:(E
f
u∪E

tf
u )∩M 6=∅

(1− xu) ≤ |Uc| − 1,  -+" %-+% M ∈M,

@:;HA

xu ∈ {0, 1},  -+" %-+% u ∈ Uc&

@:;IA

-JM (.% 'K(1.(47'( ,(. *-+ '!5(.  !"#!$%. ,( G;

L(. *-1%"!$1%(. @:;HA .-1% !  ('/(.  !"#$% &"' () *+,-%$#)'; L(. *-1%"!$1%(. @:;IA .-1%

'(. *+!&.$ !&)' (/ !&"#. &"';

L(. *-1%"!$1%(. ,( *-+ '!5(. @:;HA !..+"(1% F+( '(. .-'+%$-1. ,+  "-5"!44( (Q) $1M

,+$.(1% ,(. 5"! 6(. 1(  -../,!1%  !. ,( *-+ '!5(  !"#!$%; N-1* .$ '(  "-5"!44( (Q)

 -..9,( +1( .-'+%$-1& !'-". $' (3$.%( +1 /%!% ,+ .8.%94( $1,+$.!1% +1 5"! 6( .!1. *-+M

 '!5(  !"#!$%; N(  '+.& .$ '( E=G=2E 1(  -..9,(  !. ,( .-+.M(1.(47'( F "(. (*%!1% '(.

*-1,$%$-1. @$AM@$$A ,( '! ,/01$%$-1 :;<& !'-". '(  "-5"!44( *$M,(..+. 1(  -..9,(  !. ,(

.-'+%$-1;

B-%-1. F+( '(. $1/5!'$%/. ,( *-+ '!5(. .-1% (1 1-47"( (3 -1(1%$('.; 2-44( $' .("!

4(1%$-11/ ,!1. '( *6! $%"( D& '(. $1/5!'$%/. ,( *-+ '!5(.  (+)(1% >%"( ./ !"/(. (1

%(4 .  -'81-4$!'; 2('! $4 '$F+( F+( '! "('!3!%$-1 '$1/!$"( ,+  "-5"!44( (Q)  (+%

>%"( "/.-'+( (1 %(4 .  -'81-4$!';
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 !"#$%  !" # $%&'()*+, ')-.)/0, 1& *-)'2+ 3/')-0/ ),,%4/5 )& ,6,078+ (S1)!

 !" #$%&'()*+$, -' ./012130

9+ '-%*-)88+ (/:5)/-+ +: :%83-+, +:0/+-, (Q) ;&+ :%&, )<%:, 1%::5 '%&- (+ =>?>$=

:+ '%,,71+ '), 1+ ,%(&0/%: ;&):1 (+ ,6,078+ +,0 ,0-&40&-+((+8+:0 -5*&(/+-! @):, 4+

4),A (+ '%(671-+ ),,%4/5 +,0 </1+ +0 &:+ 50&1+ '%(651-)(+ :+ ,+-)/0 1%:4 '), '%,,/3(+!

$B+,0 '%&- 4+00+ -)/,%: ;&+ :%&, '-%'%,%:, &:+ ,+4%:1+ .%-8&()0/%: 1%::):0 (/+& C

&: '%(671-+ 1+ ,%(&0/%:, :%: </1+! $+00+ ,+4%:1+ .%-8&()0/%: ,B)00)42+ C -5,%&1-+ ()

<)-/):0+ -+()D5+ 1& '-%3(78+ =>?>$= 15E:/+ 4%88+ ,&/0!

 !"#$%$&# '()  !"#! $%##&' (#' )#*!"#+' (G,Uc, π) %, G = (U ∪ V,E)- Uc ⊆ U '!

π = {Et
u, E

f
u , E

tf
u : u ∈ U} '*! (#' ."/!)!)%# $' G- (+ '-%3(78+ -+()D5 1& =>?>$=

0123454637 +%#*)*!' 8 $'!'/9)#'/ (# *%(*2'#*'9:;' F ⊆ E <&/)="#! ;" +%#$)!)%# 0))7

$' ;" $&=#)!)%# 0>?@7 '! ;'* +%#$)!)%#*

0)7 .%(/ !%(! u ∈ Uc- E
t
u /∈ F '!A%( Ef

u /∈ F -

0)))7 ;' #%9:/' $B&;&9'#!* $' F '*! 9"C)9(9?

F: -+8)-;&+ ;&+A 1):, &:+ ,%(&0/%: 1+ GH=>?>$=A &: ,%88+0 u ∈ Uc '+&0 I0-+

&:/;&+8+:0 /:4/1+:0A 1):, HF A C 1+, )-I0+, 1+ Etf
u ! $%88+ /( ,+-) 8%:0-5 4/H1+,,%&,

(+, 1+&D '-%3(78+, =>?>$= +0 GH=>?>$= ,%:0 5;&/<)(+:0,!



 ! "#$%&'( ')*+,)+*(%%( -(' '&')./(' $%012*34-561*(#)5(%' ,3#-5)53##(%'

 !""#$%&' ()# &%)' &%*%&' "!+ E $# '%)',#&'#-.$# /# π /%&&0 "!+ E = {Et
u, E

f
u :

u ∈ Uc}1 23 )&# '%$)*3%& %"*3-!$# F /#  ,425264 7%&*3#&* |Uc| 0$0-#&*' /# E 8 !$%+'

7#**# '%$)*3%& #'* !)''3 +0!$3'!.$# "%)+ 4252641 23 F "%''9/# -%3&' /# |Uc| #&'#-.$#'

/:!+;*#' /# E 8 !$%+' 425264 &:!/-#* "!' /# '%$)*3%&1 <! +073"+%()# #'* !)''3 =+!3#1

>%&7 $#' /#)? "+%.$9-#' 425264 #*  ,425264 '%&* 0()3=!$#&*'1 >!&' $! ')3*# &%)'

7%&'3/0+%&' $# "+%.$9-#  ,4252641 <:!=!&*!@# 373 #'* ()#  ,425264 !/-#* )& #&,

'#-.$# &%& =3/# /# '%$)*3%&'1

A%)' /%&&%&' /!&' $! ')3*# )&# B%+-)$!*3%& /)  ,4252641 2%3* (G,Uc, π) )&# 3&',

*!&7# /)  ,4252641 2%3* x ∈ {0, 1}|E| *#$ ()#

xF =

{
1 '3 F ∈ F ,

0 '3&%&8

"%)+ *%)* F ∈ E 1

<! =!$#)+ xEt
u
= 1 C+#'"1 xEf

u
= 1D 3-"$3()# ()# $! 7%&/3*3%& /# $:0()!*3%& !''%730# E u

#'* =+!3# C+#'"1 B!)''#D1

6%&'3/0+%&' )& 7%)"$!@# "!+B!3* M /# G8 %& &%*# "!+ FM $:#&'#-.$# /#' 0$0-#&*'

/# E 3&*#+'#7*!&* $# 7%)"$!@# M 1 F& ! !$%+' FM = {F ∈ E : F ∩M 6= ∅}1 G*!&* /%&&0

x ∈ {0, 1}|E|8 $:3&0@!$3*0 /# 7%)"$!@#' !''%730# E M ':07+3* /0'%+-!3'8

∑

F∈FM

xF ≤ |FM | − 1.

F& #& /0/)3* ()# $# "+%.$9-#  ,425264 C#* /%&7 425264D #'* 0()3=!$#&* !)

"+%@+!--# $3&0!3+# #& &%-.+#' #&*3#+' (P ) ')3=!&* H

max
∑

F∈E

xF CI1JD

xEt
u
+ xEf

u
≤ 1 "%)+ *%)* u ∈ Uc, CI1KLD

∑

F∈FM

xF ≤ |FM | − 1 "%)+ *%)* M ∈M, CI1KKD

xF ≥ 0 "%)+ *%)* F ∈ E , CI1KMD

xF ≤ 1 "%)+ *%)* F ∈ E , CI1KID

xF #&*3#+ "%)+ *%)* F ∈ E . CI1KND



 !" #$%&'()*$% +,

 !M "#$ %&"'#"()%" *"# + ,-%./"# -.01.2$# *" G3 4 ,# .--"% '# *.'# %. #,2$" 2'5/.6

%2$5# *" + ,-%./"#7 %"# + '$0.2'$"# 893::;3 <"# + '$0.2'$"# 893:=; # '$ .--"%5"#  !"#$% &"'

() '$& '*$+ % &"3 <"# 2'5/.%2$5# 893:>; "$ 893:9; # '$ %"# 2'5/.%2$5# $02?2.%"# "$ %"# 2'5/.%2$5#

893:@; # '$ %"# + '$0.2'$"# *&2'$5/02$53

<"# 2'5/.%2$5# *" #.$2#A.)2%2$5 -"0("$$"'$ *" ?502A"0 %. + '*2$2 ' 82; *" %. *5A'2$2 '

893B;3 <"# 2'5/.%2$5# *" + ,-%./"# -"0("$$"'$ *" #.$2#1.20" %. + '*2$2 ' 822; *" %. *5A'26

$2 ' 893:;3

C ,0 2%%,#$0"0 %"# + '$0.2'$"# 893::;7 + '#2*50 '# %" /0.-D" )2-.0$2 .## +25 ., #E#$F("

(S1) *" %. A/,0" 93>3 <"# + '$0.2'$"# *" + ,-%./"# .## +25"# .,G /0.-D"# * ''5"# -.0

%"# .0H$"# "' /0.# #,0 %"# A/,0"# 93I 8.; "$ 93I 8); #&5+02?"'$ J

xEt
u1
+ xEf

u3

≤ 1 893:K;

xEt
u2
+ xEt

u3
≤ 1 893:I;

<. 0"%.G.$2 ' %2'5.20" *, -0 /0.((" (P ) -",$7 "%%" .,##27 H$0" 05# %," "' $"(-# - %E6

' (2.%3 L' "M"$7 #",% %"# 2'5/.%2$5# *" + ,-%./"# # '$ "' ' ()0" "G- '"'$2"% "$7 + (("

' ,# %" ?"00 '# *.'# %. #,2$"7 %" -0 )%F(" *" #5-.0.$2 ' *"# 2'5/.%2$5# *" + ,-%./"#

-",$ H$0" 05# %, "' $"(-# - %E' (2.%3

 !" #$%&'()*$%

N.'# +" +D.-2$0"7 ' ,# .? '# ( '$05 O," %" CPQR #" 0.(F'" ., -0 )%F(" *" + ,-%./"#

-.0$2+,%2"0 CQSQRC *.'# ,' /0.-D" )2-.0$23 4 ,# .? '# ( '$05 -.0 %. #,2$" O," +"

*"0'2"0 "#$ 4C6+ (-%"$ "' ,$2%2#.'$ ,'" 05*,+$2 ' *&,'" ?.02.'$" *, -0 )%F(" *, #$.)%"

*.'# %"# /0.-D"# $02-.0$2#3 C ,0 +"%.7 ' ,# 5$2 '# .("'5# T ( '$0"0 *.'# ,' -0"(2"0

$"(-# O," +"$$" ?.02.'$" *, -0 )%F(" *, #$.)%" "#$ "%%"6(H(" 4C6+ (-%"$3 R (("

+ '#5O,"'+"7 ' ,# .? '#  )$"', O," %" CPQR "#$ 4C6+ (-%"$3 N.'# ,' *",G2F("

$"(-#7 ' ,# .? '# 5$,*25 *"# 1 0(,%.$2 '# "' ' ()0"# "'$2"0# - ,0 %" -0 )%F(" CQS6

QRC3 R" $0.?.2% . * ''5 %2", .,G -,)%2+.$2 '# UKK7 K@7 K:7 K9V

<" +D.-2$0" #,2?.'$ #"0. *5*25 T %&5$,*" - %E5*0.%" *" %. 1 0(,%.$2 ' 893B;6893:@;3

4 ,# 2*"'$2A"0 '# *"# 2'5/.%2$5# ?.%2*"# - ,0 ' $0" 1 0(,%.$2 ' "$ ' ,# *5?"% --"0 '#

,' .%/ 02$D(" *" + ,-"# "$ )0.'+D"("'$# - ,0 05# ,*0" +" -0 )%F("3





 !"#$%&' (

)%*+' #,-./+&"-'

 !"# $% $&!'()*%+ ," -)./(% 01%"2%0,''% $,"2%3% /%# #,0.)(,"# /. '*,4056% /% 01!"!07#%

#)*.$).*%00% /%# #7#)56%# !08-4*,9/(:-*%")(%0# $,"/()(,""%0#; <" $!*!$)-*(#% 0! /(6%"9

#(," /. ',07),'% /%# #,0.)(,"# %) ," /,""% /%# $,"/()(,"# "-$%##!(*%# %) #.=#!")%#

',.* >.% 0%# $,")*!(")%# /% 4!#% /% 0! ?,*6.0!)(," /-@"(##%") /%# ?!$%))%#; A!* 0! #.()%+

," /(#$.)% /% ",.2%00%# $,")*!(")%# 2!0(/%# %) ," -)./(% -8!0%6%") 0%.* !#'%$) ?!$(!0;

 !" #$%&'()* +,,$-./ +0 #1213#

B,.# !00,"# $,66%"$%* '!* >.%0>.%# *!''%0# %) /-@"()(,"# ",.# '%*6%))!") /1-)./(%*

01%"2%0,''% $,"2%3% /%# #,0.)(,"# /. ACDCEA;

E,66% ",.# 01!2,"# /-@"( /!"# 0% $&!'()*% '*-$-/%")+ ."% ("#)!"$% /. ACDCEA %#)

*%'*-#%")-% '!* 0% )*('0%) (G,Uc, π) ,F G = (U∪V,E)+ Uc ⊆ U %) π = {Et
u, E

f
u , E

tf
u : u ∈

U} %#) ."% '!*)()(," /% G; B,.# *!''%0,"# >.% E = {Et
u, E

f
u : E

t
u, E

f
u ∈ π %) u ∈ Uc};

 % '0.#+ *!''%0,"# >.% ',.* ." $,.'0!8% '!*?!() M /% G+ ," ",)% '!* FM 01%"#%640%

/%# -0-6%")# /% E $,")%"!") ."% !*G)% /% M ; <" ! !0,*# FM = {F ∈ E : F ∩M 6= ∅};

C,() F ." #,.#9%"#%640% /% E ; <" ",)% 0% 8*!'&% !##,$(- H F '!* HF = (U ∪V,EF)+ ,F

EF = Etf ∪(∪F∈FF ); A,.* F ∈ E ." %"#%640% /1!*G)%# 2*!(%# I*%#'; ?!.##%#J ("$(/%")%#

H ." #,66%) u ∈ Uc+ ," ",)% '!* F 01%"#%640% /1!*G)%# ?!.##%# I*%#'; 2*!(%#J ("$(/%")%#

!. #,66%) u; C( F = Et
u I*%#'; F = Ef

uJ+ !0,*# F = Ef
u I*%#'; F = Et

uJ;

B,.# *!''%0,"# !.##( >.% 0% '*,4056% ACDCEA %#) ->.(2!0%") !. '*,8*!66% 0("-!(*%

%" ",64*%# %")(%*# P /,""- '!* K



 ! "#$%& '()*+%,-)&

max
∑

F∈E

xF

xEt
u
+ xEf

u
≤ 1  !"# $!"$ u ∈ Uc, %&'()

∑

F∈FM

xF ≤ |FM | − 1  !"# $!"$ M ∈M, %&'*)

xF ≥ 0  !"# $!"$ F ∈ E , %&'+)

xF ≤ 1  !"# $!"$ F ∈ E , %&'&)

xF ,-$.,#  !"# $!"$ F ∈ E , %&'/)

!0M ,1$ 23,-1,452, 6,1 7!" 289,1  8#:8.$1 6, G'

;. T ⊂ E ,1$ "- 1!"1<,-1,452, 63,-1,452,1 638#=$,1> 82!#1 2, ?,7$,"# 63.-7.6,-7, xT

6, T ,1$ 6!--@  8#

xT
F =

{
1 1. F ∈ T,

0 1.-!->

 !"# $!"$ F ∈ E '

A8-1 28 1".$, 6" $#8?8.2> !- 7!-1.6@#,#8 B", 23.-1$8-7, (G,Uc, π) ?@#.C, 23DE !$DF1,

1".?8-$,

 !"#$%&'( )*+  !" #$%&'!" %""()*+" , {F} %-!) F ∈ E . /! )(/0*!//!/0 &%" 1! )(23

&4%#! &%$5%*06

G- ,H,$> 13.2 ,I.1$, u ∈ Uc $,2 B", 2, 1!"1<9#8 D, H{Et
u} %#,1 ' H{Ef

u}
) 7!-$.,-$ "-

7!" 289,  8#:8.$> .2 ,1$ 728.# B", $!"$ 1!"1<9#8 D, #,1 ,7$8-$ 28 7!-6.$.!- %.) 6, 28

6@C-.$.!- +'J ,$ 7!-$,-8-$ Et
u %#,1 ' E

f
u)  !11F6, "- 7!" 289,  8#:8.$' A8-1 7, 781> -!"1

7D,#7D!-1 K 18?!.# 13.2 ,I.1$, "- 1!"1<9#8 D, 7!-$,-8-$ Ef
u %#,1 ' Et

u) ,$ #,1 ,7$8-$ 2,1

7!-6.$.!-1 %.)<%..) 6, 28 6@C-.$.!- +'J' L!"1  !"?!-1 6!-7 $#8-1:!#4,# 7,$$, .-1$8-7, ,-

1"  #.48-$ Et
u %#,1 ' E

f
u) ,$ ,- 8M!"$8-$ E

f
u %#,1 ' E

t
u) K 23,-1,452, E

tf
78# 7,$ ,-1,452,

8  8#8N$ 68-1 $!"1 2,1 1!"1<9#8 D,1' A8-1 7, 781> 23@B"8$.!- 811!7.@, 8" 1!44,$ u -3,1$

 2"1 7!-1.6@#@, 7!44, "-, @B"8$.!- 7!-6.$.!--,22,' O2 ,1$ 728.# B", 7,1 $#8-1:!#48$.!-1

 ,"?,-$ 1, :8.#, ,- $,4 1  !2E-!4.82' P8 C9"#, &'( %8) 6!--, "- 9#8 D, G $,2 B", 2,

1!"1<9#8 D, 7!4 !1@ 6,1 8#=$,1 Etf ∪ Et
u1

 !11F6, "- 7!" 289,  8#:8.$' P8 C9"#, &'(

%5) 6!--, 2, -!"?,8" 9#8 D, #@1"2$8-$ 6, 28 $#8-1:!#48$.!-'

;!.$ P (G,Uc, π) 23,-?,2!  , 7!-?,I, 6,1 1!2"$.!-1 6"  #!9#844, (P )> 73,1$<K<6.#,>

P (G,Uc, π) = conv({x ∈ {0, 1}E |x 18$.1:8.$ %&'(), %&'*)}).



 !" #$%&'($)' *& P (G,Uc, π) +,

 !"#$%  !" # $%&&'())*+, -.,) G -( /0(,)(12/( Et
u1
!

 !" #$%&'($)' *& P (G,Uc, π)

3.,) 4(55( )(45*+,6 +, 4.'.457'*)( /. -*1(,)*+, -( P (G,Uc, π)!

 !"#$%&' ()* P (G,Uc, π)  !" # $% &' #&( '!&)'*

+$',-') 8/ )%95 -0(:;*2(' |E| + 1 )+%)<(,)(12/() Si ⊂ E 6 i = 0, ..., |E|, =7'*>.,5 /()

4+,-*5*+, ?*@ (5 ?**@ -( /. -7>,*5*+, A!B (5 -+,5 /() =(45(%') -0*,4*-(,4( xSi
6 i = 1, ..., |E|+

1, )+,5 .9,(1(,5 *,-7&(,-.,5)! C+,)*-7'+,) /() (,)(12/() S0 = ∅ (5 SF = {F} &+%'

5+%5 F ∈ E ! C() (,)(12/() 4+,5*(,,(,5 .% &/%) %, 7/71(,5 -( E 6 4( D%* *1&/*D%(

D%( /. 4+,-*5*+, ?*@ ()5 =7'*>7(! 3( &/%)6 -0.&'E) /0;F&+5;E)(  !"6 /() G'.&;() .))+4*7)

H 4;.4%, -( 4() (,)(12/() ,( 4+,5*(,,(,5 &.) -( 4+%&/.G( &.'I.*5! J+%) .=+,) -+,4

|E| + 1 )+/%5*+,) .))+4*7() .%: (,)(12/() S0 (5 SF 5(/ D%( /(%') =(45(%') -0*,4*-(,4(

xSF
6 F ∈ E ∪ {∅}6 )+,5 .9,(1(,5 *,-7&(,-.,5)! �



  !"#$% &'()*$+,(%

 !" #$%&'()*%+ ,'()-.+ .* /'0.**.+

 !"# $%&&% #%$&'(") "(*# !++("# ,('-) .!"# *" /-%0'%- &%0/#) .%# $(".'&'("# "1$%##!'-%#

%& #*2#!"&%# /(*- 3*% +%# $("&-!'"&%# .% 4!#% .% +! 5(-0*+!&'(" .16"'##%"& .%# 5!$%&&%#7

8(*# '"&-(.*'#("# +%# $("&-!'"&%# .'&%# .% $(*/+!9%# : .(0'"!"$% 0!;'0!+% /%-0%&&!"&

.% -%"5(-$%- +%# $("&-!'"&%# .% $(*/+!9%#7 8(*# .'#$*&("# .!"# +! #*'&% .% &-('# "(*,%++%#

5!0'++%# .% $("&-!'"&%# ,!+'.%# < +%# '"19!+'&1# .% $(*/+!9%# /-($=%#) +%# '"19!+'&1# .% k>

$(*/+!9%# %& +%# '"19!+'&1# .% #(*#>9-!/=% -19*+'%-7

 !"!# $%&'()*+&, +-*.*()/,

 !"# $%&&% #%$&'(" (" $("#'.?-% +%# $("&-!'"&%# &-','!+%# @A7BC %& @A7AC7  !"# *" /-%0'%-

&%0/#) (" 0("&-% 3*% +%# '"19!+'&1# @A7BC .16"'##%"& &(*D(*-# .%# 5!$%&&%#7

 !"#$%&' ()*  !" #$%&'(#)%" )*#+#'(!" ,-./0 xF ≥ 0 1%2$#""!$) 1!" 3'4!))!" 1! P (G,Uc, π).

+$',-') E(00% P (G,Uc, π) %#& .% /+%'"% .'0%"#'(") '+ #*2& .F%;='4%- |E| #(+*&'("#

&%+# 3*% +%*-# ,%$&%*-# .F'"$'.%"$% #("& !2"%0%"& '".1/%".!"&#7 E("#'.1-("# +%# %">

#%04+%# SF ′ = {F ′}) F ′ ∈ E \ {F} %& S0 = ∅7 E%# %"#%04+%# $("&'%""%"& !* /+*#

*" 1+10%"& .% E ) $% 3*' '0/+'3*% 3*% +! $(".'&'(" @'C %#& ,1-'61%7  % /+*#) .F!/-?#

+F=G/(&=?#% A7H) +%# 9-!/=%# !##($'1# : $=!$*" .% $%# %"#%04+%# "% $("&'%"& /!# .% $(*>

/+!9% /!-5!'&7 8(*# !,("# .("$ |E| #(+*&'("# !##($'1%# !*; %"#%04+%# S0 %& SF &%+ 3*%

+%*-# ,%$&%*-# .F'"$'.%"$% xSF
) F ∈ E \ {F} ∪ {∅} #!&'#5("& xF = 0) #("& !2"%0%"&

'".1/%".!"&#7 �

I" -%0!-3*% 3*% +%# '"19!+'&1# &-','!+%# @A7AC xF ≤ 1 #("& .(0'"1%# /!- +%# $("&-!'"&%#

.% #!&'#6!4'+'&1# @A7HC xF +xF ≤ 17 E(00% $%&&% $("&-!'"&% .(0'"% +! $("&-!'"&% @A7AC

%& .16"'& *"% 5!$% .% P (G,Uc, π) .'J1-%"&% .% $%++% .16"'& /!- +! $("&-!'"&% @A7AC) $%&&%

.%-"'?-% "% /%*& /!# .16"'- *"% 5!$%&&% .% P (G,Uc, π)7

 !"!0 $%&'()*+&, 1/ ,(+*,2(3*)*+&,

8(*# .'#$*&("# '$' .% $(".'&'("# "1$%##!'-%# %& #*2#!"&%# /(*- 3*% +%# $("&-!'"&%# .%

#!&'#6!4'+'&1# .16"'##%"& .%# 5!$%&&%# .% P (G,Uc, π)7



 !" #$%&'()*%+ ,'()-.+ .* /'0.**.+ 12

 !" #! $%&'() *'!+' ,-++* %+ $-..(' u ∈ Uc) $& F ∈ {E
t
u, E

f
u}) !#-"$ #! /-+'"!&+'( ,(

$!'&$0!1&#&'*$ !$$-/&*( 2 u $("! *3!#(.(+' /-+$&,*"*( /-..( #! /-+'"!&+'( 45678 !$$-/&*(

2 F (' F 6

 !"#$%&' ()(  !"#$%&'"($ xF + xF ≤ 1 )$*#"( +#, -&.,((, ), P (G,Uc, π) /" ,( /,+',0

1,#( /" 23+4 (3+( F ′ ∈ E\{F, F}5 &+ 13"#/ +# ),/ ),+6 %4&27,/ &//3."$/ &+6 ,#/,18',/

{F, F ′} ,( {F , F ′} #, .3#(",#( 2&/ ), .3+2'&%, 2&4-&"(9

*$'+,') 9%::-$-+$ ;%<&# (=&$'( F ′ ∈ E \{F, F} '(# ;%( #($ 3"!:>($ H{F,F ′} (' H{F ,F ′}

/-+'&(++(+' '-%$ #($ ,(%= %+ /-%:#!3( :!"?!&'6 @!+$ /( /!$) +-%$ !A-+$ #($ /-+'"!&+'($

,( /-%:#!3($

xF + xF ′ ≤ 1, 456B8

xF + xF ′ ≤ 1. 456C8

D+ !,,&'&-++!+' /($ /-+'"!&+'($ (' #! /-+'"!&+'( xF + xF ≤ 1 (+ ,&A&$!+' :!" E (' (+

!""-+,&$$!+' #( $(/-+, .(.1"( 2 #<(+'&(" &+?*"&(%") +-%$ -1'(+-+$ #! /-+'"!&+'(

xF + xF + xF ′ ≤ 1. 456F8

G(''( /-+'"!&+'( ,-.&+( #! /-+'"!&+'( 45678 (' ,*0+&' %+( ?!/( ,( P (G,Uc, π) ,&H*"(+'(

,( /(##( ,*0+&( :!" #! /-+'"!&+'( 456786 G(/& &.:#&;%( ;%( /(''( ,("+&I"( +( :(%' :!$

,*0+&" %+( ?!/(''( ,( P (G,Uc, π)6

9%::-$-+$ .!&+'(+!+' ;%() :-%" '-%' F ′ ∈ E \{F, F}) !% .-&+$ %+ ,($ ,(%= 3"!:>($

H{F,F ′} (' H{F ,F ′} +( /-+'&(+' :!$ ,( /-%:#!3( :!"?!&'6  -%" '-%' F
′ ∈ E \ {F, F}) $-&'

#<(+$(.1#( SF ′ = {F, F ′} $-&' #<(+$(.1#( SF ′ = {F , F ′} ($' $-#%'&-+ ,% P (G,Uc, π)) /(

;%& +-%$ ,-++( !% .-&+$ |E|−2 $-#%'&-+$6 @<!:"I$ #<>J:-'>I$( 567) #($ 3"!:>($ H ′
{F} ('

H
′

{F} +( /-+'&(++(+' :!$ ,( /-%:#!3( :!"?!&'6 K-%$ /-+$&,*"-+$ !%$$& #($ (+$(.1#($ SF =

{F} (' SF = {F}6 K-%$ -1'(+-+$ !&+$& |E| $-#%'&-+$ ,-+' #(%"$ A(/'(%"$ ,<&+/&,(+/(

$!'&$?-+' xF + xF = 1 (' $-+' !L+(.(+' &+,*:(+,!+'$6 �

 !"!" #$%&'()*%+ ,- ./01('&-+

K-%$ ,&$/%'-+$ &/& ,( /-+,&'&-+$ +*/($$!&"($ (' $%L$!+'($ :-%" ;%( #($ /-+'"!&+'($ ,(

/-%:#!3($ 456E8 ,*0+&$$(+' ,($ ?!/(''($ ,( P (G,Uc, π)6

*$#-#./0/#1 ()2 :3",#( M ′
,( M∗

),+6 .3+2'&%,/ 2&4-&"(/ ), G9 :" FM ′ ⊂ FM∗
5 &'34/

'& .3#(4&"#(, ), .3+2'&%,/ &//3."$, ; M ′
)31"#, .,'', &//3."$, ; M∗

9



 ! "#$%& '()*+%,-)&

 !"#$"%  !" #$%&'()%&!" (""$#)*!" (+, #$+-.(/!" M ′
!& M∗

"0*#')1!%& 2

∑

F∈FM′

xF ≤ |FM ′ | − 1, 34567

∑

F∈FM′

xF +
∑

F∈FM∗\FM′

xF ≤ |FM ′ |+ |FM∗ \ FM ′ | − 1. 345897

 ( #$%&'()%&! 345897 !"& #$:;)%()"$% .)%*()'! <!" #$%&'()%&!" 34567 !& xF ≤ 1= -$+' &$+&

F ∈ FM∗ \ FM ′
5 �

>(' (;+" <! .(%/(/!= $% <)& ?+0+% #$+-.(/! -('@()& M ′
<$:)%! +% #$+-.(/! -('@()&

M∗
") !& "!+.!:!%& ") .( #$%&'()%&! <! #$+-.(/!" (""$#)*! A M ′

<$:)%! .( #$%&'()%&! <!

#$+-.(/!" (""$#)*! A M∗
5

 0!,!:-.! "+)1(%& )..+"&'! .! '*"+.&(& <! .( -'$-$")&)$% -'*#*<!%&!5 B$%")<*'$%" .(

#$%&'()%&! <! #$+-.(/!"

xEt
u1
+ xEt

u2
+ xEt

u3
≤ 2, 345887

(""$#)*! (+ #$+-.(/! -('@()& M∗
<! .( C/+'! 45D 3(75 B!&&! #$%&'()%&! !"& <$:)%*! -('

.( #$%&'()%&! <! #$+-.(/!"

xEt
u1
+ xEt

u2
≤ 1, 3458D7

(""$#)*! (+ #$+-.(/! -('@()& M ′
<! .( C/+'! 45D 3;75 E% !F!&= .( #$%&'()%&! 345887 !"&

+%! #$:;)%()"$% .)%*()'! <! .( #$%&'()%&! 3458D7 !& <! .( #$%&'()%&! &')1)(.! xEt
u3
≤ 15

G. !"& @(#).! <! 1$)' ?+! FM ′ ⊂ FM∗
5

H% (--!..!  !"#$%&' ( )!*+,%, ' *%-+*%$' +% #$+-.(/! -('@()& M <! G &!. ?+0).

%0!,)"&! (+#+% #$+-.(/! -('@()& M ′
<! G (1!# FM ′ ⊂ FM 5 H% (--!..! +,.&%$+/. )'  !"0

#$%&'1 ( )!*+,%, ' *%-+*%$'= +%! )%*/(.)&* <! #$+-.(/!" 345D7 (""$#)*! A +% #$+-.(/!

A <$:)%(%#! :(,):(.!5

H% %$&! -(' MD .0!%"!:;.! <!" #$+-.(/!" A <$:)%(%#! :(,):(.! <! G5  !" #$%I

&'()%&!" <! #$+-.(/!" A <$:)%(%#! :(,):(.! "0*#')1!%& (.$'"

∑

F∈FM

xF ≤ |FM | − 1, -$+' &$+& M ∈MD, 3458J7

B!" #$%&'()%&!" #$%"&)&+!%& +%! "$+"I@(:)..! <!" #$%&'()%&!" <! #$+-.(/!"5 K$+" (..$%"

<(%" .( "+)&! <$%%!' <!" #$%<)&)$%" %*#!""()'!" !& "+L"(%&!" -$+' ?+! #!" #$%&'()%&!"

<*C%)""!%& <!" @(#!&&!"5
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 !"#$%  !" # $%&'()& *+,- ./,()01& (023045 */'4-6 (02 ,- 0,52& ./,()01& (023045!

 !"#$%&' ()*  !"# M $% &!$'()*+ '),-)"# . /!0"%)%&+ 0)1"0)(+2 34"%5*)("#5 67289:

);;!&"5+ . M /5<%"# $%+ -)&+##+ /+ P (G,Uc, π) ;" +# ;+$(+0+%# ;" (+; &!%/"#"!%; ;$"=

>)%#+; ;!%# >5,"<5+;

8: '!$, #!$# F ∈ FM ? (+ *,)'@+ );;!&"5 . FM ∪ {F} \ {F} %+ &!%#"+%# '); /+

&!$'()*+ '),-)"#?

A: '!$, #!$# F #+( B$+ F, F ∈ E \ FM ? "( +1";#+ F ′ ∈ FM #+( B$+ (+ *,)'@+ );;!&"5

. FM ∪ {F} \ {F
′} %+ &!%#"+%# '); /+ &!$'()*+ '),-)"#2

+$',-') 7⇒8 9,((/:/-: *+0;/2* <,+4) &%4:5& F ∈ FM 5&) <,& )& 120(=& 0::/.46 >

FM ∪ {F} \ {F} ./-54&-5 ,- ./,()01& (023045? *4:/-: M ′
! @/''& M &:5 ,- ./,()01&

> */'4-0-.& '0%4'0)&? /- *6*,45 <,& FM ′ = FM \ {F} ∪ {F}! $- 0**454/--0-5 )&:

./-5204-5&: *& ./,()01&: 7 !AB8 0::/.46&: > M &5 M ′
&5 )+4-610)456 *& :054:C0;4)456: 7 !A8

0::/.46& > F &5 F ? &- *4D4:0-5 (02 " &5 &- 022/-*4::0-5 )& :&./-* '&';2& > )+&-54&2

4-3624&,2? -/,: /;5&-/-: )0 ./-5204-5&

∑

F ′∈FM

xF ′ + xF ≤ |FM | − 1. 7 !A 8

E) &:5 .)042 <,& .&55& ./-5204-5& */'4-& )0 ./-5204-5& *& ./,()01& 7 !AB8 0::/.46& > M

&5 *6C-45 ,-& 30.& (2/(2&! @&.4 4'()4<,& <,& )0 ./-5204-5& 7 !AB8 -& (&,5 (0: *6C-42

,-& 30.&55& *& P (G,Uc, π)!



 ! "#$%& '()*+%,-)&

 !""#$#%$ &'(%)*%'%) +!,(- *.($)* F / )*- +!* F, F /∈ FM *) "#!0 )#!) F ′ ∈ FM / -*

10'"2* '$$#3(4 5 FM ∪ {F} \ {F
′} 3#%)(*%) !% 3#!"-'1* "'06'()/ 7($#%$ MF ′

8 9#&&*

M *$) 7* 7#&(%'%3* &'.(&'-*/ (- $,*%$!() +!* FMF ′
= FM ∪ {F} \ {F

′}8

:% '77()(#%%'%) -*$ (%41'-()4$ ;<8=>? '$$#3(4*$ '!. 3#!"-'1*$ MF ′ , "#!0 )#!) F ′ ∈ FM

*) '! 3#!"-'1* M / *% 7(@($'%) "'0 |FM | *) *% '00#%7($$'%) -* $*3#%7 &*&A0* 5 -,*%)(*0

(%640(*!0/ %#!$ #A)*%#%$ -' 3#%)0'(%)*

∑

F ′∈FM

xF ′ + xF ≤ |FM | − 1. ;<8=B?

9#&&* 3*))* 3#%)0'(%)* 7#&(%* -' 3#%)0'(%)* ;<8=>?/ 3*-' (&"-(+!* +!* 3*))* 7*0%(C0*

%* 74D%() "'$ !%* 6'3*))*8

;⇐?  !""#$#%$ &'(%)*%'%) +!* -*$ 3#%7()(#%$ =? *) E? $#%) @40(D4*$8 F#)#%$ "'0

ax ≤ α -' 3#%)0'(%)* ;<8=>? '$$#3(4* 5 M 8  #() bx ≤ β !%* 3#%)0'(%)* 74D%($$'%) !%*

6'3*))* 7* P (G,Uc, π)8  !""#$#%$ +!* {x ∈ P (G,Uc, π) : ax = α} ⊆ {x ∈ P (G,Uc, π) :

bx = β}8 G!($+!* P (G,Uc, π) *$) 7* "-*(%* 7(&*%$(#%/ (- $!H) 7* &#%)0*0 +!,(- *.($)*

ρ > 0 )*- +!* b = ρa8

 #(*%) F1 *) F2 7*!. 4-4&*%)$ 7($)(%3)$ 7* FM 8 9#%$(740#%$ -*$ *%$*&A-*$ S1 =

FM \ {F1}, *) S2 = FM \ {F2}.

I,'"0C$ -' 3#%7()(#% =?/ -*$ 10'"2*$ '$$#3(4$ 5 S1 ∪{F 1} *) S2 ∪{F 2} %* 3#%)(*%%*%)

"'$ 7* 3#!"-'1* "'06'()/ 3* +!( (&"-(+!* +!* -*$ 10'"2*$ HS1
*) HS2

%,*% 3#%)(*%%*%)

"'$ %#% "-!$8 9#&&* -*$ @*3)*!0$ 7,(%3(7*%3* 7* S1 *) S2 @40(D*%) ax = α/ (- $,*%$!()

+!* bxS1 = bxS2
8 G'0 3#%$4+!*%)/ b(F1) = b(F2)8 9#&&* F1 *) F2 $#%) 7*!. 4-4&*%)$

+!*-3#%+!*$ 7* FM #% 747!() +!*

b(F ′) = b(F ∗) = ρ, "#!0 )#!) F ′, F ∗ ∈ FM , ;<8=J?

#K ρ *$) !% $3'-'(0* 7'%$ R8

9#%$(740#%$ -,*%$*&A-* S3 = S1 \ {F 1}. I,'"0C$ -' 3#%7()(#% =?/ -* 10'"2* HS3
%*

3#%)(*%) "'$ 7* 3#!"-'1* "'06'()8 I* "-!$/ (- *$) 3-'(0 +!* S3 @40(D* -' 3#%7()(#% ;(?/ 3*

+!( (&"-(+!* +!* S3 *$) !%* $#-!)(#%8 9#&&* axS1 = axS3
/ %#!$ '@#%$ bxS1 = bxS3

/ 3*

+!( (&"-(+!* +!* b(F 1) = 08 9#&&* F1 *$) !% 4-4&*%) +!*-3#%+!* 7* FM #% *% 747!()

+!*

b(F ) = 0, "#!0 )#!) F ∈ FM . ;<8=L?
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 !"# F3 $% &'&()%# *$)'+!%*$) ,) E \ FM #)' *$) F 3 /∈ FM - ./01234 '0 +!%,"#"!% 567

"' )8"4#) $% &'&()%# ,) FM 7 ,"4!%4 F47 #)' *$) ') 9201:) 044!+"& ; FM ∪ {F3} \ {F4} %)

+!%#")%# 104 ,) +!$1'09) 102<0"#- =!%4",&2!%4 ')4 )%4)(>')4 S4 = FM ∪ {F3} \ {F4} )#

S5 = FM \ {F4}- ?' )4# +'0"2 *$) S4 )# S5 4!%# ,)4 4!'$#"!%4- =!(() axS4 = axS5
)#

,!%+ bxS4 = bxS5
"' )% 2&4$'#) *$) b(F3) = 0- =!(() F3 )4# $% &'&()%# *$)'+!%*$) ,)

E \ FM !% )% ,&,$"# *$)

b(F ) = 0, 1!$2 #!$# F /∈ FM . @A-BC6

D02 @A-BE6F@A-BC67 "' 4/)%4$"# *$) b = ρa- .) 1'$47 +!(() 1!$2 #!$# )%4)(>') ,/02G#)4

F ∈ FM 7 "' )8"4#) $% 4!$4F9201:) H +!%#)%0%# F #)' *$) '0 +!%#20"%#) 4!"# H&2"I&) ;

'/&90'"#&7 '0 <0+) ,&I%") 102 ax ≤ α )4# ,"J&2)%#) ,/$%) <0+) #2"H"0') {x ∈ P (G,Uc, π) :

xF = 0}- =)'0 "(1'"*$) *$) '0 <0+) "%,$"#) 102 bx ≤ β %/)4# 104 +!%#)%$) ,0%4 $%)

<0+) #2"H"0')- ?' 4/)%4$"# *$) b(F ) ≥ 0 1!$2 #!$# F ∈ FM - =!(() bx ≤ β ,&I%"# $%)

<0+)##) ,) P (G,Uc, π)7 "' ,!"# ,!%+ )8"4#)2 0$ (!"%4 $% )%4)(>') ,/02G#)4 F ∈ FM #)'

*$) b(F ) > 0- D02 +!%4&*$)%# ρ > 0 )# '0 12)$H) )4# #)2("%&)- �

K!$4 1!$H!%4 2)(02*$)2 *$) '0 +!%,"#"!% B6 H&2"I) *$) '0 +!%#20"%#) ,) +!$1'09)4

)4# ; ,!("%0%+) (08"(0')-

 !"! #$%&'()*%+ ,- ./01('&-+ 12/.3-+

.0%4 +)##) 4)+#"!%7 %!$4 12&4)%#!%4 $%) %!$H)'') <0("'') ,/"%&90'"#&4 H0'",)4 1!$2 ')

D L =D- =)4 "%&90'"#&4 4!%# ,&I%")4 102 2011!2# ; $% +!$1'09) 102<0"# )# $% &'&()%#

102#"+$'")2 ,) E -

 !")%# (G,Uc, π) $%) "%4#0%+) ,$ D L =D7 M ′
$% +!$1'09) 102<0"# ; ,!("%0%+)

(08"(0') ,) G )# F ′ $% &'&()%# ,) FM ′
- M% +!$1'09) 102<0"# M∗

,) G )4# ,"#  !"#$%

,) M ′
102 2011!2# ; F ′ 4" FM∗ ⊆ (FM ′ \ {F ′})∪ {F ′}- N% 2)(02*$) *$) F ′ 01102#")%#

; FM∗
- O% )J)#7 1$"4*$) M ′

)4# ; ,!("%0%+) (08"(0')7 "' %/)8"4#) 104 ,) +!$1'09)

102<0"# M #)' *$) FM ⊂ FM ′
-

 !"#"$%&%"' ()* &"'%() M ′
*( #"* +,-%  ,!.,') / 0"1'(,(#% 1,2'1,+% 0% G %) F ′ ∈

FM ′
3 &4'+ %2'5)% *( #"* +,-%  ,!.,')  !"#$% 0% M ′

 ,! !,  "!) / F ′6 ,+"!5 +, #"()!,'()%

,55"#'7% / M ′
%) F ′6 0"((7%  ,!

∑

F∈FM′

xF + xF
′ ≤ |FM ′ | − 1, @A-BP6

%5) 8,+'0%  "*! +% 9&:&;93



 ! "#$%& '()*+%,-)&

 !"#$"%  !"!#$ %&' M∗
() *!+%(&,) %'!*-) .) M ′

%&' '&%%!'" / F ′0 1& $!22) .)$

*!#"'&3#")$ "'343&()$ xF ≤ 1 %!+' "!+" F ∈ FM ′ \ (FM∗ ∪ {F ′}) .!##) (& *!#"'&3#")
∑

F∈FM′\(FM∗∪{F ′})

xF ≤ |FM ′ \ (FM∗ ∪ {F ′})|. 560789

:!22) FM ′∩(FM∗∪{F ′}) = (FM∗ \{F
′
})∪{F ′}; () 2)2<') .) .'!3") .) (& *!#"'&3#")

560789 )$" =,&( / |FM ′ | − |FM∗ |0 1& $!22) .) (& *!#"'&3#") 560789; .)$ *!#"'&3#")$ .)

*!+%(&,)$ 560>?9 &$$!*3=)$ / M ′
)" M∗

)" .) (& *!#"'&3#") .) $&"3$@&<3(3"=$ &$$!*3=) /

F ′ )" F
′
.!##) (& *!#"'&3#") A

2
∑

F∈FM′

xF + 2xF
′ ≤ 2|FM ′ | − 1. 5607>9

B# .343$&#" *)"") *!#"'&3#") %&' .)+C )" )# %')#&#" (& %&'"3) )#"3D') 3#E='3)+') .+

2)2<') .) .'!3"); !# !<"3)#" (& *!#"'&3#") 560>F9 &$$!*3=) / M ′
)" F ′0 �

1)$ *!#"'&3#")$ 560>F9 $!#" &%%)(=)$  !"#$%&"#'( )'  !*+,%-'( +$! .'(0  !+$ .!##!#$

.&#$ () "-=!'D2) $+34&#" ()$ *!#.3"3!#$ #=*)$$&3')$ )" $+G$&#")$ %!+' H+) *)$ *!#"'&3#I

")$ .=@#3$$)#" .)$ E&*)"")$0

&'()!*+" ,%- /!&'"# M ′
*"  !*+,%-' +%$0%&# 1 )!2&"%" ' 2%3&2%,' '# F ′ *" 4,42'"#

)' FM ′
56&"4-%,&#4 789:;< %((! &4' 1 M ′

'# F ′ )4="&# *"' 0% '##' )' P (G,Uc, π) (& '#

('*,'2'"# (& ,'(  !")&#&!"( (*&>%"#'( (!"# >4$&=4'( ?

:< &, '3&(#' F ⋆ ∈ FM ′ \ {F ′} #', @*' ,' -$%+.' %((! &4 1 FM ′ ∪ {F
′
} \ {F ′, F ⋆} "'

 !"#&'"# +%( )'  !*+,%-' +%$0%&#A

B< +!*$ #!*# F ∈ FM ′ \ {F ′} %* 2!&"( *" )'( -$%+.'( %((! &4( %*3 '"('2C,'( FM ′ ∪

{F} \ {F} '# FM ′ ∪ {F , F
′
} \ {F, F ′} "' +!((D)' +%( )'  !*+,%-' +%$0%&#9

E< +!*$ #!*# F ∈ E \ FM ′
#', @*' F /∈ FM ′

'# ,' -$%+.' %((! &4 1 FM ′ ∪ {F} \ {F ′}

 !"#&'"# *"  !*+,%-' +%$0%&#A &, '3&(#' F ∗ ∈ FM ′ \ {F ′}A #', @*' ,6*" )'( -$%+.'(

%((! &4( 1 FM ′∪{F}\{F ∗} !* FM ′∪{F
′
, F}\{F ∗, F ′} "'  !"#&'"# +%( )'  !*+,%-'

+%$0%&#9

 !"#$"% 5⇐9 J+%%!$!#$ .K&<!'. H+) %!+' "!+" F̃ ∈ FM ′
.3L=')#" .) F ′; () ,'&%-)

&$$!*3= / SF̃ = (FM ′ ∪ {F
′
}) \ {F ′, F̃} *!#"3)#" +# *!+%(&,) %&'E&3"; .3$!#$ NF̃ 0 1&

$!22) .) (K3#=,&(3"= .) *!+%(&,)$ 560>?9 &$$!*3=) &+ *!+%(&,) NF̃ )" .)$ *!#"'&3#")$

"'343&()$ 56069 &$$!*3=)$ / "!+" =(=2)#" .) SF̃ \ FN
F̃
; .!##)

∑

F∈S
F̃

xF ≤ |SF̃ | − 1. %!+' "!+" F̃ ∈ FM ′ \ {F ′} 560779
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 ! "##$%$&!!"!% '() *&!%+"$!%() ,-.//0 1&2+ %&2% 3'34(!% F̃ #( FM ′ \{F ′}5 |FM ′ |−2 6&$)

'7$!38"'$%3 #( )"%$)9":$'$%3) ,-.;0 "))&*$3( < F ′ (% F
′
5 (% '7$!38"'$%3 #( *&21'"8() 1+&*=()

,-.;>0 "))&*$3( < M ′
 ! F ′" #$ #%!& $!" '()*+ ,&-&+&#$ (') |FM ′ | − 1  ! '))#$,& &$./)& 0)

,0 1 1%) , ,)#&! " 2' 3#$!)'&$! 

∑

F∈FM′

xF + 2xF
′ ≤ |FM ′ | − 1. 456789

:2  +! 32'&) ;0 2' 3#$!)'&$! 456789 ,#1&$ 2' 3#$!)'&$! , 3#0(2'< + ()#3= + 456>?9

'++#3&/ @ M ′
 ! F ′  ! ,/A$&! 0$ .'3 ()#() 6 B 2' &1(2&;0 ;0 3 !! , )$&*) $ ( 0!

('+ ,/A$&) 0$ .'3 !! 6

C0((#+#$+ 1'&$! $'$! ;0D&2  E&+! 0$ /2/1 $! , FM ′ \ {F ′}" ,&+#$+ F1" ! 2 ;0 2 +

<)'(= + '++#3&/+ '0E  $+ 1%2 + S1 = FM ′∪{F 1}\{F1}  ! S2 = FM ′∪{F
′
, F 1}\{F1, F

′}

3#$!& $$ $! 0$ 3#0(2'< (').'&!6 F#!#$+ ) +( 3!&- 1 $! (') N1  ! N2 2 + 3#0(2'< +

(').'&! , HS1
 ! HS2

6 G' +#11 , + 3#$!)'&$! + , 3#0(2'< + 456>89 '++#3&/ + '0E

3#0(2'< + N1  ! N2" , + &$/<'2&!/+ !)&-&'2 + 45659 (#0) !#0! /2/1 $! , 2D $+ 1%2 (S1 \

FN1
) ∪ (S2 \ FN2

)  ! , 2' 3#$!)'&$! , +'!&+A'%&2&!/+ 456>9 '++#3&/ @ F ′  ! F
′
,#$$ "

'()*+ ,&-&+&#$ (') , 0E  ! '))#$,& &$./)& 0) ,0 1 1%) , ,)#&! " 2' 3#$!)'&$! 

∑

F∈FM′\{F1}

xF + xF 1
+ xF

′ ≤ |FM ′ | − 1. 456759

H$ ',,&!&#$$'$! 2' 3#$!)'&$! 456759" 2' 3#$!)'&$! , 3#0(2'< + ()#3= + 456>?9 '++#3&/ 

@ M ′
 ! F ′  ! 2' 3#$!)'&$! , +'!&+A'%&2&!/+ 456>9 '++#3&/ @ F1  ! F 1" #$ #%!& $! '2#)+"

'()*+ ,&-&+&#$ (') , 0E  ! '))#$,&" 2' 3#$!)'&$! 

∑

F∈FM′

xF + xF 1
+ xF

′ ≤ |FM ′ | − 1. 4567I9

G' 3#$!)'&$! 4567I9 ,#1&$ 2' 3#$!)'&$! , 3#0(2'< + ()#3= + 456>?9 '++#3&/ @ M ′
 !

F ′6 J (20+"  22 ,/A$&! 0$ .'3 ()#() " 3 ;0& &1(2&;0 ;0 3 !! , )$&*) $ ( 0! ('+

,/A$&) 0$ .'3 !! 6

C0((#+#$+ ;0 2' 3#$,&!&#$ 489 $D +! ('+ -/)&A/ 6 :2  E&+! ,#$3 0$ /2/1 $! , FM ′ \E

,&K/) $! , F
′
" ,&+#$+ F2" ! 2 ;0 F 2 $D'((')!& $! ('+ @ FM ′

 ! 2 <)'(= '++#3&/ @

(FM ′ ∪ {F2}) \ {F
′} 3#$!& $! 0$ 3#0(2'< (').'&!6 J (20+" (#0) !#0! /2/1 $! F ∗ , 

FM ′ \ {F ′}" 2 + <)'(= + '++#3&/+ @ (FM ′ ∪ {F2}) \ {F
∗}  ! (FM ′ ∪ {F

′
, F2}) \ {F

′, F ∗}

3#$!& $$ $! 3='30$ 0$ 3#0(2'< (').'&!6

C#&! F3 ∈ FM ′ \ {F ′}6 F#!#$+ ) +( 3!&- 1 $! (') S1
3  ! S2

3 2 +  $+ 1%2 + (FM ′ ∪

{F2}) \ {F3}  ! (FM ′ ∪ {F
′
, F2}) \ {F

′, F3}6 L') =M(#!=*+ " HS1

3
 ! HS2

3
3#$!& $$ $!



 ! "#$%& '()*+%,-)&

 !" #$ #$  %#&'"() &"*+",-. /,0%$0 N1
3 )- N2

3 1 2%33) |S1
3 | = |S

2
3 | = |FM ′ |. '" 0%33)

/)0  %$-*",$-)0 /)  %#&'"()0 451678 "00% ,9)0 : N1
3 )- N2

3 . /)0  %$-*",$-)0 -*,;,"')0

45158 &%#* -%#- 9'93)$- /) '<)$0)3=') (S1
3 \ FN1

3
) ∪ (S2

3 \ FN2

3
) )- /) '"  %$-*",$-) /)

0"-,0>"=,',-90 45168 "00% ,9) : F ′ )- F
′
/%$$). "&*?0 /,;,0,%$ &"* /)#@ )- "**%$/, ,$+9*,)#*

/# 3)3=*) /) /*%,-). '"  %$-*",$-)

∑

F∈FM′\{F3}

xF + xF2
+ xF

′ ≤ |FM ′ | − 1. 451AB8

C%-%$0 &"* NS #$  %#&'"() &"*+",- /) HS1 D$ "//,-,%$$"$- '"  %$-*",$-) /)  %#&'"()0

451678 "00% ,9) : NS. ')0  %$-*",$-)0 -*,;,"')0 45158 "00% ,9)0 "#@ 9'93)$-0 /) S\FNS
. ')0

 %$-*",$-)0 451AB8 "00% ,9)0 : -%#- 9'93)$- /) FM ′ \ {F ′} )- '"  %$-*",$-) /)  %#&'"()0

&*% !)0 4516E8 "00% ,9) : M ′
)- F ′. %$ %=-,)$-. "&*?0 /,;,0,%$ &"* |FM ′ | )- "**%$/,

,$+9*,)#* /# 3)3=*) /) /*%,-). '"  %$-*",$-)

∑

F∈FM′

xF + xF2
+ xF

′ ≤ |FM ′ | − 1. 451AF8

G' )0-  '",* H#) '"  %$-*",$-) 451AF8 /%3,$) '"  %$-*",$-) /)  %#&'"()0 &*% !)0 4516E8

"00% ,9) : M ′
)- F ′ )- /9>$,- #$) +" ) &*%&*)1 2)'" ,3&',H#) H#)  )--) /)*$,?*) $) &)#-

&"0 /9>$,* #$) +" )--)1

4⇐8 I#&&%0%$0 3",$-)$"$- H#) ')0  %$/,-,%$0 68 J 78 0%$- ;9*,>9)01 C%-%$0 &"* ax ≤ α

'"  %$-*",$-) 4516E8 "00% ,9) : M ′
)- F ′ ∈ FM ′

1 I%,- bx ≤ β #$)  %$-*",$-) /9>$,0J

0"$- #$) +" )--) /) P (G,Uc, π)1 I#&&%0%$0 H#) {x ∈ P (G,Uc, π) : ax = α} ⊆ {x ∈

P (G,Uc, π) : bx = β}1 K#,0H#) P (G,Uc, π) )0- /) &'),$) /,3)$0,%$. ,' 0#L- /) 3%$-*)*

H#<,' )@,0-) ρ > 0 -)' H#) b = ρa1

2%33) '"  %$/,-,%$ 68 )0- *)0&) -9). ,' )@,0-) F ⋆ ∈ FM ′\{F ′} -)' H#) ') (*"&!) "00% ,9

: S⋆ = (FM ′ ∪ {F
′
}) \ {F ′, F ⋆} $)  %$-,)$- &"0 /)  %#&'"() &"*+",-1 2%33) M ′

)0- #$

 %#&'"() &"*+",-. FM ′
0"-,0+",- '"  %$/,-,%$ 4,8 /) '" /9>$,-,%$ 471E81 M<"&*?0 '" /9>$,-,%$

/) F &"* *"&&%*- : #$ 9'93)$- F ∈ E . ,' 0<)$0#,- H#) S⋆
;9*,>) "#00, '"  %$/,-,%$ 4,81

S⋆
)0- /%$ #$) 0%'#-,%$ /# KINI2K1 M) &'#0.  %33) |S⋆∩ (FM ′ ∪{F

′
})| = |FM ′ |− 1,

,' 0<)$0#,- H#) xS⋆

;9*,>) axS⋆

= α1 O<)$0)3=') S ′⋆ = FM ′ \ {F ′} )0- "#00, #$) 0%'#-,%$

/# KINI2K &#,0H#) M ′
)0- #$  %#&'"() : /%3,$"$ ) 3"@,3"').  ) H#, ,3&',H#) H#)

HS′⋆
$)  %$-,)$- &"0 /)  %#&'"() &"*+",-1 M) &'#0.  %33) F ′ ∈ FM ′

. %$ " axS′⋆

= α1

P$ /9/#,- "'%*0 H#) bxS⋆

= bxS′⋆

.  ) H#, ,3&',H#) H#)

b(F ′) = b(F
′
) = ρ, 451AQ8

%R ρ )0- #$ 0 "'",*) /"$0 R1
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 !"# F1 $% &'&()%# *) FM ′ \ {F ′}+ ,'-".)()%#/ S1 = FM ′ \ {F1} 0!..)12!%* 3 $%)

1!'$#"!% .&-'"1-4')+ 5) 2'$1/ )'') 6&."7) axS1 = α+ 8% - *!%0 bxS′⋆

= bxS1
/ 0) 9$"

"(2'"9$) 9$) b(F1) = b(F ′)+ ,!(() F1 )1# $% &'&()%# 9$)'0!%9$) *) FM ′ \ {F ′}/ !%

*&*$"# -'!.1/ -6)0 ':&9$-#"!% ;<+=>?/ 9$)

b(F ) = ρ, 2!$. #!$# F ∈ FM ′ ∪ {F
′
}. ;<+=@?

 !"# F2 $% &'&()%# *) E \ FM ′
#)' 9$) F 2 /∈ FM ′

+ ,'-".)()%#/ F2 )1# *"A&.)%# *) F
′
+

,!%1"*&.!%1 ':)%1)(4') S2 = (FM ′∪{F2})\{F
′}+  $22!1!%1 9$) HS2

%) 0!%#")%# 2-1 *)

0!$2'-B) 2-.C-"#+ 5-%1 0) 0-1/ 0!(() F 2 /∈ FM ′
/ S2 )1# 1!'$#"!% *$ D E ,D+ ,!(()

F ′ ∈ FM ′
/ axS2 = α+ 8% - -'!.1 bxS2 = bxS′⋆

/ 0) 9$" "(2'"9$) 9$) b(F2) = 0+  $22!1!%1

(-"%#)%-%# 9$) ') B.-2F) HS2
0!%#")%# $% 0!$2'-B) 2-.C-"#+ G- 0!%*"#"!% H? *$ #F&!.I()

"(2'"9$) -'!.1 9$:"' )J"1#) $% &'&()%# *) FM ′ \{F ′}/ *"1!%1 F3/ #)' 9$) ') B.-2F) -11!0"&

3 S3 = (FM ′ ∪ {F2}) \ {F3} !$ ') B.-2F) -11!0"& 3 S ′3 = (FM ′ ∪ {F2, F
′
}) \ {F3, F

′} %)

0!%#")%# 2-1 *) 0!$2'-B) 2-.C-"#+ ,!(() F 2 /∈ FM ′
/ "' )1# 0'-". 9$) S3 )# S

′
3 6&."7)%#

'- 0!%*"#"!% ;"? *) '- *&7%"#"!% ;H+@?+ 5) 2'$1/ !% - |S3 ∩ (FM ′ ∪ {F
′
})| = |S ′3 ∩ (FM ′ ∪

{F
′
})| = |FM ′ |−1+ K' 1:)%1$"# 9$) S3 )#L!$ S ′3 )1# 1!'$#"!% *$ D E ,D+  $22!1!%1 9$)

S3 )1# 1!'$#"!%+ 5-%1 0) 0-1/ 0!(() !% - axS3 = α/ "' 1:)%1$"# 9$) bxS3 = bxS′⋆

/ 0) 9$"

"(2'"9$) 9$) b(F ′) + b(F2) = b(F3)+ 5:-2.I1 ':&9$-#"!% ;<+=@? "' 1:)%1$"# 9$) b(F2) = 0+

 $22!1!%1 (-"%#)%-%# 9$) S ′3 )1# $%) 1!'$#"!%+ ,!(() !% - bxS′

3 = bxS′⋆

/ !% *&*$"#

9$) b(F2) + b(F
′
) = b(F3)/ 0) 9$" "(2'"9$)/ *:-2.I1 ':&9$-#"!% ;<+=@?/ 9$) b(F2) = 0+

,!(() F2 )1# $% &'&()%# 9$)'0!%9$) *) E \ FM ′
#)' 9$) F 2 /∈ FM ′

/ !% *&*$"# 9$)

b(F ) = 0 2!$. #!$# F ∈ E \ FM ′
#)' 9$) F /∈ FM ′ . ;<+HM?

,!%1"*&.!%1 7%-')()%# $% &'&()%# *) E \FM ′
*"A&.)%# *) F

′
/ *"1!%1 F4/ #)' 9$) F 4 ∈

FM ′
+ ,!%1"*&.!%1 ')1 )%1)(4')1 S4 = FM ′∪{F4}\{F 4} )# S

′
4 = FM ′∪{F4, F

′
}\{F 4, F

′}+

5:-2.I1 '- 0!%*"#"!% =? ') B.-2F) HS4
)#L!$ HS′

4
%) 0!%#")%# 2-1 *) 0!$2'-B) 2-.C-"#+

K' )1# 0'-". 9$) S4 )# S ′4 6&."7)%# '- 0!%*"#"!% ;"? *) '- *&7%"#"!% ;H+@?+ 5) 2'$1/ !% -

|S4 ∩ (FM ′ ∪ {F
′
})| = |S ′4 ∩ (FM ′ ∪ {F

′
})| = |FM ′ | − 1+ K' 1:)%1$"# 9$) S4 )#L!$ S ′4

)1# 1!'$#"!% *$ D E ,D+  $22!1!%1 9$) S4 )1# 1!'$#"!%+ 5-%1 0) 0-1/ 0!(() !% -

axS4 = α/ "' 1:)%1$"# 9$) bxS4 = bxS′⋆

/ 0) 9$" "(2'"9$) 9$) b(F4) + b(F ) = b(F 4)+

5:-2.I1 ':&9$-#"!% ;<+=@?/ "' 1:)%1$"# 9$) b(F4) = 0+  $22!1!%1 (-"%#)%-%# 9$) S ′4
)1# $%) 1!'$#"!%+ ,!(() !% - bxS′

4 = bxS′⋆

/ !% *&*$"# 9$) b(F4) + b(F
′
) = b(F 4)/

0) 9$" "(2'"9$)/ *:-2.I1 ':&9$-#"!% ;<+=@?/ 9$) b(F4) = 0+ ,!(() F4 )1# $% &'&()%#

9$)'0!%9$) *) E \ FM ′
*"A&.)%# *) F

′
#)' 9$) F 4 ∈ FM ′

/ !% *&*$"# 9$)

b(F ) = 0 2!$. #!$# F ∈ E \ FM ′ , F 6= F
′
#)' 9$) F ∈ FM ′ . ;<+HN?



 ! "#$%& '()*+%,-)&

 !"#$%& '(& )*+",-./& 01234560127859 -' &!(/&+-, *+( b = ρa2  ( #'+&9 :.;;( #.+$ ,.+,

(/&(;<'( =!"$>,(& F ∈ FM ′ ∪ {F
′
}9 ./ " (?@-<) +/( &.'+,-./ :./,(/"/, F (, =./, '(

A(:,(+$ =!-/:-=(/:( A)$-B( '" :./,$"-/,( C '!)D"'-,)2 E' &!(/&+-, *+( '" F":( =)B/-( #"$

ax ≤ α (&, =-G)$(/,( =!+/( F":( ,$-A-"'( {x ∈ P (G,Uc, π) : xF = 0}2 H('" -;#'-*+( *+(

'" F":( -/=+-,( #"$ bx ≤ β /!(&, #"& :./,(/+( ="/& +/( F":( ,$-A-"'(2 I/ =)=+-, *+(

b(F ) ≥ 0 #.+$ ,.+, F ∈ FM ′ ∪{F
′
}2 H.;;( bx ≤ β =)B/-, +/( F":(,,( =( P (G,Uc, π)9

-' =.-, =./: (?-&,($ "+ ;.-/& +/ (/&(;<'( =!"$>,(& F ∈ FM ′ ∪ {F
′
} ,(' *+( b(F ) > 02

J"$ :./&)*+(/,9 ρ > 0 (, '" #$(+A( (&, ,($;-/)(2 �

 !"!# $%&'()*+&, -. k/0123)('.,

 "/& :( *+- &+-,9 ./ /.,( #"$ Θ '!(/&(;<'( =(& &.+&6(/&(;<'(& =( E =-G)$(/,& =(

'!(/&(;<'( A-=( A)$-B"/, '" :./=-,-./ 0-5 =( '" =)B/-,-./ 072K52 L+,$(;(/, =-,9 +/ &.+&6

(/&(;<'( /./6A-=( θ ⊆ E "##"$,-(/, C Θ &!-' /!(?-&,( #"& +/ &.;;(, u ∈ Uc ,(' *+(

{Et
u, E

f
u} ⊆ θ2 M.-(/, θ ∈ Θ9 θ′ ⊆ θ (, k +/ (/,-($ "##"$,(/"/, C {1, ..., |θ′| + 1}2 N(

D$"#@( Hθ (&, =-, k !"#$%&'() #"$ $"##.$, C θ′ &- "#$%& '" &+##$(&&-./ =( /!-;#.$,(

*+('& k − 1 (/&(;<'(& =!"$>,(& =( θ′ ="/& Hθ9 '( D$"#@( $)&+',"/, :./,-(/, ,.+O.+$& +/

:.+#'"D( #"$F"-,2

 !"#"$%&%"' ()* *"+(,- θ ∈ Θ. θ′ ⊆ θ (- k ∈ {1, ..., |θ′| + 1}/ *+ %( '0&$1( Hθ ()-

k !"#$%&'() $&0 0&$$"0- 2 θ′ &%"0) %& !",-0&+,-( &))"!+3 2 θ′. θ (- k. 4",,3( $&0

∑

F∈θ′

xF + k
∑

F∈θ\θ′

xF ≤ |θ
′|+ k(|θ \ θ′| − 1), 012735

()- 5&%+4( $"#0 P (G,Uc, π)/

 !+,-+) M+##.&./& *+!-' (?-&,( +/( &.'+,-./ S =( P (G,Uc, π) ,(''( *+( '( A(:,(+$

=!-/:-=(/:( xS
/( &",-&F"-, #"& 0127359 :!(&,6C6=-$( xS

A)$-B(

∑

F∈θ′

xS
F + k

∑

F∈θ\θ′

xS
F > |θ′|+ k(|θ \ θ′| − 1) 012775

P.,./& #"$ θ∗ '(& )');(/,& =( θ′ /!"##"$,(/"/, #"& C S2 H.;;( xS ∈ {0, 1}E 9 ./

(/ =)=+-, *+(

∑
F∈θ′ x

S
F ≤ |θ′| (, k

∑
F∈θ\θ′ x

S
F ≥ k(|θ \ θ′| − 1) + 12 J"$ :./&)*+(/,∑

F∈θ\θ′ x
S
F = |θ \ θ′|2 I/ (/ =)=+-, *+(

∑
F∈θ′ x

S
F ≥ |θ′| − k + 12 H('" -;#'-*+( *+(

|θ∗| ≤ k−12 J"$ =)B/-,-./ =(& D$"#@(& k6:.+#"D(&9 '( D$"#@( Hθ\θ∗ :./,-(/, +/ :.+#'"D(

#"$F"-,2 H.;;( θ \ θ∗ ⊆ S9 HS :./,-(/, +/ :.+#'"D( #"$F"-, /.+& "A./& =./: +/(

:./,$"=-:,-./2 �
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 !"#$%  !" # $%&'() Hθ!

*+,- &'').+/- .)- 0+/1%&2/1)- 3 !"45  !"#$% &"' () *+,-./%$#)'!

6&% )7)8'.)9 0+/-2:;%+/- .) <%&'() G :) .& =<,%)  !"! 6+-+/- θ = {Et
u1
, Et

u2
,

Et
u3

Et
u4
, Et

u5
} )1 θ′ = {Et

u1
, Et

u2
, Et

u3
}! >) <%&'() Hθ )-1 4?0+,'.&<)- '&% %&''+%1

@ θ′! A/ )B)19 .) <%&'() Hθ '+--C:) ,/ 0+,'.&<) '&%D&21 8E8) -2 +/ -,''%28) Et
u1
9 Et

u2

+, Et
u3
! F/ )/ :;:,21 G,) .& 0+/1%&2/1) :) 4?0+,'.&<)-

xEt
u1
+ xEt

u2
+ xEt

u3
+ 2xEt

u4
+ 2xEt

u5
≤ 5

)-1 H&.2:)!

*+,- :+//+/- :&/- .& -,21) :)- 0+/:212+/- /;0)--&2%)- '+,% G,) .)- 2/;<&.21;- :)

k?0+,'.&<)- :;=/2--)/1 :)- D&0)11)-!

 !"#"$%&%"' ()*+ 0- )!& θ ∈ Θ1 θ′ ⊆ θ )& k ∈ {1, ..., |θ′| + 1} &)%' 2.) Hθ )'& k+

,-./%$#)' /$3 3$//-3& 4 θ′5 6$ ,-!&3$ !&) () k+,-./%$#)' $''-, ") 4 θ′1 θ )& k !) ("7! &

/$' .!) 8$,)&&) ' .!) ()' ,-!( & -!' )'& 9"3 7") :

;< Hθ )'& k′+,-./%$#)' /$3 3$//-3& 4 θ′1 $9), k′ > k1

=<  % )> '&) F ∈ θ \ θ′ &)% 2.) Hθ )'& k+,-./%$#)' /$3 3$//-3& 4 θ′ ∪ {F}1



 ! "#$%& '()*+%,-)&

 ! "# $%"&'$ θ̃ ⊂ θ $' θ̃′ ⊆ θ̃ '$#& ()$ θ̃ \ θ̃′ ⊆ θ \ θ′* θ̃′ ⊆ θ′ $' Hθ̃ $&' k+,-).#/0$& ./1

1/..-1' 2 θ̃′3

 !"#$"%  !""#$#%$ &!' () *#%+,-,#% ./ '$- 012,31'4 5)%$ *' *)$6 () *#%-2),%-' +' k7

*#!"()8'$ )$$#*,1' 9 θ′6 θ '- k′ '$- 0)(,+' "#!2 (' : ; <:4 <'() ,="(,&!' &!' ('$ 0'*-'!2$

+>,%*,+'%*' +'$ $#(!-,#%$ )"")2-'%)%- 9 () ?)*' ,%+!,-' ")2 () *#%-2),%-' +' k7*#!"()8'$

)$$#*,1'$ 9 θ′6 θ '- k6 +,$#%$ Fk6 012,3'%- )(#2$
∑

F∈θ′ xF = |θ′| '-
∑

F∈θ\θ′ xF = |θ\θ′|−14

@($ 012,3'%- +#%* 9 (>18)(,-1 () *#%-2),%-' +' k7*#!"()8'$ )$$#*,1'$ 9 θ′6 θ '- k′6 *' &!,

,="(,&!' &!>,($ )"")2-,'%- 9 () ?)*' ,%+!,-' ")2 *'--' *#%-2),%-' +,$#%$ Fk′ 4 5' "(!$6 ,(

'$- *(),2 &!' Fk′ '$- +,A12'%- +' P (G,Uc, π)4 <#==' ('$ *#%-2),%-'$ )$$#*,1'$ 9 θ′6 θ '-

k '- θ′6 θ '- k′6 %' $#%- ")$ 1&!,0)('%-'$6 Fk %' "'!- ")$ +13%,2 !%' ?)*'--'4

 !""#$#%$ &!' () *#%+,-,#% B/ '$- 012,31'6 *>'$-797+,2' &!>,( 'C,$-' F ∈ θ \ θ′ -'( &!'

Hθ '$- k7*#!"()8'$ ")2 2)""#2- 9 θ′∪{F}4 D) *#%-2),%-' +' k7*#!"()8'$ EF4GB/ )$$#*,1'

9 θ′6 θ '- k '$- *#=H,%),$#% (,%1),2' +' () *#%-2),%-' +' k7*#!"()8'$ )$$#*,1' 9 θ′∪{F}6

θ '- k '- +' k7. ?#,$ () *#%-2),%-' -2,0,)(' EF4F/ )$$#*,1' 9 F 4 D) *#%-2),%-' EF4GB/ %'

"'!- ")$ +13%,2 !%' ?)*'--' +' P (G,Uc, π)4

 !""#$#%$ &!' () *#%+,-,#% G/ '$- 2'$"'*-1'6 )(#2$ ,( 'C,$-' θ̃ ⊂ θ '- θ̃′ ⊆ θ̃ -'($

&!' θ̃ \ θ̃′ ⊆ θ \ θ′6 θ̃′ ⊆ θ′ '- Hθ̃ '$- k7*#!"()8'$ ")2 2)""#2- 9 θ̃′4 D) *#%-2),%-' +'

k7*#!"()8'$ EF4GB/ )$$#*,1' 9 θ′6 θ '- k '$- *#=H,%),$#% (,%1),2' +' () *#%-2),%-' +' k7

*#!"()8'$ )$$#*,1' 9 θ̃′6 θ̃ '- k6 +'$ *#%-2),%-'$ -2,0,)('$ EF4F/ )$$#*,1'$ )!C 1(1='%-$ +'

θ′\ θ̃′ '- +' k ?#,$ ('$ *#%-2),%-'$ -2,0,)('$ EF4F/ )$$#*,1'$ )!C 1(1='%-$ +' (θ\θ′)\(θ̃\ θ̃′)4

D) *#%-2),%-' EF4GB/ %' "'!- ")$ +13%,2 !%' ?)*'--' +' P (G,Uc, π)4 �

I% *#%$,+J2' =),%-'%)%- (' *)$ #K θ′ = θ '- k = 24 L%' *#%-2),%-' +' k7*#!"()8'$

)$$#*,1' 9 θ6 θ′ = θ '- k = 2 '$- )""'(1' *#%-2),%-' +' B7*#!"()8'$ )$$#*,1' 9 θ4 M(('

*#22'$"#%+ +#%* 9

∑

F∈θ

xF ≤ |θ| − 2, EF4GF/

 !&'&()*)&+ ,%-- 4'/5' 6-557 θ ∈ Θ '$# ()$ Hθ $&' 8+,-).#/0$& ./1 1/..-1' 2 θ* #/

,-5'1/"5'$ 6$ 2+,-).#/0$& EF4GF/ /&&-,"7$ 2 θ 5$ 6795"' ./& )5$ :/,$''$ 6$ P (G,Uc, π)

&" )5$ 6$& ,-56"'"-5& &)";/5'$& $&' ;71"97$ <

=! "# $%"&'$ )5$ ./1'"'"-5 {θ1, θ2, θ3} 6$ θ '$##$ ()$ #$& 01/.>$& Hθ1∪θ2 $' Hθ1∪θ3 &-5'

2+,-).#/0$& ./1 1/..-1' θ1*
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 ! "# $%"&'$ ()$ *+,'"'"-) {θ1, θ2} .$ θ '$##$ /($ #$ 0,+*1$ Hθ1∪θ2 $&' 234-(*#+0$& *+,

,+**-,' 5 θ1 $' #$ 0,+*1$ ").("' *+, θ1 4-)'"$)' () 4-(*#+0$ *+,6+"'7

 !"#$"%  !""#$#%$ &!' () *#%+,-,#% ./ '$- 0'$"'*-1'2 )(#0$ ,( '3,$-' !%' ")0-,-,#%

{θ1, θ2, θ3} +' θ -'((' &!' ('$ 40)"5'$ Hθ1∪θ2 '- Hθ1∪θ3 $#%- 26*#!"()4'$ ")0 0)""#0- θ
1
7

8) *#%-0),%-' 26*#!"()4'$ 9:7;:/ )$$#*,1' < θ '$- *#=>,%),$#% (,%1),0' +'$ *#%-0),%-'$

+' k6*#!"()4'$ )$$#*,1'$ < θ12 θ1∪ θ22 k = 2 '- θ12 θ1∪ θ3 '- k = 27 8) *#%-0),%-' 9:7;:/

%' "'!- ")$ +1?%,0 !%' @)*'--' +' P (G,Uc, π)7

 !""#$#%$ &!' () *#%+,-,#% A/ '$- 0'$"'*-1'2 )(#0$ ,( '3,$-' !%' ")0-,-,#% {θ1, θ2} +'

θ -'((' &!' (' 40)"5' Hθ1∪θ2 '$- 36*#!"()4'$ ")0 0)""#0- < θ1 '- (' 40)"5' ,%+!,- ")0

θ1 *#%-,'%- !% *#!"()4' ")0@),-2 +,$#%$ M17 8) $#==' +' () *#%-0),%-' +' *#!"()4'$

9:7.;/ )$$#*,1' < M12 +'$ *#%-0),%-'$ 9:7:/ )$$#*,1'$ < *5)&!' 1(1='%- +' θ1 \ FM1
'-

+' +'!3 @#,$ () *#%-0),%-' +' k6*#!"()4'$ 9:7;A/ )$$#*,1' < θ12 θ1 ∪ θ2 '- k = 3 +#%%'2

)"0B$ +,C,$,#% ")0 -0#,$ '- )00#%+, ,%@10,'!0 +! ='=>0' +' +0#,-'2 () *#%-0),%-'

∑

F∈θ1

xF + 2
∑

F∈θ2

xF ≤ |θ
1|+ 2|θ2| − 3 9:7;D/

8) *#%-0),%-' 26*#!"()4'$ 9:7;:/ )$$#*,1' < θ '$- *#=>,%),$#% (,%1),0' +' () *#%-0),%-'

9:7;D/2 +' () *#%-0),%-' +' *#!"()4'$ 9:7.;/ )$$#*,1' < M1 '- +'$ *#%-0),%-'$ -0,C,)('$

9:7:/ )$$#*,1'$ )!3 1(1='%-$ θ1 \ FM1
7 8) *#%-0),%-' +' A6*#!"()4'$ 9:7;:/ %' "'!- ")$

+1?%,0 !%' @)*'--' +' P (G,Uc, π)7 �

E'=)0&!#%$ &!F,( '$- "#$$,>(' +F1-'%+0' () *#%+,-,#% ./ +' () "0#"#$,-,#% :7.. "#!0 ('$

*#%-0),%-'$ +' k6*#!"()4'$ )$$#*,1'$ < θ2 θ′ = θ '- k2 )C'* 2 < k < |θ|+ 17 G#%$,+10#%$

!%' ")0-,-,#% +' θ '% k + 1 $#!$6'%$'=>('$7 H#-#%$ *'$ '%$'=>('$ θi2 i ∈ {0, ..., k}7  ,

('$ 40)"5'$ Hθ0∪θj 2 j = 1, ..., k2 $#%- k6*#!"()4'$ ")0 0)""#0- < θ02 )(#0$ () *#%-0),%-'

+' k6*#!"()4'$ )$$#*,1'$ < θ2 θ′ = θ '- k '$- *#=>,%),$#% (,%1),0' +'$ *#%-0),%-'$ +'

k6*#!"()4'$ 9:7;:/ )$$#*,1'$ < θ02 θj '- k2 "#!0 -#!- j = 1, ..., k7

 !"!# $%&'()*+&, -. ,/0,1'2(34. 2&'0)*.2

8) @)=,((' +' *#%-0),%-'$ &!' %#!$ )((#%$ "01$'%-'0 +)%$ () $!,-' '$- +1?%,' ")0 +'!3

$#!$640)"5'$ ")0-,*!(,'0$7 G#%$,+10#%$ +)%$ !% "0'=,'0 -'="$ (F'%$'=>(' F 0'"01$'%6

-)%- !% $#!$6'%$'=>(' +' E 0'$-0',%- $!0 !% '%$'=>(' +' $#=='-$ U ′c ⊆ Uc7  #,'%-

U ′ ⊆ U 2 V ′ ⊆ V 2 U ′c = Uc ∩ U ′ '- FU ′

c
⊆ {Et

u, E
f
u : u ∈ U ′c}2 -'($ &!' |U

′| = |V ′| '-

|FU ′

c
∩{Et

u, E
f
u}| = 1 "#!0 -#!- u ∈ U ′c7 I% %#-' ")0 ΓU ′

c
(F'%$'=>(' +'$ $#!$6'%$'=>('$



 ! "#$%& '()*+%,-)&

FU ′

c
 !" #$% &'('" )*') +,-./0 G′ = G(U ′∪V ′) 0)% '"  !" #$%&'() %*$"+,)% )$ .*', %*'%

γ ∈ ΓU ′

c
10 +,-./0 Hγ(U

′∪V ′) .*))2#0 '" 3*'.1-+0 .-,4-$% !" -..0110 G∗ = G(U∗∪V ∗)

*5 U∗ = U \ U ′ 0% V ∗ = V \ V ′ 10 +,-./0 3*6.1760"%-$,0 #0 G′ 

806-,&'*") &'0 10 )*')9):)%260 -))*3$7 -' )*')9+,-./0 G′ 0)% ,7+'1$0, 

 !"#"$%&%"' ()*+ -!,)./ ".) ,. /&.0) 1" 2-3-42 (G,Uc, π)5 G
′
".  !" #$%&'() %*#

$"+,)%5 G∗ +) $%&'() 0!6'+*6)./&,%) 1) G′ )/ M ". 0!"'+&$) '&%7&,/ 1) G∗8 9+!% +&

0!./%&,./)

∑

u∈U ′

c

(xEt
u
+ xEf

u
) +

∑

F∈FM

xF ≤ |U
′
c|+ |FM | − 1 ;< =>?

) / :&+,1)8

 !,-.,) @'..*)*") &'($1 0A$)%0 '"0 )*1'%$*" S #0 P (G,Uc, π) %0110 &'0 10 B03%0',

#($"3$#0"30 xS
"0 )-%$)4-$% .-) ;< =>?C 3 - # xS

B7,$D0

∑

u∈U ′

c

(xS
Et

u
+ xS

Ef
u
) +

∑

F∈FM

xS
F > |U ′c|+ |FM | − 1 ;< =E?

F*660 xS ∈ {0, 1}E *" 0" #7#'$% &'0

∑
u∈U ′

c
(xS

Et
u
+ xS

Ef
u

) ≤ |U ′c| 0%

∑
F∈FM

xS
F ≥ |FM | 

G-, 3*")7&'0"%

∑
F∈FM

xS
F = |FM | !" #7#'$% &'0

∑
u∈U ′

c
(xS

Et
u
+ xS

Ef
u

) = |U ′c| G-,

#7D"$%$*" 10) +,-./0) Hγ(U
′ ∪ V ′)C .*', %*'% γ ∈ ΓU ′

c
C .*))2#0"% '" 3*'.1-+0 .-,4-$% 

F*660 M 0)% '" 3*'.1-+0 .-,4-$% #0 G∗C %*') 10) )*')9+,-./0) Hγ∪FM
C -B03 γ ∈ ΓU ′

c
C

.*))2#0"% '" 3*'.1-+0 .-,4-$% H*') -B*") #*"3 '"0 3*"%,-#$3%$*" �

G-, 0A06.10 3*")$#7,*") 10 +,-./0 G #0 1- D+',0 ;< <? I0 )*')9+,-./0 G′ 0)% ,7+'1$0,C

#0 .1') 10 +,-./0 G∗ .*))2#0 '" 3*'.1-+0 .-,4-$%C #*""7 .-, 10) -,J%0) 0" +,-) !" 0"

#7#'$% 1- 3*"%,-$"%0 B-1$#0

xEt
u1
+ xEf

u1

+ xEt
u2
+ xEf

u2

+ xEt
u3
+ xEf

u3

+ xEt
u4
+ xEt

u5
≤ 4. ;< =K?

 ! "#$%&'()#$

L-") 30 3/-.$%,0C "*') -B*") #*""7 10) 3*"#$%$*") "730))-$,0) 0% )'M)-"%0) .*', &'0

10) 3*"%,-$"%0) #' .,*+,-660 1$"7-$,0 0" "*6N,0) 0"%$0,) (P ) #7D"$))0"% #0) 4-30%%0)



 ! "#$%&'()#$ *+

 !"#$%  ! " #$%&'(% )% *+,'-% G ,.%/ G′ +0*1(2%+ %3 G∗ (% *+,'-% /4&'(0&%53,2+%

)% G′!

)1 '4(634'% )%7 74(132457! 8417 ,.457 '+07%530 (%7 /453+,253%7 )% /41'(,*%7 9 )4&2:

5,5/% &,$2&,(% )0;5277,53 15% 7417:<,&2((% )%7 /453+,253%7 )% /41'(,*%7! 8417 ,.457

%57123% )4550 (%7 /45)232457 50/%77,2+%7 %3 71=7,53%7 '41+ >1% /%7 /453+,253%7 )0;:

5277%53 )%7 <,/%33%7! 8417 ,.457 %57123% )4550 )% 541.%((%7 /453+,253%7 .,(2)%7! 8417

,.457 '+07%530 (%7 /453+,253%7 )% /41'(,*%7 '+4/-%7 '41+ (%7>1%((%7 5417 ,.457 )4550

(%7 /45)232457 50/%77,2+%7 %3 71=7,53%7 '41+ >1?%((%7 )0;5277%53 )%7 <,/%33%7 )1 '4(6:

34'%! 8417 ,.457 %57123% )27/130 )%7 /453+,253%7 )% k:/41'(,*%7 '41+ (%7>1%((%7 5417

,.457 )4550 '(172%1+7 /45)232457 50/%77,2+%7 '41+ >1?%((%7 )0;5277%53 )%7 <,/%33%7 )1

'4(634'%! #5;5 5417 ,.457 '+07%530 (%7 /453+,253%7 )% 7417:*+,'-% +0*1(2%+! @% 3+,.,2(

, )4550 (2%1 9 (, '1A(2/,3245 BCDE!

F,57 (% /-,'23+% 712.,53G 5417 '+07%53457 (%7 &03-4)%7 '%+&%33,53 )% 70',+%+ /%+:

3,25%7 )% /%7 /453+,253%7 %3 5417 )0.%(4''457 15 ,(*4+23-&% )% /41'%7 %3 A+,5/-%&%537

A,70 71+ /%7 &03-4)%7 )% 70',+,3245!





 !"#$%&' (

)*+,&$%!-' .' /,0#'1 '%

2&"3/!'-'3%1 #,0& *' 4565 4

 ! "#$%&'(! %()*!+'! ,+ $-./(&'#0! 1! "/,%!* !' 2($+"#!0!+'* %/,( ()*/,1(! -!

%(/2-30! 1, */,*4.($%#! *$+* "/,%-$.! %$(5$&'6  !' $-./(&'#0! !*' 2$*) *,( -!* ()*,-'$'*

%/-7)1($,8 1, "#$%&'(! %()")1!+'6  ! '($9$&- $ %/,( /2:!"'&5 1! 0/+'(!( -;&+')(<' 1!

-;)',1! %/-7)1($-! ()$-&*)!= -;!>"$"&') 1!* "/+'($&+'!* '(/,9)!* -/(* 1! "!''! )',1! !'

1;/2'!+&( ,+ $-./(&'#0! !8$"'! %/,( -! %(/2-30! 1! -;$+$-7*! *'(,"',(!--! 1!* *7*'30!*

$-.)2(/41&?)(!+'&!-* "/+1&'&/++!-*6

@!* $-./(&'#0!* %()*!+')* 1$+* "! "#$%&'(! *;$%%-&A,!+' B ,+! &+*'$+"! 1, CDED C

(G,Uc, π)= $9!" G = (U ∪V,E) ,+ .($%#! 2&%$('&= Uc ⊆ U !' π = {Et
u, E

f
u , E

tf
u : u ∈ U}

,+! %$('&'&/+ 1! E6 F$%%!-/+* A,! +/,* +/'/+* %$( Etf = ∪u∈UE
tf
u !' %$( E -! */,*4

!+*!02-! 1! π 1/++) %$( E = {Et
u, E

f
u : u ∈ Uc}6 G! %-,*= )'$+' 1/++) ,+ "/,%-$.!

%$(5$&' M 1! G= /+ +/'! %$( FM -;!+*!02-! 1!* )-)0!+'* 1! E "/+'!+$+' ,+! $(<'! 1!

M = ";!*'4B41&(! FM = {F ∈ E : F ∩M 6= ∅}6

G$+* -$ *!"'&/+ H= +/,* %()*!+'/+* 1&?)(!+'* $-./(&'#0!* %!(0!''$+' 1! *)%$(!( -!*

"/+'($&+'!* 9$-&1!* %/,( -! CDED C %()*!+')!* 1$+* -!* "#$%&'(!* %()")1!+'*6 I/,*

%()*!+'/+* !+*,&'! 1$+* -$ *!"'&/+ J -;$-./(&'#0! 1! "/,%!* !' 2($+"#!0!+'* 1)9!-/%%)

%/,( ()*/,1(! -! %(/2-30!6 I/,* '!(0&+/+* %$( -$ %()*!+'$'&/+ 1! ()*,-'$'* !8%)(&0!+4

'$,8 /2'!+,* %/,( 1&?)(!+'!* 9$(&$+'!* 1! -;$-./(&'#0! 1! "/,%!* !' 2($+"#!0!+'*6



 ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

 !" #$%&'&()*+ ,-. /*+('&)+(-.

 !"# $%&&% #%$&'(") "(*# +,(+(#("# -%# !./(,'&01%# -% #2+!,!&'(" +(*, .%# '"2/!.'3

&2# -% $(*+.!/%# 456778) .%# '"2/!.'&2# -% $(*+.!/%# 9 -(1'"!"$% 1!:'1!.% 4;6758) .%#

'"2/!.'&2# -% $(*+.!/%# +,($0%# 4;67<8 %& .%# '"2/!.'&2# -% k3$(*+.!/%# 4;65=8) .(,#>*%

k = 26

 !"# .%# !./(,'&01%# -% #2+!,!&'(") (" "(&%,! +!, x∗ ∈ R
|E|
+ .% ?%$&%*, #*, .% >*%.

#@!++.'>*% .! #2+!,!&'("6

 !"!" #$%&'&()*+ ,-. )+$/&0)($. ,- 1*2%0&/-.

A(11% .%# $("&,!'"&%# -% $(*+.!/%# !++!,&'%""%"& 9 .! B(,1*.!&'(") '. %#& "2$%##!',%

-% .%# #2+!,%, -% 1!"'C,% %:!$&% !D" -% #@!##*,%, -% .! ,2!.'#!E'.'&2 -%# #(.*&'("#6 F"

%G%&) *"% #(.*&'(" %"&'C,% %#& ,2!.'#!E.% #%*.%1%"& #' %..% #!&'#B!'& &(*&%# .%# $("&,!'"&%#

-% $(*+.!/%#6

 !"#$%&' ()*  !" #$%&'(#)%" *! +,-.('&!" /01223 .!-4!$) 5)6! "%.'6%!" !$ O(nmlog(n))1

+$',-') H(#("# x′ = 1 − x∗6 I%# $("&,!'"&%# -% $(*+.!/%# 456778 +(*, x∗ #("& -("$

2>*'?!.%"&%# 9

∑

F∈FM

x′F ≥ 1. 4J678

A("#'-2,("# .% ?%$&%*, -% +('-# w ∈ R
|E|
+ !##($'2 !*: !,K&%# -* /,!+0% G -2D"' +!, L

wuv =

{
x′F #' uv ∈ F ) !?%$ F ∈ E ,

0 #'"(")

+(*, &(*& uv ∈ E6

A(11% π %#& *"% +!,&'&'(" -% E) !.(,# w %#& -2D"' -% 1!"'C,% *"'>*% %& wuv = 0

+(*, &(*& !,K&% -% Etf
6 M('& w(M) .! ?!.%*, -* $(*+.!/% +!,B!'& M -!"# G -% +('-#

1'"'1*1 +!, ,!++(,& 9 w6 M' w(M) %#& '"B2,'%*, 9 1) !.(,# .! $("&,!'"&% 456778 !##($'2%

!* $(*+.!/% +!,B!'& M %#& ?'(.2%6 N*&,%1%"&) #' w(M) %#& #*+2,'%*, (* 2/!. 9 1) $(11%



 !" #$%&'&()*+ ,-. /*+('&)+(-. 0 

M  !" # $%&'#() '(*+(," - '%,-! .,/,.&.0 %/  / -1-&," 2& "%&" ! # ! $%/"*(,/" !

- $%&'#() ! 345667 !%/" !(",!+(," !5 89('*:! # ";1%*:. 65<0 # '*%=#:. - $%&'#() !

'(*+(,"! - '%,-! .,/,.&. ' &" >"* *1!%#&  / O(nmlog(n))5 ? ! ,/1)(#,"1! - $%&'#() !

345667 ' &@ /" -%/$ >"* !1'(*1 !  / O(nmlog(n))5 �

A%&! -%//%/! .(,/" /(/" &/  B .'# - !1'(*(",%/ - ! $%/"*(,/" ! - $%&'#() !

3456675 C%/!,-1*%/! #9,/!"(/$ (G,Uc, π) -& DEFECD %G G = (U ∪ V,E)  !" # )*('; 

-%//1 '(* #( H)&* I560 Uc = {u1, u2, u3, u4}  " π ! -1-&," - ! #(= #! @*(,!  " +(&B

!&* # ! (*>" ! ,/-,2&1 ! !&* #( H)&* I565 E%," x∗ ∈ [0, 1]8 &/ !%#&",%/ +*($",%//(,* 

-1H/, '(* x∗Et
u1

= 10 x∗Et
u2

= 10 x∗Et
u3

= 0.60 x∗Et
u4

= 10 x∗
Ef

u1

= 00 x∗
Ef

u2

= 00 x∗
Ef

u3

= 0.4

 " x∗
Ef

u4

= 05 ? '*%=#:. - !1'(*(",%/ - ! $%/"*(,/" ! - $%&'#() ! ! *(.:/ (#%*!

J -1" *.,/ * -(/! G &/ $%&'#() '(*+(," - '%,-! .,/,.&. '(* *(''%*" (& @ $" &* w

-1H/, '(* K

wuv =





0 !, uv ∈ {u1v1, u1v2, u2v1, u2v2, u4v4, u5v3, u5v4, u5v5},

0.4 !, uv ∈ {u3v3},

0.6 !, uv ∈ {u3v2, u3v5},

1 !,/%/5

L/ $%&'#() '(*+(," - '%,-! .,/,.&. '(* *(''%*" J w  !" M ′ = {u1v2, u2v1, u3v3,

u4v4, u5v5}5 8 '#&!0 %/ ( w(M ′) = 0.40 $ 2&, ,.'#,2& 2& w(M ′) < 15 ?( $%/"*(,/" 

- $%&'#() ! (!!%$,1 J M ′
 !" -%/$ @,%#1 '(* x∗5 C%.. FM ′ = {Et

u1
, Et

u2
, Et

u3
, Et

u4
}0

#( $%/"*(,/" - $%&'#() ! (!!%$,1 J M ′
 !" -%//1 '(*

xEt
u1
+ xEt

u2
+ xEt

u3
+ xEt

u4
≤ 3. 3I5M7

 !"!# $%&'(')*+, -./ 0+,)('*,)./ -. 0+1&2'3./ 4 -+5*,',0. 5'6*7

5'2.

A%&! '*%'%!%/! ,$, &/ (.1#,%*(",%/ - #( !1'(*(",%/ - ! $%/"*(,/" ! - $%&'#() !

3456670 ' *. ""(/" -9(!!&* * 2& # ! $%/"*(,/" ! !1'(*1 ! $%** !'%/- /" J - ! $%&'#() !

J -%.,/(/$ .(B,.(# 3<56475 N/  O "0 #9(#)%*,";. - !1'(*(",%/ '*1! /"1 -(/! #(

! $",%/ '*1$1- /" -1" *.,/ 0 !,  ##  B,!" 0 &/ $%/"*(,/" - $%&'#() ! 345667 @,%#1 

'(* x∗5 C ' /-(/"0 $ "" $%/"*(,/" ' &" / '(! >"* J -%.,/(/$ .(B,.(# 5 8(/!



 ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

 !"#$%  !" # $%&'() G &**+,-. / x∗ )0 ,+1'2&3) '&%4&-0 5) '+-5* 6-7-616!

,) ,&*8 2& '%+'+*-0-+7 9! -6'2-:1) :1) ,)00) ,+70%&-70) )*0 5+6-7.) '&% 17) &10%)

,+70%&-70) 5) ,+1'2&3)* &**+,-.) / 17 ,+1'2&3) '&%4&-0 M ′
5) G 0)2 :1) FM ′ ⊂ FM ! ;2

)*0 5+7, '%.4.%&<2)8 &=7 5) %)74+%,)% 2& %)2&>&0-+7 2-7.&-%) ,+1%&70)8 5) 7?&@+10)% :1)

5)* ,+70%&-70)* 5) ,+1'2&3)* / 5+6-7&7,) 6&>-6&2)! A) '%+<2B6) 5) *.'&%&0-+7 5) ,)*

,+70%&-70)* ,+7*-*0) &2+%*8 .0&70 5+77.) 17) ,+70%&-70) 5) ,+1'2&3)* CD!""E &**+,-.) /

17 ,+1'2&3) '&%4&-0 M ′
5&7* G )0 F-+2.) '&% x∗8 / 5)0)%6-7)% 17 ,+1'2&3) '&%4&-0 M ′′

5) G 0)2 :1) FM ′′ ⊆ FM ′
)0 |FM ′′ | 6-7-616!

A) '%+<2B6) 5.=7- '%.,.5)66)70 ,+%%)*'+75 <-)7 &1 '%+<2B6) 5) *.'&%&0-+7 5)*

,+70%&-70)* 5) ,+1'2&3)* / 5+6-7&7,) 6&>-6&2) C9!"DE! G7 )H)08 '&% 5.=7-0-+7 5)*

,+1'2&3)* / 5+6-7&7,) 6&>-6&2)8 2) ,+1'2&3) '&%4&-0 M ′′
)*0 <-)7 17 ,+1'2&3) / 5+6-I

7&7,) 6&>-6&2)! J) '21*8 2& ,+70%&-70) C9!"DE &**+,-.) / M ′′
)*0 F-+2.) '&% x∗ ,&% ,)00)

,+70%&-70) 5+6-7) 2& ,+70%&-70) 5) ,+1'2&3)* CD!""E! K&% &-22)1%*8 *- &1,17) ,+70%&-70)

5) ,+1'2&3)* CD!""E 7?)*0 F-+2.) '&% x∗8 &2+%* &1,17) ,+70%&-70) C9!"DE 7?)*0 F-+2.) '&%

x∗ '1-*:1) 2)* ,+70%&-70)* 5) ,+1'2&3)* / 5+6-7&7,) 6&>-6&2) *+70 5)* ,+70%&-70)* 5)

,+1'2&3)* CD!""E!

A) '%+<2B6) 5) *.'&%&0-+7 5)* ,+70%&-70)* C9!"DE ')10 L0%) %.*+21 5) 6&7-B%) )>&,0)

3%M,) / 2?&23+%-0(6) 5.=7- ,+66) *1-0! N+7*-5.%+7* 2) 3%&'() <-'&%0- HM ′

= (U ∪

V,E ′)8 &F), E ′ = (Etf ∪ (∪F∈FM′
F ))! O+10 ,+1'2&3) '&%4&-0 M 5) HM ′

)*0 17 ,+1'2&3)



 !" #$%&'&()*+ ,-. /*+('&)+(-. 01

 !"#!$% &'"$(!)% FM ⊆ FM ′
* +,  "-./01, 2, 3' !"!%$-) 4-)3$3%, !/-"3 5 2'%,"1$)," 6)

4-6 /!7,  !"#!$% M ′′
2, HM ′

4-)%,)!)% 6) 1$)$161 28!"9%,3 $)%,"3,4%!)% FM ′
: 4, ;6$

,3% ';6$&!/,)% 5 1!<$1$3," /, )-1.", 28!"9%,3 2, Etf
* +,  "-./01, 2, 3' !"!%$-) ",&$,)%

!/-"3 5 2'%,"1$)," 2!)3 HM ′

6) 4-6 /!7,  !"#!$% 2,  -$23 1!<$161  !" "!  -"% !6

&,4%,6" 4-=% w ∈ R
|E′|
+ 2'()$  !" >

wuv =

{
1 3$ uv ∈ Etf ,

0 3$)-):

 -6" %-6% uv ∈ E ′.

+8!/7-"$%?1, 2, 3' !"!%$-) 2,3 4-)%"!$)%,3 2, 4-6 /!7,3 5 2-1$)!)4, 1!<$1!/,  ,6%

!/-"3 9%", "'3-/6 ,) O(nmlog(n))*

@-63 2-))-)3 1!$)%,)!)% 6) ,<,1 /, 2, 3' !"!%$-) 2,3 4-)%"!$)%,3 2, 4-6 /!7,3 5

2-1$)!)4, 1!<$1!/, AB*CDE* F-)3$2'"-)3 2, )-6&,!6 /8$)3%!)4, (G,Uc, π) 26 GHIHFG

-J G = (U ∪ V,E) ,3% /, 7"! ?, 2-))'  !" /! (76", K*C: Uc = {u1, u2, u3, u4}

,% π 3, 2'26$% 2,3 /!.,/3 &"!$3 ,% #!6< 36" /,3 !"9%,3 $)2$;6'3 36" /! (76", K*C* +!

4-)%"!$)%, 2, 4-6 /!7,3 AD*CCE &$-/',  !" x∗ %"-6&', 2!)3 /8,<,1 /,  "'4'2,)% ,3% /!

4-)%"!$)%, !33-4$', !6 4-6 /!7,  !"#!$% M ′ = {u1v2, u2v1, u3v3, u4v4, u5v5}* +, 3-63L

7"! ?, HM ′

= (U ∪V,E ′): !&,4 E ′ = (Etf ∪Et
u1
∪Et

u2
∪Et

u3
∪Et

u4
) !33-4$' !6 4-6 /!7,

 !"#!$% M ′
,3% 2-))'  !" /! (76", K*M* +,  "-./01, 2, 3' !"!%$-) 2,3 4-)%"!$)%,3 2,

4-6 /!7,3 5 2-1$)!)4, 1!<$1!/, AB*CDE 3, "!10), !/-"3 5 2'%,"1$)," 2!)3 HM ′

6)

4-6 /!7,  !"#!$% 2,  -$23 1!<$161  !" "!  -"% !6 &,4%,6" w 2'()$  !" >

wuv =

{
1 3$ uv ∈ {u1v1, u2v2, u5v3, u5v4, u5v5},

0 3$)-)*

N) 4-6 /!7,  !"#!$% 2,  -$23 1!<$161  !" "!  -"% 5 w ,3% 2-))'  !" M ′′ = {u1v1,

u2v2, u3v3, u4v4, u5v5}* F-11, /! 4-)%"!$)%, 2, 4-6 /!7,3 !33-4$', 5 M ′
,3% &$-/',  !"

x∗ -) ,) 2'26$% ;6, /! 4-)%"!$)%, 2, 4-6 /!7,3 !33-4$', 5 M ′′
,3% !633$ &$-/',  !" x∗*

+! 4-)%"!$)%, 2, 4-6 /!7,3 !33-4$', 5 M ′′
,3% 2-))',  !"

xEt
u3
+ xEt

u4
≤ 1. AK*DE

O,  /63: $/ ,3% 4/!$" ;6, /8$)'7!/$%' AK*DE 2-1$), /8$)'7!/$%' AK*ME 4!" /8$)'7!/$%' AK*ME ,3%

-.%,)6,  !" 4-1.$)!$3-) /$)'!$", 2, /8$)'7!/$%' AK*DE ,% 2,3 $)'7!/$%'3 %"$&$!/,3 xEt
u1
≤ 1

,% xEt
u2
≤ 1*



  !"#$%&'()* +* ,$-.*/ *' 0%12,(*)*2'/ .$-% "* 345463

 !"#$%  !" # $%&'() HM
)* +,-'.&/) '&%0&1* 2 3,415&5+) 4&614&.)!

 !"!# $%&'(')*+, -./ 0+,)('*,)./ -. 0+1&2'3./ &(+04./

75 %&'')..) 8-) 91 F )9* -5 :.:4)5* 3) E ; &.,%9 F +,%%)9',53 2 .<:.:4)5* 3) E \

{F} +,-=%&5* .) 4>4) 9,44)* 3) Uc 8-) .<)59)4?.) F ! @-*%)4)5* 31*; 91 F = Et
u

A%)9'! Ef
uB ',-% -5 u ∈ Uc 3,55:; &.,%9 F = Ef

u A%)9'! F = Et
uB! C,-9 3,55,59 3&59

+)**) 9)+*1,5 -5) 9:'&%&*1,5 ()-%19*18-) 3)9 +,5*%&15*)9 3) +,-'.&/)9 '%,+()9 AD!EFB!

G)**) ()-%19*18-) 9<&''-1) 9-% .& 9:'&%&*1,5 3)9 +,5*%&15*)9 3) +,-'.&/)9 2 3,415&5+)

4&614&.) 3:H51) 3&59 .& 9)+*1,5 '%:+:3)5*)! C,*,59 '&% M ′
.) +,-'.&/) 2 3,415&5+)

4&614&.) &99,+1: 2 .& +,5*%&15*) 3) +,-'.&/)9 2 3,415&5+) 4&614&.) AD!EIB *%,-=:) '&%

.<&./,%1*(4) 3) 9:'&%&*1,5 '%:+:3)5*! J<()-%19*18-) +()%+() &.,%9 -5 +,-'.&/) '&%0&1*

M )* -5 :.:4)5* F ∈ FM ′
*). 8-) M )9* '%,+() 3) M ′

'&% %&'',%* 2 F )* .& +,5*%&15*)

3) +,-'.&/)9 '%,+()9 &99,+1: 2 M ′
)* F )9* =1,.:) '&% x∗!

G)* &./,%1*(4) 5<)9* 3,5+ '&9 )6&+* +&% 1. ')-* )619*)% -5 +,-'.&/) '&%0&1* M1 31K:L

%)5* 3) M ′
3&59 G )* -5 :.:4)5* F ∗1 &''&%*)5&5* 2 FM1

*).9 8-<1. )619*) -5 +,-'.&/)

'&%0&1* '%,+() 3) M1 '&% %&'',%* 2 F ∗1 )* .& +,5*%&15*) AD!EFB &99,+1:) 2 M1 )* F ∗1 9,1*

=1,.:) '&% x∗! G)**) +,5*%&15*) 5) 9)%& '&9 3:*)+*: '&% .<&./,%1*(4)! J& +,4'.)61*: 3-

'%,?.M4) 3) 9:'&%&*1,5 )6&+* 3)9 +,5*%&15*)9 3) +,-'.&/)9 '%,+()9 )9* -5) 8-)9*1,5

,-=)%*)!



 !" #$%&'&()*+ ,-. /*+('&)+(-. 01

 !"#$%&'(&)$#* +,-%&(# ./% 0!/012%&("3# 4* .#$( 5(%# .%,'#6(,# +# 0/ 3/6&7%# '$&8

9/6(#: ;2&( M ′
$6 -2$.0/1# < +23&6/6-# 3/=&3/0# (#0 )$# 0/ -26(%/&6(# +# -2$8

.0/1#' < +23&6/6-# 3/=&3/0# >?:4@A /''2-&,# < M ′
#'( 9&20,# ./% x∗: B2$% -"/)$#

,0,3#6( F ∈ FM ′
* 26 -26'&+7%# 0# '2$'81%/."# HF = (U ∪ V,E ′) +# G* /9#- E ′ =

(Etf ∪ F ∪ (∪F ′∈FM\{F}F
′)): ;$..2'26' )$!&0 #=&'(# $6 -2$.0/1# ./%C/&(* +&'26' M ′′

*

+/6' HF : D02%' FM ′′ ⊆ (FM ′ ∪ {F} \ {F}):  # -2$.0/1# ./%C/&( M ′′
#'( +26- .%2-"#

+# M ′
./% %/..2%( < F : E233# M ′

#'( $6 -2$.0/1# < +23&6/6-# 3/=&3/0#* /02%' 0/

-26(%/&6(# +# -2$.0/1#' .%2-"#' >?:4FA /''2-&,# < M ′
#( F #'( 9/0&+# .2$% 0# B;G;EB:

E233# #00# +23&6# 0/ -26(%/&6(# >?:4@A /''2-&,# < M ′
* #00# #'( 9&20,# ./% x∗:

H2(%# ',./%/(&26 +#' &6,1/0&(,' +# -2$.0/1#' .%2-"#' $(&0&'# 0!/012%&("3# +#' -"/I6#'

/$13#6(/6(#':  / %#-"#%-"# +!$6 -2$.0/1# ./%C/&( +/6' HF .#$( 5(%# C/&( #6 O(m): J6

#K#(* 0/ %#'(%&-(&26 +# M ′
'$% HF -2%%#'.26+ < $6 -2$.0/1# +# -/%+&6/0&(, n − 1: ;!&0

#=&'(# $6#M ′
8-"/&6# /$13#6(/6(# +/6' HF * /02%' 0# 62$9#/$ -2$.0/1# '#%/ $6 -2$.0/1#

./%C/&( +# HF :  / %#-"#%-"# +!$6 -2$.0/1# ./%C/&( +/6' HF '# C/&( +26- #6 +,(#%3&6/6(

$6# M ′
8-"/&6# /$13#6(/6(#:  / %#-"#%-"# +!$6# -"/&6# /$13#6(/6(# +/6' $6 1%/."#

'# C/&( #6 O(m): H2$' 2L(#626' +26- $6# "#$%&'(&)$# '!#=,-$(/6( #6 O(|FM ′ |m):

 !"#$%&'() *+ M#$%&'(&)$# +# ',./%/(&26 +#' -26(%/&6(#' >?:4FA

,-&$.)/ N 8 O#-(#$% x∗

8 P6 -2$.0/1# ./%C/&( < +23&6/6-# 3/=&3/0# M ′
+# G (#0 )$# 0/

-26(%/&6(# +# -2$.0/1#' /''2-&,# < M ′
#'( 9&20,# ./% x∗

0#$&%)/ N 8 J6'#3L0# S +# -26(%/&6(#' +# -2$.0/1#' .%2-"#' >?:4FA 9&20,#' ./% x∗

1.23&

S = ∅Q

EM ′ = ∪F∈FM′
F ∪ Etf

Q

4#3$ 5'673) F ∈ FM ′
86%$)

E26'(%$&%# 0# 1%/."# HF = (U ∪ V,E ′)* /9#- E ′ = (EM ′ ∪ F ) \ F Q

/%  ! "# $%" &'" ()*+'" (M ′ \ F ),*&-."'%*'%" /*'$ HF 6!#$/

DR2$(#% +/6' S 0/ -26(%/&6(# +# -2$.0/1#' .%2-"#' >?:4FA /''2-&,# <

M ′
#( F Q

9-

9-

$)&#3$-)$ S0

9-

H2$' +26626' 3/&6(#6/6( $6 #=#3.0# +# ',./%/(&26 +#' -26(%/&6(#' +# -2$.0/1#'

.%2-"#' >?:4FA: E26'&+,%26' +# 62$9#/$ 0!&6'(/6-# (G,Uc, π) +$ B;G;EB 2S G = (U ∪

V,E) #'( 0# 1%/."# +266, ./% 0/ T1$%# U:4* Uc = {u1, u2, u3, u4} #( π '# +,+$&(



 ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

 !" #$%!#" &'$(" !) *$+, "+' #!" $'-)!" (. (/+0" 1$' #$ 23+'! 4565 7! 89+1#$3! 1$'*$()

:  9;(.$.8! ;$,(;$#! $""98(0! : #$ 89.)'$(.)! &(9#0! 1$' x∗ )'9+&0! 1$' #! 1'9%#<;!

 ! "01$'$)(9.  !" 89.)'$(.)!"  ! 89+1#$3!" :  9;(.$.8! ;$,(;$#! !")  9..0 1$' #!

89+1#$3! 1$'*$() M = {u1v1, u2v2, u3v3, u4v4, u5v5}5 7!" "9+"=3'$1>!" HEt
u3
= (U ∪

V,E ′)? $&!8 E ′ = (Etf ∪Ef
u3
∪Et

u4
) !) HEt

u4
= (U ∪V,E ′′)? $&!8 E ′′ = (Etf ∪Et

u3
∪Ef

u4
)

"9.)  9..0" 1$' #!" 23+'!" 45@A$B !) 45@A%B5 7! 1'9%#<;!  ! "01$'$)(9.  !" 89.)'$(.)!"  !

89+1#$3!" "! '$;<.! :  0)!';(.!'  $." HEt
u3
!)  $."HEt

u4
"C(# !,(")! +. 89+1#$3! 1$'*$()5

D9;;! #!" "9+"=3'$1>!" HEt
u3

!) HEt
u3

19""< !.) +. 89+1#$3! 1$'*$()? #C>!+'(")(/+!

30.<'! #!" 89.)'$(.)!"  ! 89+1#$3!" 1'98>!"

xEt
u3
+ xEf

u3

+ xEt
u4
≤ 1 A45EB

xEt
u3
+ xEf

u4

+ xEt
u4
≤ 1 A454B

&(9#0! 1$' x∗5

 !"#$% 45@ F G'$1>!" HEt
u3

!) HEt
u4
5

 !"!# $%&'(')*+, -./ 0+,)('*,)./ -. 120+3&4'5./

H$." 8!))! "!8)(9.? .9+" 1'0"!.)9."  !" $#39'()>;!"  ! "01$'$)(9.  !" 89.)'$(.)!"  !

k=89+1#$3!" AE5@IB #9'"/+! k = 25 J9+" 1'0"!.)9."  C$%9' +. $#39'()>;!  ! "01$'$)(9.



 !" #$%&'&()*+ ,-. /*+('&)+(-. 0"

 !"#$ #%&& '(%)*")$ + ," &-'%,.$/%) *0.) (&%1&"22 ,/)-"/&  ) )%23& '  )$/ &'4 5"

#%2(, !/$- * # $ ",1%&/$62  '$ .) 7. '$/%) %.8 &$ 4 9%.& # $$ &"/'%) )%.' #%)'/*-:

&%)'  )'./$ .) 6 .&/'$/7. ( &2 $$")$ * &-'%.*& .) 8 &'/%) & ,"!- * # (&%3,;2 

* '-("&"$/%)4 <%.' 2%)$&%)' 7. # $$ 6 .&/'$/7. #%&& '(%)* + .) ",1%&/$62 * =%$

* #%>$ 2/)/2.2 7./ ( .$ *%)# ?$& &-'%,.  ) $ 2(' (%,@)%2/",4

A"(( ,%)' 7. ,0%) )%$ ("& Θ ,0 )' 23, * ' '%.': )' 23, ' * E */B-& )$' * 

,0 )' 23, 8/* 8-&/C")$ ," #%)*/$/%) D/E * ," *-C)/$/%) DF4GE4 H.$& 2 )$ */$I .) '%.':

 )' 23, )%):8/* θ ⊆ E "(("&$/ )$ + Θ '0/, )0 !/'$ ("' .) '%22 $ u ∈ Uc $ , 7. 

{Et
u, E

f
u} ⊆ θ4

J%/ )$ θ ∈ Θ  $ θ′ ⊆ θ4 5" #%)$&"/)$ * 2:#%.(,"1 ' "''%#/- + θ  $ θ′ '0-#&/$ K

∑

F∈θ′

xF + 2
∑

F∈θ\θ′

xF ≤ |θ
′|+ 2(|θ \ θ′| − 1). DL4ME

N) & 2"&7. 7. *")' , #6"(/$& OI %) " "(( ,- #%)$&"/)$ * P:#%.(,"1 ' , ' #%):

$&"/)$ ' * k:#%.(,"1 ' ,%&'7. k = 2  $ θ′ = θ4 Q#/ %) "(( ,, #%)$&"/)$ * P:#%.(,"1 '

, ' #%)$&"/)$ ' "''%#/- ' + θ ∈ ΘI θ′ ⊆ θ  $ k = 24

 !"!#!" $%&'(')*+, -.'/)- 0-1 /+,)('*,)-1 0- 23/+4&5'6-1

5 ' #%)$&"/)$ ' * P:#%.(,"1 ' '%)$  ) )%23&  !(%) )$/ ,4 HC) * (%.8%/& , ' .$/,/' &

*")' .) ",1%&/$62 * #%.( '  $ 3&")#6 2 )$'I /,  '$ )-# ''"/& * '0/)$-& '' & ".

(&%3,;2 * '-("&"$/%) * # ' #%)$&"/)$ '4 R (&%3,;2 ( .$ ?$& *-C)/ #%22 './$4

S$")$ *%))- .) 8 #$ .& x∗I  !/'$ :$:/, θ ∈ ΘI θ′ ⊆ θ $ ,' 7. , '%.':1&"(6 Hθ * G

 '$ P:#%.(,"1 ' ("& &"((%&$ + θ′  $ ," #%)$&"/)$ * P:#%.(,"1 ' DL4ME "''%#/- + θ  $ θ′

 '$ 8/%,- ("& x∗ T

9%'%)' x′ = 1−x∗4 5 ' #%)$&"/)$ ' * P:#%.(,"1 ' DL4ME (%.& x∗ '%)$ *%)# -7./8", )$ '

+ ∑

F∈θ′

x′F + 2
∑

F∈θ\θ′

x′F ≥ 2. DL4UE

<%$%)' ("& D(G, θ, θ′) ,0 )' 23, * ' #%.(, ' (θ, θ′) $ ,' 7. θ ∈ ΘI θ′ ⊆ θ  $ , 

1&"(6 Hθ  '$ P:#%.(,"1 ' ("& &"((%&$ + θ′4 S$")$ *%))-' (θ, θ′) ∈ D(G, θ, θ′)I %) )%$ 

("& w(θ, θ′) ," 8", .& *. 2 23& * 1".#6 * ," #%)$&"/)$ DL4UE "''%#/- + θ  $ θ′

*%))- (%.& x∗4 N) " ",%&'

w(θ, θ′) =
∑

F∈θ′

x′F + 2
∑

F∈θ\θ′

x′F . DL4VE



 ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

 ! "#$%&'(! )! *+",#,-.$/ )!* 0$/-#,./-!* )! 120$3"&,4!* 56789 ,**$0.+ : x∗ #!;.!/-

,&$#* : )+-!#(./!#

w∗ = w(θ∗, θ′∗) = min
(θ,θ′)∈D(G,θ,θ′)

w(θ, θ′) 567<9

=. w∗ < 2> ,&$#* &, 0$/-#,./-! )! 120$3"&,4!* ,**$0.+! : θ∗ !- θ′∗ !*- ;.$&+! ",# x∗7

?3-#!(!/-> .& /@!A.*-! ",* )! 0$/-#,./-! )! 120$3"&,4!* 56789 ;.$&+! ",# x∗7

B$3* ,&&$/* ($/-#!# ),/* 3/ "#!(.!# -!("* C3! &! "#$%&'(! )! *+",#,-.$/ !*- +C3.2

;,&!/- : 3/ "#$%&'(! *!0$/),.#!7 B$3* ($/-#$/* !/*3.-! C3! 0! "#$%&'(! *!0$/),.#!

!*- +C3.;,&!/- : 3/ "#$%&'(! )! D$- ",#-.03&.!#7

=$.!/- M1,M2, . . . ,Mn n 0$3"&,4!* ",#E,.-* )! G7 B$-$/* ",# M &, E,(.&&! )@,#F-!*

0$##!*"$/),/- : &@3/.$/ )!* 0$3"&,4!* ",#E,.-* Mi> i = 1, 2, . . . , n !/ "#!/,/- !/ 0$("-!

&!* (3&-."&.0.-+* )!* ,#F-!*7 ?3-#!(!/- ).-> *. 3/! ,#F-! e ,"",#-.!/- : k 0$3"&,4!*

",#E,.-*> ,&$#* !&&! ,"",#,G- k E$.* ),/* M7 H/ , ,&$#* |M| = n|U |7  , E,(.&&! M !*-

,""!&+! n !"#$%&'( )%*+%,-( .*%,/+%#0 1n 23456 *. !&&! ;+#.I! J

Et
u ∩M = ∅ $3 Ef

u ∩M = ∅ "$3# -$3- u ∈ Uc. 567KL9

M-,/- )$//+ 3/ n2NOPQM> $/ ,**$0.! 3/ 0$R-> ).*$/* C(M)> +4,& :
∑

u∈Uc
cu $S

cu =





2x′Et
u

*. |Et
u ∩M| = n,

x′Et
u

*. 1 ≤ |Et
u ∩M| < n,

2x′
Ef

u

*. |Ef
u ∩M| = n,

x′
Ef

u

*. 1 ≤ |Ef
u ∩M| < n,

0 *./$/7

567KK9

H/ ($/-#! ,;!0 &!* )!3A "#$"$*.-.$/* *3.;,/-!* C3! &! "#$%&'(! )! *+",#,-.$/ )!*

0$/-#,./-!* )! 120$3"&,4!* *! #,('/! : 0T!#0T!# 3/ n2NOPQ )! "$.)* (./.(3(7

 !""! #$% 7",- M #8 n 23459 :$"*( ,$ '0,(-' (θ, θ′) ∈ D(G, θ, θ′) -'$ ;#' w(θ, θ′) =

C(M)9

&'!()!$ B$3* 0$/*-#3.*$/* θ, θ′ : ",#-.# )! M )! &, (,/.'#! *3.;,/-!7 N$/*.)+#$/*

3/ *$((!- u ∈ U 7 N$((!M !*- 3/ n2NOPQ> ,&$#* $/ , |δ(u)∩ (M\Et
u)| = n !-U$3

|δ(u)∩ (M\Ef
u)| = n7 =3""$*$/*> *,/* "!#-! )! 4+/+#,&.-+> C3! |δ(u)∩ (M\Ef

u)| = n7

=. |Et
u ∩M| = 0> Et

u /@,"",#-.!/- ",* : θ7 =. |Et
u ∩M| = n> ,&$#* $/ ,V$3-! Et

u ),/*

θ7 ?3-#!(!/-> $/ ,V$3-! Et
u ),/* θ

′
!- θ7 W& !*- E,0.&! )! ;$.# C3! ",# 0$/*-#30-.$/> $/

, w(θ, θ′) = C(M)7



 !" #$%&'&()*+ ,-. /*+('&)+(-. 01

 !"#$!"% &'("#)"'"# *+) ,) %!+%-.$'/0) Hθ 1) G )%# 2-3!+/,'.)% /'$ $'//!$# 4 θ′5

6!"%(17$!"% +" 7,7&)"# F 1) θ′5 8'$ 3!"%#$+3#(!"9 3!&&) F ∈ θ′9 3),' (&/,(*+) *+)

1 ≤ |F ∩M| < n5 6!&&)M )%# ,:+"(!" 1) n-3!+/,'.)% /'$;'(#%9 (, )<(%#) '+ &!("% +"

3!+/,'.) /'$;'(# 1) Hθ9 1(%!"% M19 #), *+) δ(u) ∩Etf ∩M1 6= ∅5 =, %:)"%+(# *+) M1 )%#

+" 3!+/,'.) /'$;'(# 1) Hθ\{F}5 6!&&) F )%# +" 7,7&)"# *+),3!"*+) 1) θ
′
9 !" 171+(#

',!$% *+) Hθ 3!"#()"# +" 3!+/,'.) /'$;'(# &>&) '/$?% ,' %+//$)%%(!" 1:+" )"%)&@,) 1)

θ′9 3) *+( (&/,(*+) *+) Hθ )%# 2-3!+/,'.)5 �

 !""! #$%  !"# (θ, θ′) ∈ D(G, θ, θ′)$ %&!'( "& )*"(#) +, n-./01 M #)& 2+) C(M) ≤

w(θ, θ′)$

&'!()!$ A" 3!"%#$+(#9 4 /'$#($ 1) θ )# θ′9 n 3!+/,'.)% /'$;'(#% 1!"# ,:+"(!" ;!$&) +" n-

68BC5 A" ' θ′ = {F1, F2, . . . , F|θ′|}5 8!+$ #!+# F ∈ θ′9 (, )<(%#) 1'"% Hθ\F +" 3!+/,'.)

/'$;'(# /+(%*+) Hθ )%# 2-3!+/,'.)% /'$ $'//!$# 4 θ′5 D!#!"% /'$ M1,M2, . . . ,M|θ′| ,)%

3!+/,'.)% /'$;'(#% !@#)"+% 1'"% Hθ \ Fi9 i = 1, 2, . . . , |θ′|5 6!"%(17$!"% n − θ′ 3!/()%

'11(#(!""),,)% 1) M1 )# 3!"%(17$!"% ,) n-3!+/,'.)% /'$;'(#%9 1(%!"% M9 !@#)"+ /'$

,:+"(!" E)" /$)"'"# )" 3!&/#) ,)% &+,#(/,(3(#7% 1)% '$>#)%F 1)% n 3!+/,'.)% /'$;'(#%

'("%( !@#)"+%5 G+//!%!"% &'("#)"'"# *+) M ") H7$(I) /'% EJ5KLF9 3:)%#-4-1($) *+:(,

)<(%#) u ∈ Uc #), *+)M∩ Et
u 6= ∅ )#M∩ Ef

u 6= ∅5 6!&&)M )%# ,:+"(!" 1) 3!+/,'.)

/'$;'(# 1) Hθ9 3),' (&/,(*+) *+) θ 3!"#()"# E
t
u )# E

f
u 9 +") 3!"#$'1(3#(!" 'H)3 ,) ;'(# *+)

θ ∈ Θ5 M )%# 1!"3 +" n-68BC5 6!"%(17$!"% &'("#)"'"# ,) 3!M# '%%!3(7 4 M5 G!(#

u +" %!&&)# *+),3!"*+) 1) U 5 G( {Et
u, E

f
u} ∩ θ = ∅9 ',!$% M∩ {Et

u, E
f
u} = ∅9 3) *+(

(&/,(*+) *+) cu = 05 G+//!%!"% &'("#)"'"# *+) {Et
u, E

f
u} ∩ θ 6= ∅5 6!&&) θ ∈ Θ9 !"

' |{Et
u, E

f
u} ∩ θ| = 15 D!#!"% /'$ F ,:7,7&)"# 1) {Et

u, E
f
u} '//'$#)"'"# 4 θ5 G( F ∈ θ′9

',!$% (, )<(%#) i ∈ {1, ..., |θ′|} #), *+) Mi )%# +" 3!+/,'.) /'$;'(# 1) Hθ\{Fi}5 A" 171+(#

',!$% *+) |M ∩ F | < n9 3) *+( (&/,(*+) *+) cu ≤ x∗F 5 G( F /∈ θ′9 ',!$% |M ∩ F | ≤ n9 3)

*+( (&/,(*+) *+) cu ≤ 2x∗F 5 =, )%# ',!$% ;'3(,) 1) H!($ *+) c(M) ≤ w(θ, θ′)5 �

*+,-'."! #$/ 3) 4'!5&67) 8) (94:':#"!, 8)( ;!,#':",#)( 8) <-;!+4&:=)( EJ5NF :((!;"9

> x∗ ')?"),# > ;@)';@)' +, n-./01 8) ;!A# 7","7+7$

&'!()!$ G!(#M +" n-68BC 1) 3!M# &("(&+&5 G( c(M) < 29 ',!$% /'$ ,) ,)&&) J529

(, )<(%#) (θ, θ′) ∈ D(G, θ, θ′) #), *+) w(θ, θ′) = c(M) < 25 O' 3!"#$'("#) 1) 2-3!+/,'.)%

'%%!3(7) 4 θ )# θ′ )%# ',!$% H(!,7) /'$ x∗5

G+//!%!"% &'("#)"'"# *+) c(M) ≥ 25 8'$ ,) ,)&&) J5P9 !" 171+(# *+) /!+$ #!+#

(θ, θ′) ∈ D(G, θ, θ′)9 !" ' w(θ, θ′) ≥ 29 3) *+( (&/,(*+) *+:'+3+") 3!"#$'("#) 1) 2-

3!+/,'.)% EJ5NF ":)%# H(!,7) /'$ x∗5 �



 ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

 !"# $!%&"'!(# &)*(+,()(+ ') %,-.,%-., /0"( n12345 /, -!6+ &*(*&"& 7 '0)*/, /0"(

8%!9%)&&, '*(:)*%, ,( (!&;%,# ,(+*,%#< 2, 8%!9%)&&, #0)88"*, #"% "( 9%)8., !%*,(+:

D = (VD, AD)  !"#$"%"# &$' %( ' )*+#,-+$' $#  !"'#(*,# . -%(#,( &$ G = (U ∪ V,E) &$

+% )%",/($ '*,0%"#$1

2!*(  3%4*$ '!))$# u ∈ Uc5 !" %6!*#$ &%"' VD +$' '!))$#' {w1
u, ..., w

9
u}1 7" %6!*#$

89%+$)$"# &%"' VD +$' '!))$#' u ∈ U \ Uc5 +$' '!))$#' v ∈ V $# &$*: '!))$#' s

$# t1 ;<$"'$)=+$ VD  !"#,$"# %+!(' 8|Uc| + |U | + |V | + 2 '!))$#'1 >!#!"' n = |Uc|1

;<$"'$)=+$ AD $'#  !"'#(*,# &$ +% )%",/($ '*,0%"#$1 2!*(  3%4*$ %( &$ a ∈ AD !"

%''! ,$ 89%+$)$"# *"  !?# p(a) $# *"$  %-% ,#8 c(a)1 2!*( #!*# u ∈ Uc5 !" %6!*#$ &%"'

AD +$' %( '

@A (w2
u, w

1
u)5 (w

6
u, w

1
u)5 (w

7
u, w

6
u)5 (w

3
u, w

2
u)5 %0$ *"  !?# &$ B $# *"$  %-% ,#8 &$ n5

CA (w5
u, w

2
u)5 %0$ *"  !?# &$ x′Et

u
$# *"$  %-% ,#8 &$ n5

DA (w9
u, w

6
u)5 %0$ *"  !?# &$ x′

Ef
u

$# *"$  %-% ,#8 &$ n5

EA (w4
u, w

5
u)5 %0$ *"  !?# &$ x′Et

u
$# *"$  %-% ,#8 &$ 15

FA (w4
u, w

5
u)5 %0$ *"  !?# &$ 0 $# *"$  %-% ,#8 &$ n− 15

GA (w8
u, w

9
u)5 %0$ *"  !?# &$ x′

Ef
u

$# *"$  %-% ,#8 &$ 15

HA (w8
u, w

9
u)5 %0$ *"  !?# &$ 0 $# *"$  %-% ,#8 &$ n− 15

;% I9*($ F1E &!""$ +<$"'$)=+$ &<%(J#$' %6!*#8$' -!*( *" '!))$# u &!""81 ;$' &$*:

"!)=($' '*(  3%4*$ %( a  !(($'-!"&$"# ($'-$ #,0$)$"# . c(a) $# p(a)1

2!*( #!*# Et
u ∈ E K($'-1 Ef

u ∈ EA $# -!*( #!*# uv ∈ Et
u K($'-1 uv ∈ Ef

uA !" %6!*#$

+<%( (v, w4
u) K($'-1 (v, w8

u)A5 %0$ *"  !?# &$ B $# *"$  %-% ,#8 &$ n1 2!*( #!*# u ∈ Uc

$# -!*( #!*# uv ∈ Etf
!" %6!*#$ +$' %( ' (v, w3

u) $# (v, w7
u)5 %0$ *"  !?# &$ B $# *"$

 %-% ,#8 &$ n1 2!*( #!*# u ∈ U \ Uc $# -!*( #!*# uv ∈ Etf
!" %6!*#$ +<%( (v, u)5 %0$ 

*"  !?# &$ B $# *"$  %-% ,#8 &$ n1 L,"%+$)$"#5 -!*( #!*# v ∈ V 5 u ∈ U \Uc $# u′ ∈ Uc5

!" %6!*#$ +$' %( ' (s, v)5 (u, t) $# (w1
u′ , t)5 %0$ *"  !?# &$ B $# *"$  %-% ,#8 &$ n1

>!*' %++!"' 0!,( 4*$ +% ($ 3$( 3$ &<*" nMN2OL &$  !?# ),",)*) &%"' G ($0,$"# .

#(!*0$( *" stMP!# -%(#, *+,$( &$ 0%+$*( |U ||Uc| $# &$  !?# ),",)*)1

N!"',&8(!"' *" P!# f #$+ 4*$

K,A f(a) ≤ c(a) -!*( #!*# a ∈ AD5

K,,A -!*( #!*# u ∈ VD \ {s, t}5
∑

(u,v)∈AD
f((u, v)) =

∑
(v,u)∈AD

f((v, u))5  <$'#M.M&,($

4*$ +$ P!# $'#  !"'$(085



 !" #$%&'&()*+ ,-. /*+('&)+(-. 0 

 !"#$%  !" # $%&'() &( *(+,-%.(+(/) &01/ 23++() u ∈ Uc!

45556

∑
(s,v)∈AD

f((s, v)) =
∑

(v,t)∈AD
f((v, t)) = |U ||Uc|7

4586 ,31* )31) u ∈ Uc7 f((w
2
u, w

1
u)) = 0 31 f((w6

u, w
1
u)) = 07

486 +5/5+52(*

∑
a∈A′ p(a) )(- 91( A′ = {a ∈ A : f(a) > 0}!

:( ,*3;-<+( &( =3) +5/5+52( -% 23++( &(2 .3>)2 &(2 %*.2 )*%8(*2?2 ,%* -( =3) () ,%2

-( .3>) &1 =3)!

 !"#"$%&%"' ()(  ! "#$%&'(! )! *+",#,-.$/ )!* 0$/-#,./-!* )! 120$3"&,4!* 4 !@6 ,*2

*$0.+ 5 x∗ #!6.!/- 5 -#$36!# 3/ 7$- f 6+#.8,/- &!* 0$/).-.$/* 9.:296:;

 !*+,*) :3/25&?*3/2 1/ nA:BCD7 &523/2M7 &( ,35&2 +5/5+1+ &%/2 G! E312 %--3/2

&?F/5* &%/2 D 1/ =3) f .3**(2,3/&%/) G M!



 ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

 f((s, v)) = n! "#$% &#$& v ∈ V ! f((u, t)) = n! "#$% &#$& u ∈ U \Uc! '& f((w1
u, t)) = n!

"#$% &#$& u ∈ Uc(

 f((v, u)) = k #) u ∈ U \ Uc! v ∈ V '& k '*& +,-. -$ /#01%' 23#44$%%'/4'* 2' .3-%5&'

uv 2-/* M(

 f((v, w4
u)) = k #) u ∈ Uc! v ∈ V &'. 6$' uv ∈ Et

u '& k '*& +,-. -$ /#01%' 23#44$%%'/4'*

2' .3-%5&' uv 2-/* M(

 f((v, w8
u)) = k #) u ∈ Uc! v ∈ V &'. 6$' uv ∈ Ef

u '& k '*& +,-. -$ /#01%' 23#44$% 

%'/4'* 2' .3-%5&' uv 2-/* M(

 f((v, w3
u)) = k 7%'*"( f((v, w7

u)) = k8! -9'4 u ∈ Uc '& v ∈ V '& k +,-. -$ /#01%'

23#44$%%'/4'* 2' .3-%5&' uv 2-/* M! &'. 6$' uv ∈ Etf
u (

:#$% &#$& u ∈ Uc ;

 *< |Et
u ∩M| ≤ n 7%'*"( |Ef

u ∩M| ≤ n8! -.#%* f((w4
u, w

5
u)) = f((w5

u, w
2
u)) = |E

t
u ∩M|

7%'*"( f((w8
u, w

9
u)) = f((w9

u, w
6
u)) = |Ef

u ∩ M|8! f((w3
u, w

2
u)) = n − |Et

u ∩ M| 7%'*"(

f((w7
u, w

6
u)) = n− |Ef

u ∩M|8! f((w2
u, w

1
u)) = n 7%'*"(f((w6

u, w
1
u)) = n8(

 *< |Etf
u ∩M| = n! -.#%* f((w3

u, w
2
u)) = n! f((w2

u, w
1
u)) = n 4=#<*<* -%1<&%-<%'0'/&(

>#00' .' n >:?@ 9+%<A' .- 4#/2<&<#/ 7B(CD8! #/ '/ 2+2$<& 6$' .' E#& 9+%<A' 2#/4 .-

4#/2<&<#/ 7<98 '&! "-% 4#/*&%$4&<#/! .' E#& 9+%<A' .'* 4#/2<&<#/* 7<8 798 '*& 1<'/ $/ E#&

2' 4#F& 0</<0$0 C(M)(

>#/*<2+%#/* 0-</&'/-/& 2-/* D $/ *& E#& 2' 9-.'$% |U ||Uc| '& 2' 4#F& 0</<0$0 9+%< 

A-/& .'* 4#/2<&<#/* 7<8 798( >#/*<2+%#/* .3'/*'01.' 23-%5&'* M 2' G #) "#$% &#$& u ∈ U

'& "#$% &#$& v ∈ V ! #/ -G#$&' f((v, w4
u))+f((v, w8

u))+f((v, w3
u))+f((v, w7

u))+f((v, u))

H#<* .3-%5&' uv ∈ M( I. '*& 4.-<% 6$' 4=-6$' *#00'& 2' U ∪ V "#**J2' 'K-4&'0'/& n

-%5&'* </4<2'/&'*( >'.- <0".<6$' 6$' M 4#%%'*"#/2 L $/ n−>:?@( M' ".$* 4#00' .'

E#& 9+%<A' .- 4#/2<&<#/ 7<98! #/ '/ 2+2$<& 6$' .3'/*'01.' M 9+%<A' .- 4#/2<&<#/ 7B(CD8(

N/ '/ 2+2$<& 6$' M '*& $/ / >:?@( M' ".$*! <. '*& 4.-<% 6$' .' "#<2* 2' M '*& +,-.

-$ 4#F& 2$ E#&( �

:#$% %+*#$2%' 4' "%#1.J0' 2' E#& /#$* "%#"#*#/*! 2-/* .- *$<&'! $/' H#%0$.-&<#/ L

.3-<2' 23$/ "%#,%-00' .</+-<%' '/ /#01%'* '/&<'%*( O#<'/& f ∈ {0, 1, ..., n}|AD|
&'. 6$'!

"#$% &#$& (u, v) ∈ AD! fuv 4#%%'*"#/2 -$ E#& 2' u L v! '& y ∈ {0, 1}|AD|
&'. 6$'! "#$%

&#$& (u, v) ∈ AD! yuv = 1 *< f((u, v)) > 0 '& yuv = 0 *</#/(

O#<& z ∈ {0, 1}|Uc|
&'. 6$'!

zu =

{
1 *< f((w6

u, w
1
u)) = 0,

0 *< f((w2
u, w

1
u)) = 0!

"#$% &#$& u ∈ Uc(



 !" #$%&'&()*+ ,-. /*+('&)+(-. 01

 ! "#$%&'(! )! *+",#,-.$/ )!* 0$/-#,./-!* )! 120$3"&,4!* !*- +53.6,&!/- ,3 "#$2

4#,((! &./+,.#! !/ /$(%#!* !/-.!#* *3.6,/- 7

min
∑

(u,v)∈AD

p((u, v))yuv

∑

(v,u)∈δin(u)

fvu −
∑

(u,v)∈δout(u)

fuv = bv "$3# -$3- u ∈ VD, 89:;1<

fw2
uw

1
u
≤ nzu "$3# -$3- u ∈ Uc, 89:;=<

fw6
uw

1
u
≤ n(1− zu) "$3# -$3- u ∈ Uc, 89:;><

fuv ≤ c((u, v))yuv "$3# -$3- (u, v) ∈ AD, 89:;9<

zu ∈ {0, 1} "$3# -$3- u ∈ Uc, 89:;?<

fuv ∈ {0, ..., n} "$3# -$3- (u, v) ∈ AD, 89:;@<

yuv ∈ {0, 1} "$3# -$3- (u, v) ∈ AD, 89:;A<

$B

bv =





|U ||Uc| *. v = s,

−|U ||Uc| *. v = t,

0 *./$/C

!- c((u, v)) 0$##!*"$/) D &, 0,",0.-+ )! &E,#0 (u, v):

 !* 0$/-#,./-!* 89:;1< *$/- &!* 0$/-#,./-!* )! 0$/*!#6,-.$/ )! F$-* ,**3#,/- 53! /$3*

,6$/* %.!/ 3/ F$- )! |U ||Uc| ,&&,/- )! s D t:  !* 0$/-#,./-!* 89:;=< !- 89:;>< #!"#+*!/-!/-

&, 0$/).-.$/ 8.6<:  !* 0$/-#,./-!* 89:;9< "!#(!--!/- )! %$#/!# &, 6,&!3# )3 F$- ",**,/-

*3# 0G,53! ,#0 !/ H$/0-.$/ )! *, 0,",0.-+:  !* 0$/-#,./-!* 89:;?< !- 89:;@< *$/- &!*

0$/-#,./-!* )E./-+4#.-+*:

I$((! &! 0,&03& )! F$- )! 0$J- (./.(3( #!*"!0-,/- &, 0$/).-.$/ 86< !*- 3/ "#$%&'(!

KL2).M0.&!N=1OC /$3* 0$/P!0-3#$/* 53! 0! "#$%&'(! !*- &3. ,3**. KL2).M0.&!: K$3* "#+2

*!/-$/*C ),/* &, "#$0G,./! *!0-.$/C 3/! G!3#.*-.53! )! *+",#,-.$/ )!* 0$/-#,./-!* )!

120$3"&,4!*:

 !"!#!$ %&'()(*+,- ./0)+1*+20/ 3/1 4,-*)(+-*/1 3/ $54,0'6(7/1

K$3* "#+*!/-$/* 3/! G!3#.*-.53! )! *+",#,-.$/ )!* 0$/-#,./-!* )! 120$3"&,4!*: I!--!

G!3#.*-.53! 0$/*.*-! )E,%$#) D )+-!#(./!# 3/ !/*!(%&! ω ∈ Θ -!& 53! |{Et
u, E

f
u}∩ω| = 1



 ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

 !"# $!"$ u ∈ Uc% &'()"#*+$*,") -.$)#/*0) )0+"*$) +'*1 )2*+$) θ ⊆ ω )$ θ′ ⊆ θ $)1 ,")

13 4!0$#3*0$) -) 564!" 137)+ 89%:; 3++!4*.) < θ )$ θ′ )+$ =*!1.)  3# x∗% >)$$) +. 3#3$*!0

)+$ -!04 413*#)/)0$ "0) ()"#*+$*,")  "*+,")  !"# ?$#) )234$)@ *1 A3"-#3*$ 3  1*,")# 13

+. 3#3$*!0  !"# $!"$ )0+)/B1) -) Θ =.#*C30$ |{Et
u, E

f
u} ∩ ω| = 1  !"# $!"$ u ∈ Uc%

&')0+)/B1) ω )+$ -.$)#/*0. -) 13 /30*D#) +"*=30$)% E!"# $!"$ +!//)$ u ∈ Uc@ !0

3F!"$) Et
u -30+ ω +* x∗Et

u
≥ 0.5@ Ef

u +*0!0%

G. 3#)# 1)+ 4!0$#3*0$)+ -) 564!" 137)+  3# #3  !#$ < ω #)=*)0$ < -)$)#/*0)# "0

n−>EHI M -) G -) 4!J$ /*0*/"/ $)1 ,") M ∩ F = ∅  !"# $!"$ F ∈ E \ ω%

K0 $)#/)+ -) L!$@ 4)13 #)=*)0$ < -.$)#/*0)# -30+ D "0 L!$ #)+ )4$30$ 1)+ 4!0-*$*!0+

8*;68=; $)1 ,") f((w6
u, w

1
u)) = 0 +* Et

u ∈ ω )$ f((w2
u, w

1
u)) = 0 +* Ef

u ∈ ω  !"# $!"$

u ∈ Uc% M!"+ 4314"1!0+ "0 L!$ f -) =31)"# |U ||Uc| -) 4!J$ /*0*/"/ -30+ 1) 7#3 ()

D(W )@ !N W 4!##)+ !0- < 1')0+)/B1) VD -30+ 1),")1 1)+ +!//)$+ {w2
u, w

3
u, w

4
u, w

5
u}

 !"# $!"$ u ∈ Uc $)1 ,") Ef
u ∈ ω )$ 1)+ +!//)$+ {w6

u, w
7
u, w

8
u, w

9
u}  !"# $!"$ u ∈ Uc

$)1 ,") Et
u ∈ ω +!0$ +"  #*/.+% M!"+  #! !+!0+ -) #)1O4()# 13 4!0-*$*!0 8=;% G!*)0$

z′ =
∑

a∈A′ p(a) $)1 ,") A′ = {a ∈ A : f(a) > 0}% M!$!0+ ,") z′ = w(θ, θ′) !N θ

8#)+ % θ′; 4!##)+ !0- < 1')0+)/B1) -)+ )0+)/B1)+ Fu ∈ ω@ u ∈ Uc@ $)1 ,") f((w5
u, w

2
u))

!" f((w9
u, w

6
u)) )+$ .731 < |Uc| 8#)+ % )+$ 4!/ #*+ )0$#) P )$ |Uc| − 1;% G* z′ < 2 31!#+ 13

4!0$#3*0$) -) 564!" 137)+ 3++!4*.) < θ )$ θ′ )+$ =*!1.)  3# x∗% >!//) 4)  #!B1D/) -)

L!$  )"$ +) #.+!"-#) )0 $)/ +  !1Q0!/*31@ 0!$#) ()"#*+$*,")  )"$ )11) 3"++* +) #.+!"-#)

)0 $)/ +  !1Q0!/*31%

M!"+ -!00!0+ /3*0$)030$ "0 )2)/ 1) -) +. 3#3$*!0 ()"#*+$*,") -)+ 4!0$#3*0$)+ -)

564!" 137)+ 89%:;% >!0+*-.#!0+ 1'*0+$304) (G,Uc, π) -" EGRG>E !N G = (U ∪ V,E)

)+$ 1) 7#3 () -!00.  3# 13 C7"#) 9%9@ Uc = {u1, u2, u3, u4} )$ π +) -.-"*$ -)+ 13B)1+

=#3*+ )$ A3"2 +"# 1)+ 3#?$)+ *0-*,".+ +"# 13 C7"#) 9%P% G!*$ 13 +!1"$*!0 4!"#30$) < +. 3#)#

x∗Et
u1

= 1@ x∗Et
u2

= 1@ x∗Et
u3

= 0.6@ x∗Et
u4

= 1@ x∗
Ef

u1

= 0@ x∗
Ef

u2

= 0@ x∗
Ef

u3

= 0.4@ x∗
Ef

u4

= 0@ 1)+

=31)"#+ x′ 3++!4*.)+ +!0$ x′Et
u1

= 0@ x′Et
u2

= 0@ x′Et
u3

= 0.4@ x′Et
u4

= 0@ x′
Ef

u1

= 1@ x′
Ef

u2

= 1@

x′
Ef

u3

= 0.6@ x′
Ef

u4

= 1% &')0+)/B1) ω 4!##)+ !0- 31!#+ < {Et
u : u ∈ Uc}% &')0+)/B1)

W 4!##)+ !0- 31!#+ < VD \ {{w
6
u, w

7
u, w

8
u, w

9
u} : u ∈ Uc}% &) 7#3 () D(W ) -!00. -30+

13 C7"#) 9%:% &) L!$  3++)  3# 1)+ 3#?$)+ )0 7#3+% M!"+ 3=!0+ z′ = 0.8@ !0 )0 -.-"*$

θ = {Et
u1
, Et

u2
, Et

u3
, Et

u4
} )$ θ′ = {Et

u1
, Et

u2
}

&3 4!0$#3*0$) -) 564!" 137)+

xEt
u1
+ xEt

u2
+ 2xEt

u3
+ 2xEt

u4
≤ 4

)+$ -!04 =31*-) )$ =*!1.)  3# x∗% M!"+ 3=!0+  #.+)0$. -)+ 317!#*$(/)+ -) +. 3#3$*!0 3++!6

4*. 3"2 4!0$#3*0$)+ -) 4!" 137)+@ 4!" 137)+ < -!/*0304) /32*/31)@ 4!" 137)+  #!4()+
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 !"#$%  ! " #$%&'( G!

() *+,-.&/%0(1! 2-.1 %//-31 4-5$ 6%31 /% &$-,'%53( 1(,)5-3 ,-77(3) 3-.1 %4-31 53)80$8

,(1 %/0-$5)'7(1 6( 18&%$%)5-3 6%31 3-)$( %/0-$5)'7( 6( ,-.&(1 () 9$%3,'(7(3)1!

 !" #$%&'()*+, -, .&/0,1 ,) 2'34.*,+,4)1

:%31 ,())( 1(,)5-3; 3-.1 &$81(3)-31 .3 %/0-$5)'7( 6( ,-.&(1 () 9$%3,'(7(3)1 &-.$ /(

&$-9/<7( 6. 1-.1+0$%&'( 1%31 ,-.&/%0( &%$=%5)! >% =-$7./%)5-3 (P ) ,-3)5(3) .3( =%75//(

6( ,-3)$%53)(1 (3 3-79$( (?&-3(3)5(/; @ 1%4-5$ /(1 ,-3)$%53)(1 6( ,-.&/%0(1 AB!CCD;

/(1 %.)$(1 %&&%$%511%3) (3 3-79$( &-/E3-75%/! F())( =%75//( 6G5380%/5)81 1($% 6-3,

%H-.)8( 6E3%75I.(7(3) %. &$-0$%77( /53%5$( ,-.$%3)! 2-)$( %/0-$5)'7( ,-77(3,(

&%$ $81-.6$( /( &$-0$%77( /538%5$( =-$78 &%$ /(1 ,-3)$%53)(1 6( (P ) %&&%$%511%3) (3

3-79$( &-/E3-75%/; ,G(1)+@+65$(;  ! "#$%#&''!  ()*&(#! ()(+(& 6-338 &%$



 !! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

 !"#$%  !" # $%&' () *&+' ,-.-,/,!

max
∑

F∈E

xF

xEt
u
+ xEf

u
≤ 1 ∀ u ∈ Uc,

xF ≥ 0 ∀ F ∈ E ,

xF ≤ 1 ∀ F ∈ E .

01 2&%/'-&. &3'-,1%) x∗ ∈ R
|E|

() *)'') 4)%151'-&. )2' 461%-217%) 3&/4 %) 34&7%8,) 2-

x∗ )2' /. 9)*')/4 ).'-)4 :/- 21'-2;1-' %)2 *&.'41-.')2 () *&/3%1<)2 =>!??@! A. <6.641%B

%1 2&%/'-&. x∗ .C)2' 312 461%-217%)! D1.2 *) *12B E *F1:/) -'641'-&.B %C1%<&4-'F,) <6.84)

()2 -.6<1%-'62 91%-()2 3&/4 %) 34&7%8,) ,1-2 312 3&/4 %1 2&%/'-&. &3'-,1%) *&/41.')!

0)2 -.6<1%-'62 1-.2- '4&/96)2 2&.' 1G&/'6)2 1/ 34&<41,,) %-.61-4) *&/41.' )' %) .&/9)1/

34&<41,,) )2' 462&%/! H) 34&*)22/2 )2' 4)34-2 G/2:/CE *) :/C1/*/.) -.6<1%-'6 9-&%6)

.C)2' (6')*'6)! I- %1 2&%/'-&. .C)2' 312 ).*&4) 461%-217%)B %C1%<&4-'F,) 34&*8() 1%&42
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 !" #$%"&'()("*+ ,-%./0$1*')( 2 &134(550!5 1..!5*$( .(5 6$1"&16%.(5 6'%5(5 4( "0*$(

%./0$1*')( 4( &0!6(5 (* #$%"&'()("*5+

 !"#$%&'() *+ 7./0$1*')( 4( &0!6(5 (* #$%"&'()("*5

,-&$.)/ 8 !" /$%6'( #16%$*1 G = (U ∪ V,E)9 !" 50!53("5()#.( Uc ∈ U (* !"(

6%$*1*10" π 4( E

0#$&%)/ 8 :0.!*10" 06*1)%.( 4( (P )

1.23&

; 8 <, ← <$0/$%))( .1"=%1$( 1"1*1%.

2 8 >=50!4$( .( 6$0/$%))( .1"=%1$( <,+

:01* x .% 50.!*10" 06*1)%.( 4( <,+

? 8 /% x  !" #$%&'!%(& )*+# P (G,Uc, π) 4!#$/
x (5* !"( 50.!*10" 06*1)%.(+ :@A<

5-

B 8 /% , ! -*."#%'." ! /'*&$ ! 0-*+)&%1 ! 2 ,*3'.%.- 3%4'3%& 5 -*+)&%1 !

)#*-6 !5 78-*+)&%1 !9 )%# x !*." "#*+/$ ! 4!#$/

,(5 %C0!*($  <,+

7..($ (" 2+

5-

D 8 /%-#-

E$%"&'($ 5!$ !"( F%$1%#.( G$%&*10""%1$(+

5-

H 8 <$("4$( .% )(1..(!$( 50.!*10" 4( *0!5 .(5 50!536$0#.I)(5+

5-

,% 5=6%$%*10" 4(5 1"=/%.1*=5 (5* $=%.15=( 4%"5 .-0$4$( 5!1F%"*+ J%"5 !" 6$()1($ *()659

0" 5=6%$( .(5 &0"*$%1"*(5 4( &0!6.%/(5+ K"5!1*(9 0" %)=.10$(9 51 &-(5* 60551#.(9 .% &0"3

*$%1"*( 4( &0!6.%/(5 (" &0"*$%1"*( 4( &0!6.%/(5  40)1"%"&( )%L1)%.(+ <!15 0" /="I$(

.-("5()#.( 4(5 &0"*$%1"*(5 4( &0!6.%/(5 6$0&'(5 %550&1=(5  &( &0!6.%/(+ K"M" 0" 5=6%$(

.(5 &0"*$%1"*(5 4( 23&0!6.%/(5+ ,(5 %./0$1*')(5 4( 5=6%$%*10" !*1.15=5 60!$ &(5 1"=/%.1*=5

0"* =*= 40""=5 4%"5 .% 5(&*10" 6$=&=4("*(+ ,(5 &0"*$%1"*(5 4( 23&0!6.%/(5 50"* 5=6%$=(5

!"1N!()("* (" !*1.15%"* .-'(!$15*1N!( 4=M"1( 4%"5 .% 5(&*10" D+;+B+2+

A" 6(!* $()%$N!($ N!( *0!*(5 .(5 1"=/%.1*=5 50"* /.0#%.(5 O': : F%.14(5 4%"5 *0!*

.-%$#$( 4( #$%"&'()("*5P+ <%$ %1..(!$59 6.!51(!$5 &0"*$%1"*(5 6(!F("* Q*$( %C0!*=(5  

&'%N!( 1*=$%*10"+

,0$5N!( 4(5 &0"*$%1"*(5 O?+;;P9 OB+;?P9 OB+;RP (* OD+HP 4! 6$0/$%))( .1"=%1$( "( 50"*

6.!5 5($$=(5 6%$ .% 50.!*10" x 6("4%"* 6.!51(!$5 1*=$%*10"59 &(5 4($"1I$(5 50"* 5!66$13

)=(5 4! 6$0/$%))( .1"=%1$( %M" 4( "( 6%5 %.0!$41$ 1"!*1.()("* .% *%1..( 4( &( 4($"1($+

S(6("4%"*9 1. (5* 60551#.( N!( &(5 &0"*$%1"*(5 501("* 6%$ .% 5!1*( 4( "0!F(%! F10.=(5 6%$
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 ! "# $%&#' (#$)!'%*+ ,-' .* '* /!" 01'1)*) / $"&*$)" 2#&"  ! 343* (#'%)!&'%*5 (6!7$*

(#'%)!&'%* 8&# 1* %)#$81* *"% !9#$%1* .!'" $' /## + :! "1/!)!%&#' .* (6!7$* 2!3&  *

.;&'10! &%1" (#'"&"%* ! #)" < 81)&-*) .;!=#). ";& *>&"%* .*" (#'%)!&'%*" .* (*%%* 2!3&  *

.!'"  * /## 7$& "#'% 8&# 1*" /!)  ! "# $%&#' (#$)!'%*+ ?& .* %*  *" (#'%)!&'%*" *>&"%*'%5

! #)" *  *" "#'% !9#$%1*" !$ /)#0)!33*  &'1!&)* (#$)!'% *%  ! "1/!)!%&#' ";!))4%*+ @!'"  *

(!" (#'%)!&)*5  *" /)#(1.$)*" .* "1/!)!%&#' .1-'&*" /)1(1.*33*'% "#'% *>1($%1*" /#$)

%)#$8*) .* '#$8*  *" &'10! &%1" 8&# 1*" 7$& ';#'% 9!3!&" 1%1 01'1)1*" /!)  ;! 0#)&%63*+

A!) !&  *$)"5 #' )*3!)7$* 7$;& ';*"% /!" '1(*""!&)* .* =)!'(6*) "& '#$" #=%*'#'" $'*

"# $%&#' 2)!(%&#''!&)* "%)&(%*3*'% &'21)&*$)* < |Uc|+ B' *C*%5  * "D"%E3* *"% "&'0$ &*) "&

*% "*$ *3*'% "&  * /)#0)!33*  &'1!&)* *' '#3=)*" *'%&*)" /#""E.* $'* "# $%&#' 10! *

< |Uc|+ A!) (#'"17$*'%5 "&  ! "# $%&#' #/%&3! * .$ /)#0)!33* #F / $"&*$)" (#'%)!&'%*"

.;&'%10)&%1 "#'% )* !>1*" *"% "%)&(%*3*'% &'21)&*$)* < |Uc| ! #)" & ';*>&"%* /!" .* "# $%&#'

*'%&E)* 10! * < |Uc|+ :* "D"%E3* *"% .#'( )10$ &*) "&  ! "# $%&#' #/%&3! * 2)!(%&#''!&)* *"%

"%)&(%*3*'% &'21)&*$)* < |Uc|+ G ';*"% .#'( /!" '1(*""!&)* .* =)!'(6*) < /!)%&) .;$' 'H$.

.*  ;!)=)* .* =)!'(6*3*'%" "&  ! "# $%&#' 2)!(%&#''!&)* !""#(&1* *"% &'21)&*$)* < |Uc|+ A!)

(#'%)*5 & *"% '1(*""!&)* .;*>/ #)*)  *" !$%)*" 'H$." .*  ;!)=)* .* =)!'(6*3*'%"+

 !" #$%&'()(% *+,$-./*0()&+

 !"!# $%&'()'( *&+%,-.'*/0(

,8!'% .* /)1"*'%*)  *" .&C1)*'%" )1"$ %!%" *>/1)&3*'%!$> 7$* '#$" !8#'" #=%*'$"5

'#$" .#''#'" $' =)*2 .*"()&/%&2 .*"  #0&(&* " *% .$ 3!%1)&* &'2#)3!%&7$* 7$* '#$"

!8#'" $%& &"1"+

:;! 0#)&%63* .* (#$/*" *% =)!'(6*3*'%" .1()&% /)1(1.*33*'% ! 1%1 /)#0)!331 *'

IJJ *' $%& &"!'%  !  &=)!&)&* ,K,IL? MNO5 $'*  &=)!&)&* 7$& 0E)*  ;!)=)* .* =)!'(6*P

3*'%"+ A#$)  ! )1"# $%&#' .*" /)#0)!33*"  &'1!&)*"5 ,K,IL? 2!&% !//* <  !  &=)!&)&*

IA:BQ NN+R MSNO+ T#$" !8#'" $%& &"1  ;! 0#)&%63* .* U! & 5 V&(! &5 *% U!=#W MXYO /)1P

"*'%1 .!'"  ! "*(%&#' N+Z *% &3/ 13*'%1 .!'"  !  &=)!&)&* I[GTP[\ :BV[T U)!/6 MSO

!-' .* )1"#$.)*  *" /)#= E3*" .* (#$/ !0*" /!)2!&%" .* /#&." 3&'&3$3+ T#$" !8#'"

!$""& $%& &"1  !  &=)!&)&* I[GTP[\ :BV[T U)!/6 /#$) )1"#$.)*  *" /)#= E3*" .* ]#%"

.* (#^% 3&'&3$35 "* #'  ;! 0#)&%63* .$ '*%W#)_ "&3/ *> M`5 NZ5 SYO+ T#%)* ! 0#)&%63*

.* (#$/*" *% =)!'(6*3*'%" ! 1%1 %*"%1 "$) $' A*'%&$3 (#)* X .$# X5ZZ U6a !8*( XU#

.* 313#&)* 8&8*5 "#$" "D"%E3* :&'$>+

@!'" $' /)*3&*) %*3/"5 '#$" !  #'" 3#'%)*)  ;*b(!(&%1 .*" (#'%)!&'%*" 7$* '#$"
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 !"#$ %&"%"$'($) *"+& ,(- . #"+$ /($/"#$ +# (#$(01-( 234#$/ #,($ (# +/4-4$ #/ 245'&(#/($

! &4 #/($ 2( #"/&(  -6"&4/70( 2( ,"+%($ (/ 1& #,7(0(#/$) 8"+$ '/+24"#$ (#$+4/( - 

249,+-/' 2( &'$"-+/4"# 2($ 4#$/ #,($) : #$ ,(//( '/+2(. #"+$  !"#$ %+ /($/(& #"/&(

 -6"&4/70( $+& 2($ 4#$/ #,($ 2( 6& #2( / 4--()

 !"!# $%&'()* +,*-.&./01 +*) .2%03&/%0*) 4&'/+*)

;"+/ 23 1"&2. #"+$  --"#$ 2',&4&( -( 6'#'& /(+& 234#$/ #,($  -' /"4&($ <+( #"+$  !"#$

+/4-4$' %"+& ,"0% &(& -3(9, ,4/' 2($ 245'&(#/($ ,"#/& 4#/($ ! -42($) 8"+$ %&'$(#/"#$

(#$+4/( -($ &'$+-/ /$ "1/(#+$ % & -($ 245'&(#/($ ! &4 #/($ 2( #"/&(  -6"&4/70( 2( ,"+%($

(/ 1& #,7(0(#/$)

 !"!#!$ %&'()*+,*-. /&' *.',0.(&' ,&',1&'

8"+$  !"#$ 6'#'&' 2($ 4#$/ #,($  -' /"4&($  =# 2( /($/(& #"/&(  -6"&4/70( 2( ,"+%($

(/ 1& #,7(0(#/$) ># & %%(--( <+3+#( 4#$/ #,( 2+ *?@?A* ($/ 2'=#4( % & -( /&4%-(/

(G,Uc, π) "B G = (U∪V,E) ($/ +# 6& %7( 14% &/4. Uc ⊆ U (/ π = {Et
u, E

f
u , E

tf
u : u ∈ U}

($/ +#( % &/4/4"# 2( E) * &  4--(+&$. -($ 4#$/ #,($  -' /"4&($ $"#/ 6'#'&'($ 2( 0 #4C&( D

&($%(,/(& -($ ,"#24/4"#$ $+4! #/($ E

F4G -($ $"00(/$ 2( V $"#/ ,"+!(&/$ % &  + 0"4#$ +#(  &H/( !& 4(IJ +$$(.

F44G -($ $"00(/$ u ∈ Uc $"#/ ,"+!(&/$ % &  + 0"4#$ +#(  &H/( !& 4( (/ +#(  &H/( J +$$(.

F444G %"+& /"+/ F ∈ E . -( 6& %7(  $$",4' D {F} #( ,"#/4(#/ % $ 2( ,"+%- 6( % &J 4/)

?4 - ,"#24/4"# F4G #3($/ % $ !'&4='(.  -"&$ #"+$ $"00($ 2 #$ -( , $ %"-K#"04 - %&'$(#/'

2 #$ -( ,7 %4/&( L) ?4 - ,"#24/4"# F44G "+ F444G #3($/ % $ !'&4='(. 4- ($/  -"&$ %"$$41-(

2( /& #$J"&0(& -( 6& %7( ,"00( !+ 2 #$ - &(0 &<+( M)N) : #$ ,( , $. -( #"01&( 2(

$"00(/$ &(%&'$(#/ #/ 2($ '<+ /4"#$ ,"#24/4"##(--($ ($/ $/&4,/(0(#/ 4#J'&4(+& D |Uc|)

O / 4--( 23+#( 4#$/ #,(  -' /"4&( ($/ 2'=#4( % & -( #"01&( 2( $"00(/$ 2+ 6& %7(

14% &/4  4#$4 <+( -( #"01&( 0"K(# 23 &H/($ 4#,42(#/($ D ,7 <+( $"00(/ 2( -3(#$(01-( U )

O($ (#$(01-($ Uc ,"#/4(##(#/ (#/&( NP (/ MP $"00(/$) O( #"01&( 2( $"00(/$ 2( U \Uc

F,"&&($%"#2 #/  +Q '<+ /4"#$ #"# ,"#24/4"##(--($G ($/ /"+R"+&$ '6 - D S) O( #"01&(

/"/ - 2( $"00(/$ 2( ,7 <+( 6& %7( ($/ 2"#, ,"0%&4$ (#/&( LP (/ TP) * &  4--(+&$. -(

#"01&( 23 &H/($ 4#,42(#/($ D ,7 <+( $"00(/ 2( U ($/ +# (#/4(&  -' /"4&(  %% &/(# #/

D -3(#$(01-( {k−2, . . . , k+2}. "B k ($/ +# (#/4(& =Q') 8"+$  !"#$ ,"#$42'&' 2($ ! -(+&$

2( k = 5, 7, 9, 11, 13. , & 4- ($/  $$(U & &( 23 !"4& %-+$ 2( NL ! &4 1-($ 2 #$ +#( '<+ /4"#

 -6'1&"V245'&(#/4(--() *"+& ,7 <+( / 4--( 234#$/ #,($. #"+$  !"#$ /($/' ,4#< 4#$/ #,($)

8"+$ ,"#$42'&"#$ -($ 0"K(##($ 2($ &'$+-/ /$ "1/(#+$ %"+& ,($ ,4#< 4#$/ #,($)
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 !"# $%!&# '(!'!#) "& *)&)($+,"( -./&#+$&0,# $1)$+!/(,# ',(2,++$&+ -, %)(/3,( 1,#

0!&-/+/!&# 4/564///57 8$&# "& '(,2/,( +,2'#9 &!+(, *)&)($+,"( 0!&#+("/+ "& *($':, ;/'$(+/

G = (U ∪ V,E) &, 0!&+,&$&+ '$# -.$(<+, |E| = 07 =& -)3&/+ ,&#"/+,9 ,& >!&0+/!& -"

'$($2?+(, k9 1, &!2;(, -.$(<+,# /&0/-,&+,# @ 0:$A", #!22,+ u ∈ U 7 =& &!+, I(u) 1,

&!2;(, -.$(<+,# /&0/-,&+,# $" #!22,+ u ∈ U 7 B!"( 0:$A", #!22,+ v ∈ V !& $C!"+,

"&, $(<+, %($/,D>$"##, uv ∈ Etf
!E u ∈ U ,#+ -)3&/ -, 2$&/?(, $1)$+!/(,9 (,#',0+$&+ 1$

;!(&, I(u) #/ u ∈ U \Uc ,+ I(u)−2 #/ u ∈ Uc7 F,0/ ',(2,+ -.$##"(,( A", 1$ 0!&-/+/!& 4/5

,#+ (,#',0+),7 G&#"/+,9 '!"( 0:$A", #!22,+ u ∈ Uc9 !& $C!"+, "&, $(<+, %($/, uv ∈ Et
u

,+ "&, $(<+, >$"##, uv′ ∈ Ef
u 9 !E 1,# #!22,+# v ,+ v

′
#!&+ *)&)()# -, 2$&/?(,# $1)$+!/(,#7

=& $C!"+,9 -, 2$&/?(, $1)$+!/(,9 -,# $(<+,# %($/,#9 >$"##,# !" %($/,#D>$"##,#9 $3& A"./1

H ,#+ I(u) $(<+,# /&0/-,&+,# '!"( 0:$A", #!22,+ u ∈ Uc7  !"# 3&/##!&# '$( $C!"+,(9 -,

2$&/?(, $1)$+!/(,9 -,# $(<+,# %($/,#D>$"##,# $3& A"./1 H ,#+ I(u) $(<+,# /&0/-,&+,# $"I

#!22,+# u ∈ U \ Uc7  !"# %)(/3!&# ,&3& 1$ 0!&-/+/!& 4///57 J/ ,11, ,#+ %)(/3),9 $1!(#

1./&#+$&0, *)&)(), ,#+ "&, /&#+$&0, %$1/-,9 $"+(,2,&+ !& *)&?(, "&, $"+(, /&#+$&0,7

K.$1*!(/+:2, L 0/6-,##!"# /11"#+(, &!+(, *)&)($+,"( -./&#+$&0,#7

 !"!#!# $%&'()*)& +,)-.'&

 !"# $%!&# +,#+) '1"#/,"(# %$(/$&+,# -, &!+(, $1*!(/+:2, -, 0!"',# ,+ ;($&0:,2,&+#7

8$&# "& '(,2/,( +,2'#9 &!"# '()#,&+!&# 1,# ()#"1+$+# #/ &!"# #)'$(!&# "&/A",2,&+

1,# 0!&+($/&+,# -, 0!"'1$*,#7  !"# -!&&!&# ,&#"/+, 1,# ()#"1+$+# A"$&- &!"# $2)1/!6

(!&# 1$ #)'$($+/!& -,# 0!&+($/&+,# -, 0!"'1$*,# $%,0 1,# 0!&+($/&+,# -, 0!"'1$*,# @

-!2/&$&0, 2$I/2$1,7  !"# /&+)*(!&#9 -$&# "&, +(!/#/?2, %$(/$&+,9 1,# 0!&+($/&+,# -,

0!"'1$*,# '(!0:,#7 G&3&9 -$&# "&, A"$+(/?2, %$(/$&+,9 &!"# /&+)*(!&# 1,# 0!&+($/&+,#

-, M60!"'1$*,#7  !"# $%!&# 3I) 1, +,2'# 2$I/2"2 -, ()#!1"+/!& @ "&, :,"(,7

 !# ()#"1+$+# ,I')(/2,&+$"I #!&+ (,'!(+)# -$&# 1,# +$;1,# #"/%$&+,#7 K,# -/N)(,&+,#

0!1!&&,# -, 0,# +$;1,# (,'()#,&+,&+ O
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 !"#$%&'() *+  !"!#$%&'# ()*"+%$",& $-!$%.*#&

,-&$.)/ / 0 -$ %$*--& (&+ &"+&12-&+ |U | = |V | = n3 -& ".12#& ()$#4%&+ *",*(&"%&+

&" 1.5&""& k &% -& ".12#& (& +.11&% (& |Uc| = z

0#$&%)/ / 0 6" 7#$89& 2*8$#%* G = (U ∪ V,E) :!#*;$"% -&+ ,."(*%*."+ <*=0<***=>

1.23&

?."+%#'*#& -& 7#$89& G = (U ∪ V,E)3 $:&, |E| = 03 |U | = |V | = n@

4#3$ 5'673) v ∈ V 86%$)

A.*% '" 2..-!&" b !7$- B :#$*@

&6-& 73) b  !" #$%& 86%$)

A.*% u ∈ U '" +.11&% (!;"* (& 1$"*C#& $-!$%.*#&@

/% u ∈ U \ Uc  " δ(u) < I(u) 6!#$/
b !7$- D$'E

9-

/% u ∈ Uc  " δ(u) < I(u)− 2 6!#$/
b !7$- D$'E

9-

9-

FG.'%&# uv ∈ Etf
@

9-

4#3$ 5'673) u ∈ Uc 86%$)

A.*&"% v, v′ ∈ V (&'E +.11&%+ (!;"*+ (& 1$"*C#& $-!$%.*#&@

FG.'%&# uv ∈ Et
u &% uv

′ ∈ Ef
u @

9-

4#3$ 5'673) u ∈ U 86%$)

&6-& 73) δ(u) < I(u) 86%$)
A.*&"% v ∈ V '" +.11&% (!;"* (& 1$"*C#& $-!$%.*#& &% F '" &"+&12-&

(!;"* (& 1$"*C#& $-!$%.*#& ($"+ {Et
u, E

f
u , E

tf
u }@

FG.'%&# uv ∈ F @

9-

9-

4#3$ 5'673) u ∈ U \ Uc 86%$)

&6-& 73) δ(u) < I(u) 86%$)

A.*% v ∈ V '" +.11&% (!;"* (& 1$"*C#& $-!$%.*#&@

FG.'%&# uv ∈ Etf
u @

9-

9-

?."+%#'*#& E = ∪u∈U(E
tf
u ∪ Et

u ∪ Ef
u) &% π = {E

t
u, E

f
u , E

tf
u : u ∈ U}@

/% G ' #($&) *%! +% ,-'.&"&-' /&&&0 6!#$/

#&-$",&# -)$-7.#*%91&@

9-

$)&#3$-)$ (G,Uc, π)1

9-
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n  !"#$%& '& ("##&)( *"%%&(+"!',!) ,-. /0-,)1"!( *"!'1)1"!!&22&(

'& 231!(),!*&4

k  &!)1&% '/5!1((,!) 2& '&6%/( '& *7,0-& ("##&) '& 23&!(&#$2& U

*"#+%1( &!)%& k − 2 &) k + 2

NC  !"#$%& '& *"!)%,1!)&( '& *"-+2,6&( 6/!/%/&(4

NCDM  !"#$%& '& *"!)%,1!)&( '& *"-+2,6&( 8 '"#1!,!*& #,.1#,2& 6/!/%/&(4

NCP  !"#$%& '& *"!)%,1!)&( '& *"-+2,6&( +%"*7&( 6/!/%/&(4

N2CP  !"#$%& '& *"!)%,1!)&( '& 9:*"-+2,6&( 6/!/%/&(4

TCsep  )&#+( '& (/+,%,)1"! '&( *"!)%,1!)&( '& *"-+2,6&(4 *"-+2,6&(

8 '"#1!,!*& #,.1#,2& &) '& *"-+2,6&( +%"*7&( &! (&*"!'&(4

T2CP  )&#+( '& (/+,%,)1"! '&( *"!)%,1!)&( '& 9:*"-+2,6&( &! (&*"!'&(4

No  !"#$%& '& !;-'( ',!( 23,%$%& '& $%,!*7&#&!)(4

o/p  !"#$%& '& +%"$2<#&( %/("2-( 8 23"+)1#-#

(-% 2& !"#$%& '31!(),!*&( )&()/&(4

CPU  )&#+( '& %/("2-)1"! &! (&*"!'&(=

>& )&#+( TCsep %&6%"-+& 2&( )&#+( '& (/+,%,)1"!( '&( *"!)%,1!)&( '& *"-+2,6&(4 *"-:

+2,6&( 8 '"#1!,!*& #,.1#,2& &) '& *"-+2,6&( +%"*7&(= ?! &@&)4 (-1A,!) 2, A,%1,!)&

-)121(/ !"-( &((,B"!( ,#/21"%&% 2, *"!)%,1!)& 12 &() '"!* !/*&((,1%& '& *"!(1'/%&% 2&

)&#+( 62"$,2=

C")%& +%&#1<%& (/%1& '3&.+/%1#&!),)1"!( *"!*&%!& 2, A,%1,!)& '& !")%& ,26"%1)7#& '&

*"-+&( &) $%,!*7&#&!)( ',!( 2,0-&22& (&-2&( 2&( *"!)%,1!)&( '& *"-+2,6&( DE=FFG ("!)

(/+,%/&(= H&))& A,%1,!)& *"!(1()& 8 %/("-'%& 2, I"%#-2,)1"! DP G (,!( ,J"-)&% '& *"!:

)%,1!)&( +"-% %&!I"%*&% 2, %&2,.,)1"! 21!/,1%&= C"-( *"!(1'/%"!( '&( 1!(),!*&( *"!)&!,!)

&!)%& FK &) LK /0-,)1"!( *"!'1)1"!!&22&( ,A&* k ∈ {5, 7, 9, 11, 13}= >, ),$2& M=F %,++"%)&

2, #"B&!!& '&( %/(-2),)( "$)&!-( +"-% *&( 1!(),!*&(= N! %&#,%0-& 0-& +"-% 2&( 1!(:

),!*&( *"!)&!,!) #"1!( '& 9K /0-,)1"!( *"!'1)1"!!&22&(4 )"-)&( 2&( 1!(),!*&( "!) /)/

%/("2-&( 8 23"+)1#-# '-%,!) 2& )&#+( 1#+,%)1= O,% *"!)%&4 +"-% 2&( 1!(),!*&( *"!)&!,!)

,- #"1!( 9M /0-,)1"!( *"!'1)1"!!&22&(4 0-,(1#&!) ,-*-!& 1!(),!*& !3, +- P)%& %/("2-&=

N! +&-) /6,2&#&!) %&#,%0-&% 0-& +"-% 2, +2-+,%) '&( 1!(),!*&(4 -! )%<( 6%,!' !"#$%&

'& *"!)%,1!)&( '& *"-+2,6&( DE=FFG "!) /)/ 6/!/%/&(= >, (/+,%,)1"! '&( *"!)%,1!)&( &()

%&2,)1A&#&!) %,+1'& ,- A- '- !"#$%& '& *"!)%,1!)&( '& *"-+2,6&( A1"2/&( )%"-A/&(=

H&+&!',!)4 *"##& 2& !"#$%& '& *"!)%,1!)&( '& *"-+2,6&( DE=FFG &() )%<( 6%,!'4 2& )&#+(

'& (/+,%,)1"! %&+%/(&!)& &!)%& M &) FKQ '- )&#+( '& %/("2-)1"!= R& +2-(4 "! +&-) A"1%

0-& 2& !"#$%& '& !;-'( ',!( 23,%$%& '& $%,!*7&#&!)( &() %&2,)1A&#&!) 6%,!' +"-%

2&( 1!(),!*&( *"!)&!,!) +2-( '& FM /0-,)1"!( *"!'1)1"!!&22&(4 '& 23"%'%& '& +2-(1&-%(

#1221&%(=



 !" #$%&'()(% *+,$-./*0()&+ 123

n k NC TCsep No o/p CPU

 ! " #$%& ! '%( ")" !

 ! ' (*%( !%& (%$ ")" !%#

 ! * (&%# ! "%( ")" !%#

 !   ( !%& ( ")" !%(

 " " &+$%& !%# & %& ")"  %(

 " ' (&"%&  "$%$ ")" "%$

 " * +$(%& !%# +"%& ")" +%&

 "   "#$  " %( ")" "%(

 "  + (!!%(  %$ ""%( ")" (%#

&! " +""# ' #!( ")" ##%$

&! '  $!$(%$ "" & (+%( #)" $* %(

&! *  #$(#%& ""  ((&%# !)" #$*%&

&!    &#$'%$ "$%(  ##$%$ !)" #("%&

&!  +  (#!" $&%(  $$"%& !)" (#+%#

&" " +'## %$  & %# ##$$%# &)" &+&!%#

&" ' "(#!*%$ &#+%& '+((%$ !)" , -

&" * "'#*#%$ &" %# '#+# !)" , -

&"   "(  (%( &*(%& '+&# !)" , -

&"  + "##&$%( +& %$ '#(&%# !)" , -

+! " ( *!!%(  (*%( (+ '%&  )" +#!(%$

+! ' (!+!*%& &&"%( ('##%$ !)" , -

+! * (&((&%$ &(+%# ("!&%# !)" , -

+!   (!&!$ &*'%& ("' %& !)" , -

+!  + (!(""%( +++%( (#!(%$ !)" , -

+" " (# ($%#  *( ('(&%# !)" , -

+" ' (& &$%# &+!%& ( "( !)" , -

+" * (!*$& +! "*$'%& !)" , -

+"   (!&$+%( + "%& "*'!%# !)" , -

+"  + "*'&#%& +#+%$ "$"+%& !)" , -

#! " #'!$+ &!(%$ #*&+%( !)" , -

#! ' "'+!$%$ +##%& "("(%# !)" , -

#! * ""'+'%( #!!%& "" &%# !)" , -

#!   "##'$ #&&%& "#&!%# !)" , -

#!  + "+#'*%# #'*%& "+#(%$ !)" , -

 !"#$ ". / 01234565 7839 4:64;89<5-=> 35<4<26?5 4>2 @8?596<?5>2 A> @83746;>2.
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 !"# $%%!&# '(#!)*$+# ,!+) %-+*.$/0 '1# /!&0)$+&01# '1 /!".%$21# 3 '!*+&$&/1 *$4+5

*$%16

7$ 0$8%1 96: '!&&1 %1# )(#"%0$0# 14.()+*1&0$"4 !801&"# .$) %-$%2!)+0;*1 '1 /!".1# 10
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n k NCDM TCsep No o/p CPU

 ! "  !#$ ! %#$ "&" !

 ! ' ' ! (#) "&" !

 ! * %#% ! + "&" !

 !   %#) ! + "&" !

 " "  !#+ ! %#% "&" !

 " ' $#$ ! +#$ "&" !

 " * % ! + "&" !#+

 "   % ! + "&" !

 "  ( % ! + "&" !

+! " (+$#+  #+  ++#% "&" (#$

+! '  +'  #+ +$#$ "&" +

+! *  "#+ ! "#) "&" !#+

+!   '#% ! +#% "&" !

+!  ( " !#+ +#$ "&" !#+

+" " $)#% !#) ($#% "&"  #$

+" ' ()#% !#+   #+ "&"  

+" * *#+ !#+ (#) "&"  

+"   " ! +#$ "&" !#)

+"  ( )#+ ! +#$ "&" !#$

(! " ')) #% ($ +'$) (&"  "+#+

(! ' $* !#% +!#% "&"  #)

(! * ++#% ! )#% "&" !#%

(!   )#) !#+ +#$ "&" !

(!  ( % !#+ + "&" !#+

(" " $%++#+ "!#$ +  $ %&" +  

(" '  !+!#% '#$ +)+#% "&" + #$

(" *  (#$ !#% '#+ "&" !#$

("     !#+ % "&" !#%

("  ( "#+ !#+ +#$ "&" !#%

%! " +*+ +#) +'+#+ *(!'#) +&"  )+"#%

%! ' +(#% !#)  %#$ "&"  #%

%! * $ ! +#$ "&"  

%!   "#$ ! +#$ "&"  

%!  ( % ! + "&" !#)
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n k NCDM NCP TCsep No o/p CPU

 ! " !#$ %#& ! !#$ "'" !

 ! ( ! %#% !  #) "'" !

 ! * ! $ ! ! "'" !

 !   ! $ ! ! "'" !

 " " !#$  " !#&  #) "'" !#&

 " ( ! "#% ! ! "'" !

 " * ! $ ! ! "'" !

 "   ! $ ! ! "'" !

 "  + ! $ ! ! "'" !

&! " !  !+#) !#&   #) "'" !#)

&! ( !#&  + !#$ &&#% "'"  #&

&! * !  %#$ !  ! "'" !#&

&!   ! " ! ! "'" !

&!  + ! "#) ! !#$ "'" !

&" " ! ))#$ !  ! "'" !#&

&" ( ! +(#% !#& %#% "'" !#&

&" * ! *#$ ! !#% "'" !

&"   ! "#) !#& !#$ "'" !#&

&"  + ! "#) ! !#$ "'" !

+! " !#) & !+#% *#%  "!#% "'"  *#&

+! ( ! "$ !#) ) "'" !#%

+! *   +#$ ! +#& "'" !#$

+!   ! "#) ! !#$ "'" !

+!  + ! $ ! ! "'" !

+" " ! +$*+(#&  &* +(+) $'" )!)#&

+" ( !  (++#$ ( &&*#& "'" &!#$

+" * !  "#& !  #) "'" !

+"   ! (#) ! !#$ "'" !#&

+"  + ! "#) !#& !#$ "'" !#&

$! " !  " !*#) *(#) *&)#$ $'" &+(#&

$! ( ! )%#& !#$  &#$ "'"  #$

$! * ! "#% !#& !#$ "'" !#&

$!   ! "#) ! !#$ "'" !

$!  + ! $ !#& ! "'" !#)
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n k NCDM N2CP NCP TCsep T2CP No o/p CPU

 ! " !#$ !#% &#' !#' ! !#% "(" !#'

 ! ) !  #' %#% ! !  #& "(" !

 ! * !  $ ! ! ! "(" !#'

 !   !  #' $ ! ! ! "(" !

 " " !#% !#%   #& ! !  #& "(" !

 " ) !  #' "#% ! ! ! "(" !

 " * !  $ ! ! ! "(" !

 "   !  $ ! ! ! "(" !

 "  + ! !#% $ ! ! ! "(" !

'! " ! &#%  *%#$ !#& ! +$ "("  #$

'! ) !#% $#' ')%  #' ! ""#' "(" +

'! * ! '#$  '#$ ! !  #& "(" !#'

'!   !  #% " !#' ! ! "(" !#'

'!  + !  "#& ! ! !#$ "(" !#'

'" " !  #$ $* !#' ! & "(" !#'

'" ) ! '#% ++#$ ! ! &#% "(" !#$

'" * !  #$ *#$ ! ! !#% "(" !#'

'"   !  $ ! ! ! "(" !

'"  + !  "#& ! ! !#$ "(" !

+! " !  #% '*#$ ! ! ' "(" !#'

+! ) !#' $#% ) #% !#' !   #& "("  

+! *  #' $  +#% !#' ! '#$ "(" !#&

+!   !  "#& ! ! !#$ "(" !#'

+!  + !  $ ! ! ! "(" !#'

+" " ' &#'  +% #' )#' !  $)#' "("  +#'

+" ) ! $  ""!#& &#% !  *%#% "("  &

+" * !   "#' ! !  #& "(" !#$

+"   ! +#' *#& !#' ! !#$ "(" !#&

+"  + !  $ ! ! ! "(" !#'

$! " ! '#%  %!#&  #% ! +"#' "(" '#$

$! ) !  #' &%#' !#% !  '#$ "("  #'

$! * !  #' "#% ! ! !#$ "(" !#$

$!   !  "#& ! ! !#$ "(" !#$

$!  + !  $ ! ! ! "(" !#'
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')( 5H7:9>$C6 I$CD>9>$CCA88A62 LC ;A@:;H7A H7A 9$79A6 8A6 >C69:CIA6 &$665D:C9 0((

5H7:9>$C6 I$CD>9>$CCA88A6 $C9 595 ;56$87A6 M 8<$&9>@7@2 #$76 &$7J$C6 AC D5D7>;A H7A

8: DAC6>95 N$7A 7C ;$8A D:C6 8: D>OI7895 DA ;56$879>$C DA6 >C69:CIA62 PA &876* C$76

D5D7>6$C6 H7A 8A C$@G;A D<5H7:9>$C6 I$CD>9>$CCA88A6 C<A69 &:6 7C I;>9E;A 67O6:C9 &$7;

D5BC>; 8: D>OI7895 DA ;56$879>$C DA6 >C69:CIA62

#$76 :J$C6 I?A;I?5 7C :79;A &:;:@E9;A &A;@A99:C9 D<AQ&8>H7A; IA6 ;56789:962 !$7;

IA8:* C$76 :J$C6 79>8>65 7C 6AI$CD =5C5;:9A7; D<>C69:CIA6 :85:9$>;A62  A =5C5;:9A7;

&A;@A9 DA R:>;A J:;>A; 7C &:;:@E9;A D>S5;AC9 DA 8: 9:>88A DA 8<>C69:CIA A9 DA 8: DAC6>95

D7 =;:&?A2

 !"!"!# $%&%'()&* ν(H∅)

#$76 :88$C6 D5BC>; D:C6 IA99A 6AI9>$C 7C :79;A &:;:@E9;A &A;@A99:C9 DA D$CCA; DA6

>CR$;@:9>$C6 67; 8: D>OI7895 DA ;56$879>$C DA6 >C69:CIA62  A &:;:@E9;A I$;;A6&$CD M 8:
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 !"#$%!&$'( #)  *)+&!,- #- '!$&&- .!/$.). #!%0 &- ,"!+1- G′ = (U ∪ V,Etf )2 G′ -0' &-

,"!+1- !00* $( 3 &4-%0-.5&- 6$#-2 7-''-  !"#$%!&$'(  *""-0+*%#0 !&*"0 3 ν(H∅)2

 !"#$%&'%() *!" %)"'+)#!" '!"',!"

8*)0 !6*%0 ,(%("( #4!)'"-0 $%0'!% -0 !&(!'*$"-0 !9% #- '-0'-" %*'"- !&,*"$'1.- #-

 *)+-0 -' 5"!% 1-.-%'02 7-0 $%0'!% -0 !&(!'*$"-0 #) :;<;7: 0*%' #(9%$-0 +!" &- '"$+&-'

(G,Uc, π) *= G = (U∪V,E) -0' )% ,"!+1- 5$+!"'$> Uc ⊆ U -' π = {Et
u, E

f
u , E

tf
u : u ∈ U}

-0' )%- +!"'$'$*% #- E2 ?- ,(%("!'-)" @)- %*)0 !&&*%0 +"(0-%'-" ,(%A"- #-0 $%0'!% -0 @)$

"-0+- '-%' '*)B*)"0 &-0  *%#$'$*%0 C$DEC$$$D2 8*)0 "-0+- '*%0 !)00$ )%- !)'"-  *%#$'$*% F

C$6D &-0 0*..-'0 #- U 0*%'  *)6-"'0 +!" !) .*$%0 )%- !"G'- 6"!$-HI!)00-2

7-''-  *%#$'$*% %*)0 +-".-' #- ,(%("-" +&)0 I! $&-.-%' %*0 ,"!+1-02

8*)0 !6*%0 +"*+*0( )% ,(%("!'-)" #4$%0'!% -0 !&(!'*$"-0 +-".-''!%' #- 6("$9-" &-0

 *%#$'$*%0 C$DEC$6D2 8*'"- ,(%("!'-)"  *%0'")$' )% ,"!+1- 5$+!"'$ G = (U ∪ V,E) +*0E

0(#!%' &- 5*% %*.5"- #- 0*..-'0 -'  *%'-%!%' &-0 !"G'-0 Etf
6("$9!%' &-0  *%#$'$*%0

C$D -' C$6D -' '-& @)- +*)" '*)' 0*..-' u ∈ U > δ(u) = 52 J%0)$'-> +*)"  1!@)- 0*..-'

u ∈ Uc> *% !B*)'- )%- !"G'- 6"!$- uv ∈ Et
u -' )%- !"G'- I!)00- uv′ ∈ Ef

u > *= &-0 0*..-'0

v -' v′ 0*%' ,(%("(0 #- .!%$A"- !&(!'*$"- -' 6("$9!%' &!  *%#$'$*% C$$$D2 J%9%> *% !B*)'-

&-0 !"G'-0 6"!$-0 *) I!)00-0> !9% @)4$& K !$' LM !"G'-0 $% $#-%'-0 +*)"  1!@)- 0*..-'

u ∈ Uc> '*)' -% 6("$9!%' '*)B*)"0 &!  *%#$'$*% C$$$D2

N%- $%0'!% - !&(!'*$"- -0' #(9%$- +!" &- %*.5"- #- 0*..-'0 #) ,"!+1- 5$+!"'$ !$%0$

@)- &!  !"#$%!&$'( #)  *)+&!,- .!/$.). #!%0 &- 0*)0E,"!+1-  *)6"!%'  *.+*0( )%$@)-E

.-%' #-0 !"G'-0 6"!$-0HI!)00-0 G′ = (U ∪ V,Etf )2 O!%0 %*'"- ,(%("!'-)"> %*)0 !6*%0

9/( &- %*.5"- #4!"G'-0 $% $#-%'-0 3  1!@)- 0*..-' #- &4-%0-.5&- U > !9% #- %- +!0

+-"')"5-" %*'"- !%!&K0-2 8*)0  *%0$#("*%0 P !"G'-0 6"!$-0HI!)00-0 -' P !"G'-0 6"!$-0 *)

I!)00-0 $% $#-%'-0 3  1!@)- 0*..-' u ∈ Uc -' )%$@)-.-%' P !"G'-0 6"!$-0HI!)00-0 3

 1!@)- 0*..-' u ∈ U \Uc2 ?-0 ,"!+1-0 5$+!"'$0 ,(%("(0  *%'$-%%-%' -%'"- LPM -' LQMM

0*..-'0 !++!"'-%!%' 3 Uc C *""-0+*%#!%' !)/ (@)!'$*%0  *%#$'$*%%-&&-0D2 ?- %*.5"-

#- 0*..-'0 !++!"'-%!%' 3 U \ Uc C *""-0+*%#!%' !)/ (@)!'$*%0 %*%  *%#$'$*%%-&&-0D

-0' '*)B*)"0 (,!& 3 P2 8*)0 *5'-%*%0 #*% #-0 ,"!+1-0  *%'-%!%' -%'"- QLM -' RSLM 0*.E

.-'02 :*)"  1!@)- '!$&&- #4$%0'!% -0> %*)0 !6*%0 '-0'( #$/ $%0'!% -02 8*)0  *%0$#("*%0

&-0 .*K-%%-0 #-0 "(0)&'!'0 *5'-%)0 +*)"  -0 #$/ $%0'!% -02

8*)0 )'$&$0*%0 &! 6!"$!%'- #- %*'"- !&,*"$'1.- #-  *)+-0 -' 5"!% 1-.-%'0 @)$ )'$&$0-

&-0  *%'"!$%'-0 #-  *)+&!,-0 3 #*.$%!% - .!/$.!&->  *)+&!,- +"* 1-0 -' RE *)+&!,-02



  ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

n NCDM N2CP NCP T2CP TCsep No o/p CPU

 !" "  #$% &"&$% '$  '$# &$#  "( " &!

 )! " '*$ !'"$+ *$' '"$% )  "( " %'$*

'"" " &#$%     $%  ' #!$!  %$&  "( " '! $*

''! "  "$& '  $# '$'  ! '$%  "( " #*$+

'!" " *"$# ))&$& +$' &%$! %$%  "( " '*+$#

')! " '!$+ ! +$ %$' & $% #$%  "( " '* 

*"" " '*$) #**$& + !'$) )$#  "( " '#&$+

*'! "  '$) '#&$! *$% '!$' '$%  "( "  #+$'

*!" " & $% +*"$  !$#   "   $'  "( " #*#$#

*)! " *'$+ ))!  )$ +'$% +$%  "( " !!%$#

&"" " )$%  +!$# &$) ')$& '  "( "  )!$#

&'! " ''$% !"+$%   $* )&$# !$%  "( " !*"$+

&!" "  !$+ & * +$ #'$& &$&  "( " &'*$&

&)! " '*$)! &#*  *$)! +" !$!  "( " #+%

+"" " ''$% #*"$! '#"#$) * '$* #$%  "( " '+*&$+

 """ "  %$ !&"$) '#!%$) **&$) !$%  "( " *" '$+

  "" " &'$  '))$% %)&"$ +#)$*  *$# +( " +)*%$*

 '"" " *)$* +#'$' %+  $ %%+$' %$& %( " +%'+$&

 *"" "  +$! ## $'  '"%+$+ )"'$+ &$% +( "  '% %$!

 !"#$ !,# - ./012343 5617 2842967:3;<= >= ?615=0 =3 @74A?;=<=A30 4B=? ν(H∅) =

|Uc| − 10

 !"#$%&%" '(%)*#"

C610 4B6A0 3=03/ A637= 42967:3;<= 017 376:0 0/7:=0 >8:A034A?=0 3=22=0 D1= ν(H∅) =

|Uc| − 10$ ν(H∅) = |Uc| − 20 =3 ν(H∅) = |Uc| − 25$ 6E M tf
7=57/0=A3= 2= ?615249=

<4F:<1< ?6A3=A4A3 1A:D1=<=A3 >=0 47G3=0 B74:=0(H4100=0,

C60 7/0123430 =F5/7:<=A341F 06A3 7=5673/0 >4A0 2=0 34@2=0 01:B4A3=0, I=0 >:J/7=A3=0

?626AA=0 >= ?=0 34@2=0 06A3 >6AA/=0 >4A0 24 0=?3:6A !,*,',',

K617 ?;4D1= 34:22= >8:A034A?=0$ A610 4B6A0 3=03/ >:F :A034A?=0, C610 ?6A0:>/76A0 2=0

<6L=AA=0 >=0 7/0123430 6@3=A10 5617 ?=0 >:F :A034A?=0, C610 4B6A0 MF/ 2= 3=<50 <4F:N

<1< >= 7/06213:6A O ?:AD ;=17=0,
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n NCDM N2CP NCP T2CP TCsep No o/p CPU

 !" " #!$%# & '(!%  #$"%$#   &!%) !")%(  "* " #$#&%+

 $! " &)&%+ )")&#%' ##&+%('  $(!%) !(+%(  "* " )!()% 

#"" " #'+%& &##"(%$  (('%$#  '' %$ !&&% (* " ) !$%'

##! " &&!%( &$ ($%+ &# $%'+ ##(#%+ !+&%'  "* " '& )%(

#!" " #(#%# &)) $%' & "$%$' #)!$%# !))%(  "* " '&) %(

#$! " ##'%+ #'&)'%$ #+(#%) # #(%( ) )  "* " !$)!%)

&"" " # ) #'$##%# &&)#%(' #)'&%( )# %'  "* " '')#%'

&#! " #)!%+ &  ")%& )&!&%#+ & !$%& !"'%$  "* " +!(+%(

&!" " #$&%' &!"& %# !$##%$# &('#%$ !+&%+  "* "     '% 

&$! " #( &)+(+%# '!+'%) )&&$%' !!&% (* "  #!$"%'

)"" " ##&%$ #$!+ %$ !!)&%#+ &'#"% &(+%&  "* "  "!)(%#

)#! " #&(%) &"+#'%' $#+#%) )&('%& )$'%# +* "  &)((%&

)!" " #"(%' #' ()%$ ')$'%$ )"&$%+ &(+%+ +* "  # &&%$

)$! " #'&% #("$$%+ ++)+ )++(%# )#$%' )* "  !()(%#

 !"#$ !,$ - ./012343 5617 2842967:3;<= >= ?615=0 =3 @74A?;=<=A30 4B=? ν(H∅) =

|Uc| − 20

C4 34@2= !,' 7455673= 2=0 7/0123430 6@3=A10 2670D1= 2=0 :A034A?=0 6A3 /3/ 9/A/7/=0 4B=?

ν(H∅) = |Uc| − 10, C=0 7/0123430 =E5/7:<=A341E >6AA/0 547 24 34@2= !,' <6A37=A3 D1=

?=0 :A034A?=0 06A3 F4?:2=0 G 7/061>7=, HA =I=3% =A <6J=AA=% 2= A6<@7= >= AK1>0 >4A0

2847@7= >= @74A?;=<=A30 =03 :AF/7:=17 G #", L= 5210% 2842967:3;<= 9/AM7= 7=243:B=<=A3

5=1 >= ?6A374:A3=0 5617 3761B=7 28653:<1<,

C4 34@2= !,$ 7455673= 2=0 7/0123430 6@3=A10 2670D1= 2=0 :A034A?=0 6A3 /3/ 9/A/7/=0

4B=? ν(H∅) = |Uc| − 20, C=0 7/0123430 =E5/7:<=A341E >6AA/0 547 24 34@2= !,$ <6A37=A3

D1= A637= 42967:3;<= 7/0613 24 5215473 >=0 :A034A?=0 ?6A3=A4A3 41 5210 450 /D143:6A0

?6A>:3:6AA=22=0 /A67</<=A3, N47 ?6A37=% 0=12=0 2=0 :A034A?=0 4B=? n = 150 06A3 7/0621=0

=A <6:A0 >81A= ;=17=, OA 7=<47D1= D1= A610 4B6A0 =A <6J=AA= !"" AK1>0 >4A0 2847@7=

>= @74A?;=<=A3 D1=22= D1= 06:3 2=0 34:22=0 >8:A034A?=0 D1= A610 4B6A0 3=03/=0, L= <P<=%

2= A6<@7= >= ?6A374:A3=0 9/A/7/=0 =03 =A <6J=AA= G 5=1 57M0 2= <P<= D1=22= D1= 06:3

28:A034A?= 3=03/= ?6A0:>/7/=, OA 5=13 =A >/>1:7= D1= 24 >:Q?123/ 5617 7/061>7= 1A

0J03M<= A= >/5=A> 540 0=12=<=A3 >= 24 34:22= >= 28:A034A?=,



  ! "#$%&'()*+ ,+ -%./+0 +( 1&23-)+*+3(0 /%.& #+ 456574

n NCDM N2CP NCP T2CP TCsep No o/p CPU

 !" "  # $% & !'(% #)!$& !(%!$% '*(*$& "+ " ,!-

 *! "  %!$'  !' &&$( )*($& %#)"$* &()!$( &+ "  %)& $'

&"" "  *'  * ! %$!   #"$*! ((&!$! &#&( "+ " ,!-

 !"#$ !.) / 01234565 7839 4:64;89<5-=> ?> @837>2 >5 A96B@->=>B52 6C>@ ν(H∅) =

|Uc| − 25

D6 56A4> !.) 9677895> 4>2 912345652 8A5>B32 4892E3> 4>2 <B256B@>2 8B5 151 ;1B191>2 6C>@

ν(H∅) = |Uc| − 25. D>2 912345652 >F719<=>B563F ?8BB12 769 46 56A4> !.) =8B59>B5 E3:<4

>25 59G2 ?<H@<4> ?> 91283?9> @>2 <B256B@>2. I>@< @8BJ9=> E3> 46 ?<H@3451 7839 91283?9>

3B> <B256B@> ?17>B? 6322< ?> ν(H∅).

 !" #$%&'()*$%

K832 6C8B2 7912>B51 ?6B2 @> @-67<59> ?>2 64;89<5-=>2 >F6@52 >5 ->39<25<E3>2 7839 46

2176965<8B ?> 46 7437695 ?>2 @8B596<B5>2 7912>B51>2 ?6B2 4>2 @-67<59>2 791@1?>B52. L9M@>

N @>2 64;89<5-=>2$ B832 6C8B2 ?1C>48771 3B 64;89<5-=> ?> @837>2 >5 A96B@->=>B52 7>9O

=>556B5 ?> 91283?9> 4> PQLQIP. K832 6C8B2 5>251 4:>H@6@<51 ?>2 ?<R19>B5>2 S6=<44>2

?:<B1;64<512 35<4<21>2 7839 9>BS89@>9 46 9>46F65<8B 4<B16<9>. T>2 <B256B@>2 @8B5>B6B5 U32O

E3:N  '"" 1E365<8B2 ?<R19>B5<>44>2 @8B?<5<8BB>44>2 8B5 6<B2< 73 V59> 912843>2 ;9M@> N @>5

64;89<5-=> ?> @837>2 >5 A96B@->=>B52.

WB> 153?> 67798S8B?<> ?>2 <B256B@>2 ?<H@<4>2 N 91283?9> 783996<5 B832 7>9=>559>

?> 5983C>9 ?> B83C>44>2 @8B596<B5>2 B832 7>9=>556B5 ?> 91283?9> 7432 S6@<4>=>B5 @>2

<B256B@>2.



 !"#$%&' (

)*"+,-' -%&./%.&'++' 0'- -,-%12'-

"+345&670$84&'*%$'+- /6*0$%$6**'+-

$25&$9.4-

 !"# $% $&!'()*%+ ",-# '*.#%"),"# /0!1,*/ -"% %2)%"#(," /%# 34 5 6,*#7-0-"% %7-!8

)(," /(9.*%")(%66% $,"/()(,""%66% %#) !##,$(.% : '6-#(%-*# $,"/()(,"#; <,-# '*.#%"),"#

%"#-()% 6% '*,16=>% /% 60!"!6?#% #)*-$)-*%66% ',-* /% )%6# #?#)=>%# %) /,"","# -"%

@,*>-6!)(," /% $% '*,16=>% %" )%*>%# /% A*!'&%#; <,-# '*.#%"),"# B"!6%>%") -"%

@,*>-6!)(," /- '*,16=>% : 60!(/% /0-" '*,A*!>>% 6(".!(*% %" ",>1*%# %")(%*#;

 !" #$%&'()% *+,-./01234-/)5&3)+% 60523&3055)+% 3(1

./378-% )& *5*+$%) %&/86&8/)++)

 !"# $%))% #%$)(,"+ ",-# '*.#%"),"# 6%# #?#)=>%# !6A.1*,8/(9.*%")(%6# $,"/()(,""%6#

(>1*(7-.#; 5%# #?#)=>%# #,") -"% A.".*!6(#!)(," /%# 34 5; C6# '%*>%))%") /% '*%"/*%

%" $,>')% /%# #?#)=>%# '6-# $,>'6%2%# ,D '6-#(%-*# $,"/()(,"# '%-E%") F)*% !##,$(.%#

: -"% .7-!)(," $,"/()(,""%66% %) $%*)!("%# (>'6($!)(,"# 6,A(7-% %")*% 6%# $,"/()(,"# #,")

$,"#(/.*.%#;

G"%  !"#$%&' (%) *+'$%+,,+ -&'(%$%&''+,,+ %./*%!" + HI 5CJ %#) -"% .7-!)(," /,")

6! E!6%-* /.'%"/ /0-"% ,- '6-#(%-*# $,"/()(,"#; G" %2%>'6% /0I 5C %#) /,"". '!*

60.7-!)(," #-(E!")% K



 !" #$%&'() (*+,-*,+)&&) .)( ('(*/0)( %&123+45.672+)$*6)&( -4$.6*64$$)&( 603+68,2(

eq1 :  ! a > 0 "#$%&

'()*

 ! b > 0

'()* 0 = ẋ2,

)+,) 0 = 3x1,

)+,)

 ! c > 0

'()* 0 = 3x3 + ẋ2,

)+,) 0 = x4.

-./012' 3* "#$%& ),' 2,,34 /) 215 6 43*7 ' 3*, a > 08 b > 0 )' c > 0$ 91 :2*' +), :2+)1;,

":;2 ), 31 !21,,),& 7) 4), 43*7 ' 3*,8 +./012' 3* "#$%& </*=;) 7 >/;)*'), /012' 3*, *3*?

43*7 ' 3**)++),$ @ *, 8 , +), 43*7 ' 3*, a > 0 )' b > 0 ,3*' :;2 ),8 +./012' 3* "#$%&

43;;),A3*7 2+3;, B +./012' 3*

0 = ẋ2.

9 +2 43*7 ' 3* a > 0 ),' !21,,) )' +2 43*7 ' 3* c > 0 ),' :;2 )8 2+3;, "#$%& ),' /01 :2?

+)*') B

0 = 3x3 + ẋ2.

-), /012' 3*, 7 >/;)*' )++), 43*7 ' 3**)++),  CD; 01/), </*/;2+ ,)*' 73*4 +), EFG$

H'2*' 73**/) 1*) EFGI8 3* 2AA)++)  !"#$ $%&' ()*+, $%&' '31') :2+)1; :;2 ) 31 !21,,)

7.1*) A2;' ) "31 +2 '3'2+ '/& 7), 43*7 ' 3*, 2,,34 /), B +./012' 3* A);C)''2*' 7) 7/J* ;

+2 :2+)1; 7) 4)'') /012' 3*$ @ *, 8 A31; +./012' 3* "#$%&8 +.2>)4'2' 3* a > 0 :;2 )' b > 0

!215 ),' 1*) 2>)4'2' 3* 7./012' 3*$ K*) 2>)4'2' 3* 7), 43*7 ' 3*, ),' ;)A;/,)*'/) A2;

1* )*,)CD+) 7) 43*7 ' 3*, A);C)''2*' 7) 7/J* ; , +), 43*7 ' 3*, ,3*' :;2 ), 31 !21,,),$

@ *, 8 {a > 0, b ≤ 0} 43;;),A3*7 B +.2>)4'2' 3* 7./012' 3* a > 0 :;2 )' b > 0 !215$

92*, A);') 7) </*/;2+ '/8 3* ,1AA3,) 01) 4(201) 2>)4'2' 3* 7.1*) EFGI </*=;) 1*)

1* 01) /012' 3* *3*?43*7 ' 3**)++)$ F2*, +) 42, 43*';2 ;)8  + ),' A3,, D+) 7) ;//4; ;)



 !" #$%&'()% *+,-./01234-/)5&3)+% 60523&3055)+% 3(./378-% )& *5*+$%) %&/86&8/)++) "9"

 !"#$% &' ( )*+&),* "#$%- ./0.)'& 12'2,0'3 )'& )'+4)& 24)03+5'6 70, &8&9( &-  !"#$%

eq2 : +: d > 0 ;<6=>

3/&'

+: e > 0

3/&' 0 = 4x2 + ẋ1,

& *& 0 = x3,

+: f > 0

3/&' 0 = x1,

& *& 0 = x4 + x3,

& *&

0 = x1 + ẋ4 + 1,

0 = x4 + ẋ2 + 1.

(&)3 ?3,& ,&9( 0.2& (0,  &* = "#$%

eq′2 : +: d > 0 ;<6@>

3/&'

+: e > 0

3/&' 0 = 4x2 + ẋ1,

& *& 0 = x3,

& *&

0 = x1 + ẋ4 + 1,

eq′′2 : +: d > 0 ;<6A>

3/&'

+: f > 0

3/&' 0 = x1,

& *& 0 = x4 + x3,

& *&

0 = x4 + ẋ2 + 1.

B'  ! "#$% &'()*+,-./0)+%1"/%' 2,1./"/,11%' /$*+/34) ;CD#$%> &*3 )' CD# .59(5,E

30'3 F&* "#$%6 G& *H*3I9& F5''2 (0,  &* 24)03+5'* ;<6J>- ;<6@>- ;<6A> &3



 !! "#$%&'( ')*+,)+*(%%( -(' '&')./(' $%012*34-561*(#)5(%' ,3#-5)53##(%' 5/2*57+1'

eq3 :  ! a > 0 "#$%&

'()* 0 = 6ẋ1 + 2,

)+,) 0 = 3ẋ2 + x3 + 3 + x4,

eq4 : 0 = 6ẋ5 + x1 + 1, "#$#&

),' -* ).)/0+) 1) 23456$ 78'8*, "S5& 9) ,:,';/) 98/08,< 1) = >456 )' 1?-*)

)@-A' 8* *8* 98*1 ' 8**)++)$ B), 23456 C<*<DA+ ,)*' +), 2345 0D<,)*'<, 1A*, +) 9(AE

0 'D) F 0- ,@-) 9), 1)D* )D, ,8*' 1), 23456 1A*, +),@-)+, +), >456 ,8*' A,,89 <), G

-*) -* @-) 98*1 ' 8* )' 9(A@-) 98*1 ' 8* A00ADAH' 1A*, -*) ,)-+) <@-A' 8*$

I'A*' 18**< -* 23456J 8* *8') 0AD C = {C1, ..., Cm} +?)*,)/K+) 1), AL)9'A' 8*,

1?<@-A' 8*, 1), 1 L<D)*'), >456 1- ,:,';/)$ 5)' )*,)/K+) ),' A00)+<  !" #$% & "

'( )*'*+,!" &- "."*/# $ M* D)/AD@-) @-) +A 9AD1 *A+ '< 1) 9)' )*,)/K+) ),' 08+:*8E

/ A+) 0AD DA008D' G +A 'A ++) 1) +? *,'A*9) 0- ,@-?)++) ),'  *!<D )-D) 8- <CA+) A- *8/KD)

1?<@-A' 8*, *8*E98*1 ' 8**)++), 08-NA*' O'D) C<*<D<), 0AD +), >456 1- ,:,';/)$ >*

)L)'J  + *?: A 0A, 8K+ CA'8 D)/)*' <CA+ '< 0- ,@-) F >456 0)-N)*' AN8 D -*) /O/)

AL)9'A' 8* 1) 98*1 ' 8*,$

P8-D +) ,:,';/) (S5) 1<Q* 0D<9<1)//)*'J +?)*,)/K+) 1), AL)9'A' 8*, 1- ,:,';/)

),' 18**< 0AD R C1 = Sa > 0J b > 0TJ C2 =Sa > 0J b ≤ 0TJ C3 =Sa ≤ 0J c > 0TJ

C4 =Sa ≤ 0J c ≤ 0TJ C5 =Sd > 0J e > 0TJ C6 =Sd > 0J e ≤ 0TJ C7 =Sd > 0J f > 0TJ

C8 =Sd > 0J f ≤ 0TJ C9 ={d ≤ 0}J C10 ={a > 0} )' C11 ={a ≤ 0}$ U)/AD@-8*, @-)

+?AL)9'A' 8* 1?<@-A' 8*, C9 C<*;D) F <@-A' 8*, *8*E98*1 ' 8**)++),$ 5), 1)-. <@-A' 8*,

,8*' 18**<), 0AD +), >456 "#$V& )' "#$=&$

M* ,-008,) @-) +), 1 L<D)*'), 98*1 ' 8*, 1- ,:,';/) ,8*'  *1<0)*1A*'),$ 3 *, J 08-D

+) ,:,';/) (S5)J +), NA+)-D, 1), 98*1 ' 8*, a > 0J b > 0J c > 0J d > 0J e > 0 )' f > 0

,8*'  *1<0)*1A*'),$ 2 9)+A 0)-' ,)/K+)D D),'D 9' !J  + !A-' D)/AD@-)D @-) +), 98*1 ' 8*,

0)-N)*' O'D) 'D;, 98/0+).), )' 1<0)*1D) 1) *8/KD)-. 0ADA/;'D),$ 3 *, J 1)')D/ *)D

+),  /0+ 9A' 8*, +8C @-), )*'D) +), 1 L<D)*'), 98*1 ' 8*, ),' -* 0D8K+;/) 1 W9 +) @- 

*?)*'D) 0A, 1A*, +) 9A1D) 1- 'DANA + 1) 9)'') '(;,)$

X )* @-) +), 98*1 ' 8*, 1- ,:,';/) ,8 )*'  *1<0)*1A*'),J  + ). ,') 9)0)*1A*' 1),

 *98/0A' K + '<, +8C @-), )*'D) +), 1 L<D)*'), AL)9'A' 8*, 1- ,:,';/)$ Y ' 'D) 1?).)/0+)J

, +?8* 98*, 1;D) +), AL)9'A' 8*, C1 = {a > 0, b > 0} )' C11 = {a ≤ 0}J 9)++),E9 

 /0+ @-)*' @-) +A 98*1 ' 8* a > 0 ,8 ' G +A !8 , NDA ) )' !A-,,)J 9) @- *8-, 18**)

-*) 98*'DA1 9' 8*$ 4)-. AL)9'A' 8*, ,8*' 1 '), +!),#0'*+$% " , )++), 98*' )**)*' 1)-.

NA+)-D, 1 L<D)*'), 08-D -*) /O/) 98*1 ' 8*$ 4A*, +) 9A, 98*'DA D)J )++), ,8*' 1 '),



 !" #$%&'()% *+,-./01234-/)5&3)+% 60523&3055)+% 3(./378-% )& *5*+$%) %&/86&8/)++) "9:

 !"#$%&'()* !" #$%&'# ()&&% *#& %+,"%-('%./& ".0%1)#& #/'2# "#& *%342#/'#& (3#-'('%./&

*) &5&'6+# 7 '%'2# *8#$#+,"#9 &% "8./ -./&%*62# "#& (3#-'('%./& C1 = {a > 0, b > 0} #'

C10 = {a > 0}9 &% C1 #&' :42%;4# (".2& C10 "8#&' ()&&% 

<'(/' *.//4 )/ =>?@!9 /.)& (,,#"./& +%$% *) =>?@! )/# :("#)2 A:2(%# .) B()&&#C

*8)/# ,(2'%# .) '.'("%'4 *#& -./*%'%./& ,#2+#''(/' *# *4;/%2 "( :("#)2 *) &5&'6+# D.)2

"# &5&'6+# (S5)9 )/ 4'(' #&' ,(2 #$#+,"# *.//4 ,(2 a > 09 b > 09 d > 09 e > 0 #' f > 0

:2(%#& E# &5&'6+# %/*)%' ,(2 -#' 4'(' #&'

eq1 :0 = ẋ2, AF GC

eq′2 :0 = 4x2 + ẋ1, AF HC

eq′′2 :0 = x1, AF IC

eq3 :0 = 6ẋ1 + 2, AF JKC

eq4 :0 = 6ẋ5 + x1 + 1. AF JJC

L/ 2#+(21)# 1)# "( :("#)2 *# "( -./*%'%./ c > 0 /8#&' ,(& *4;/%# @#-% &8#$,"%1)# ,(2

"# B(%' 1)# "# &5&'6+# %/*)%' ,(2 "84'(' *4;/% ,24-4*#++#/' /# *4,#/* ,(& *# "( :("#)2

*# -#''# -./*%'%./ M/ #3#'9 "( :("#)2 *# "( -./*%'%./ c > 0 /8( *8%/N)#/-# 1)# &% "(

-./*%'%./ a > 0 #&' B()&&# @./'2(%2#+#/' () -(& /./ %+O2%1)49 -#2'(%/& &5&'6+#& /#

,#):#/' #$%&'#2 ,)%&1)8)/# +P+# -./*%'%./ ,#)' (,,(2(Q'2# *(/& ,")&%#)2& 41)('%./& 

>%/&%9 "# &5&'6+#

eq1 :0 = ẋ2, AF JRC

eq′2 :0 = 4x2 + ẋ1, AF JSC

eq′′2 :0 = x3, AF JTC

eq3 :0 = 3ẋ2 + x3 + 3 + x4, AF JUC

eq4 :0 = 6ẋ5 + x1 + 1. AF JFC

/8#&' ,(& ,.&&%O"# -(2 "841)('%./ AF JRC %+,"%1)# 1)# "( -./*%'%./ a > 0 &.%' :2(%# (".2&

1)# "841)('%./ AF JUC %+,"%1)# 1)# "841)('%./ a > 0 &.%' B()&&# 

V#+(21)./& 1)# "#& -./*%'%./& 1)% *4;/%&&#/' )/ 4'(' *) =>?@! &./' -.+,('%O"#&

-(2 /.)& (:./& %/*%1)4 1)# /.)& -./&%*42./& "#& -./*%'%./& *) &5&'6+# -.++# %/*4W

,#/*(/'#& 
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'%.//#"& %+O2%1)4&9 /.'4 ,(2 "( &)%'# ,-!'(.") /) (012$(3*) 4%-5 %5-)(() 6!2/&%&!22)(()

7"'-&85+) AD>=@!C9 -./&%&'# (".2& X :42%;#2 &% "#& &5&'6+#& %/*)%'& ,(2 '.)& "#& 4'('&

*) =>?@! &./' &'2)-')2#""#+#/' 240)"%#2& .) X '2.):#2 )/ 4'(' *./' "# &5&'6+# %/*)%'

#&' &'2)-')2#""#+#/' &%/0)"%#2 
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 ! "#$%"&'# &'# (#) *+%+) ,-'! ./012 3#'4#!+ 5+"# ,*6!7) %4#8 ,#) %9#8+%+7:!)

,' );)+<$#= 2( ; % *&'74%(#!8# #!+"# '! *+%+ ,' );)+<$# #+ '! ):')>#!)#$?(# Ce ⊆ C

,-%9#8+%+7:!) ,' );)+<$# 8:$3%+7?(#) #+ 8:!+#!%!+ '!# %9#8+%+7:! ,-*&'%+7:! 3:'"

+:'+# @012 ,' ./012= @! #9#+A 8:!)7,*":!) '! *+%+ ,' );)+<$#= B-#!)#$?(# Ce
A

:?+#!' #! 8:!)7,*"%!+ (-#!)#$?(# ,#) %9#8+%+7:!) ,# CA 4*"76%!+ (#) 4%(#'") ,:!!*)

3%" (-*+%+A 8:!+7#!+ '!7&'#$#!+ ,#) %9#8+%+7:!) 8:$3%+7?(#)= 0# 3(')A (-*+%+ ,*6!7+

3:'" 8C%&'# @012 '!# '!7&'# 4%(#'"= B#) 4%(#'") ,#) 8:!,7+7:!) ,:!!%!+ 8#++# 4%(#'"

8:""#)3:!,#!+ D '!# %9#8+%+7:! ,-*&'%+7:!=

1:!)7,*":!) $%7!+#!%!+ '! ):')>#!)#$?(# Ce ⊆ C ,-%9#8+%+7:!) ,' );)+<$# 8:$3%>

+7?(#) #+ 8:!+#!%!+ '!# %9#8+%+7:! ,-*&'%+7:! 3:'" +:'+# @012 ,' ./012= 1:$$# (#)

%9#8+%+7:!) ,# Ce
):!+ 8:$3%+7?(#)A 7( !-#E7)+# 3%) ,# 8:!,7+7:! %;%!+ 3:'" 4%(#'" 4"%7

#+ F%'E ,%!) ,#'E %9#8+%+7:!) ,# Ce
= 2( #)+ ,:!8 3:))7?(#A D 3%"+7" ,# Ce

A ,# ,*6!7" ,#)

4%(#'") 3:'" '! #!)#$?(# ,# 8:!,7+7:!) ,' );)+<$#= 0# 3(')A 8:$$# 3:'" 8C%&'# @012

,' ./012A 7( #E7)+# ,%!) Ce
'!# %9#8+%+7:! ,# 8#++# *&'%+7:!A (% 4%(#'" ,# (-*&'%+7:!

8:!,7+7:!!#((# #)+ ,:!8 ,*6!7#A 8# &'7 7$3(7&'# &'# (-#!)#$?(# ,# 4%(#'") ,#) 8:!,7+7:!)

8:""#)3:!, D '! *+%+ ,' );)+<$#= G +7+"# ,-#E#$3(#A (-*+%+ ,:!!* 3"*8*,#$$#!+ 3:'"

(# );)+<$# (S5) 8:""#)3:!, %' ):')>#!)#$?(# ,-%9#8+%+7:!) {C3, C9, C11}=
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0%!) 8#++# )#8+7:!A !:') F:"$'(:!) (# 3":?(<$# ,# (-%!%(;)# )+"'8+'"#((# ,#) ./012

8:$$# '! 3":?(<$# ,# H"%3C#)= I!# 7!)+%!8# ,# 8# ,#"!7#" #)+ %(:") ,*6!7# 3%" '!

H"%3C# ?73%"+7 G = (U ∪ V,E)A '! ):')>#!)#$?(# Uc ,# ):$$#+) ,# U A '!# 3%"+7+7:!

π ,# (-#!)#$?(# ,-%"5+# E #+ '! H"%3C# GI "#3"*)#!+%!+ (#) 7!8:$3%+7?7(7+*) #!+"#

(#) %9#8+%+7:!) ,#) 8:!,7+7:!) ,' );)+<$#= 1#++# 7!)+%!8# #)+ 8:!)+"'7+# D 3%"+7" ,-'!

./012= J:') $:!+":!) #!)'7+# &'# (# K/.12 #)+ *&'74%(#!+ D "#8C#"8C#" '! ):')>H"%3C#

,# G = (U ∪ V,E) )%!) 8:'3(%H# 3%"F%7+ #+ 4*"76%!+ 8#"+%7!#) 3":3"7*+*) ,*6!7#) 3%"

UcA π #+ GI =

J:') 3"*)#!+:!) $%7!+#!%!+ (% 8:!)+"'8+7:! ,' H"%3C# ?73%"+7 G = (U ∪ V,E)A ,'

):')>#!)#$?(# Uc ∈ U A ,# (% 3%"+7+7:! π ,# E #+ ,' H"%3C# GI D 3%"+7" ,-'! ./012=

1#++# 8:!)+"'8+7:! #)+ )7$7(%7"# D 8#((# ,:!!*# 3:'" '! ./01 !:! 7$?"7&'* L8F 1C%37+"#

MN= 1#3#!,%!+A ,%!) (# 8%) ,#) ./012A (# H"%3C# G 3#'+ 8:!+#!7" ,#) %"5+#) $'(+73(#)=

0# 3(')A '! ):$$#+ u ∈ U 3#'+ 5+"# 8:'4#"+ 3%" 3(') ,# M #!)#$?(#) ,-%"5+#) ,#

π= 1:!)7,*":!) '! ./012= G 8C%&'# 4%"7%?(# ,' ./012A :! %)):87# '! ):$$#+=  !

!:+# 3%" V (-#!)#$?(# ,# 8#) ):$$#+)= K:'" 8C%&'# *&'%+7:!A :! %)):87# '! ):$$#+

#+ :! !:+# 3%" U 8#+ #!)#$?(#=  ! !:+# 3%" Uc (-#!)#$?(# ,#) ):$$#+) ,# U %)):87*)
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 !" #$! %&'() *'(+&%&'((,--,) &./0&$!#,)1 2'&% u !( )'..,% $!,-*'($!, +, U 1 2& u ,)%

 ))'*&# 3 !(, #$! %&'( ('(4*'(+&%&'((,--,5  -'0) 6'!0 %'!% v ∈ V '(  7'!%, + () E !(,

 08%, uv )& - 9 0& /-,  ))'*&#,  ! )'..,% v  66 0 :% + () -;#$! %&'(  ))'*&#,  ! )'..,%

u1 2& u ,)%  ))'*&# 3 !(, #$! %&'( *'(+&%&'((,--, &./0&$!#,5  -'0) 6'!0 %'!% v ∈ V 5 '(

 7'!%, + () E !(,  08%, uv )& - 9 0& /-,  ))'*&#,  ! )'..,% v  66 0 :% + () %'!%,) -,)

#$! %&'() <#(#0#,) 6 0 -,) +&=#0,(%,)  =,*% %&'() +;#$! %&'() +, -;>?@A  ))'*&#,)  !

)'..,% u1 B'%'() Etf
u  !"#$"%& " '!()*+" (,#$, -&+"#."/ 0# #-+" Etf = ∪u∈UE

tf
u / 1-.)

+-.+" (2"3+(+,-# '!45.(+,-#$ Ci ∈ C6 -# (7-.+" '(#$ E .# "#$"%& " '!()*+"$ Ei '48#,

3-%%" $.,+/ 9#" ()*+" uv ∈ Ei :-.) +-.+ u ∈ Uc "+ :-.) +-.+ v ∈ V 6 $, uv /∈ Etf
"+

 ( ;(),(& " ($$-3,4" (. $-%%"+ v (::()(<+ '(#$  !45.(+,-# ($$-3,4 (. $-%%"+ u 5.(#'

 !(2"3+(+,-# Ci "$+ ;4),84"/ 0# )"%()5." 5.!"#+)" .# $-%%"+ u ∈ Uc "+ .# $-%%"+

v ∈ V 6 , :".+ "=,$+") '(#$ G : .$,".)$ ()*+"$ %. +,: "$ uv 3>(3.#" (::()+"#(#+ ?

.# "#$"%& " Ei, i = 1, ...,m ',24)"#+/ 1()  ( $.,+"6 -# #-+")( :() E  !"#$"%& " '"$

"#$"%& "$ '!()*+"$ Ei, i = 1, ...,m/ 0# ( ( -)$ E = {Ei : i = 1, ...,m}/ @( :()+,+,-# π

'" E "$+ ( -)$ 4A( " ? π = E ∪ {Etf}/

B-.$ )":)4$"#+-#$  "$ ,#3-%:(+,&, ,+4$ "#+)"  "$ (2"3+(+,-#$ '. $C$+D%" ?  !(,'" '.

A)(:>" GI = (VE , ET ) '48#, 3-%%" $.,+/ @!"#$"%& " '" $-%%"+$ VE "$+ 4A( ? VE =

{vE1
, ..., vEm

}/ E>(5." $-%%"+ vEi
, i = 1, ...,m "$+ ($$-3,4 ?  !"#$"%& " '!()*+"$ Ei/

1-.) i, j (::()+"#(#+ ? {1, ...,m}6 i 6= j6  !()*+" vEi
vEj

(::()+,"#+ ? ET $,  "$ (2"3+(+,-#$

Ci "+ Cj $-#+ ,#3-%:(+,& "$/ 0# )"%()5." 5.!, "=,$+" .#" ()*+" vEi
vEj

$, Ci "+ Cj $-#+

($$-3,4"$ ?  ( %*%" FGEH :.,$5." '(#$ 3" 3($6 "  "$ $-#+ ,#3-%:(+,& "$/

9#" ,#$+(#3" '. 1IJEH "# +")%"$ '" A)(:>"$ "$+ ( -)$ '-##4" :() (G,Uc, π, GI) -K

G = (U ∪ V,E) "$+ .# A)(:>" &,:()+,6 π = E ∪ {Etf} "$+ .#" :()+,+,-# '" E "+ GI "$+

 " A)(:>" '!,#3-%:(+,&, ,+4$ '48#, $.)  !"#$"%& " '"$ 4 4%"#+$ '" E /

B-.$ ,#+)-'.,$-#$ %(,#+"#(#+  ( #-+,-# '" A)(:>" ($$-3,4 ? .# $-.$L"#$"%& " '"

 !"#$"%& " E / M+(#+ '-##4 F ⊆ E 6 -# (::"  " A)(:>" ($$-3,4 ? F  " $-.$LA)(:>" '" G

'-#+  !"#$"%& " '"$ $-%%"+$ "$+ U ∪V "+  !"#$"%& " '"$ ()*+"$ "$+ 3-#$+,+.4 '"$ ()*+"$

;)(,"$NO(.$$"$ '" G (,#$, 5." '"$ ()*+"$ (::()+"#(#+ ? .# 4 4%"#+ '" F / @" A)(:>"

($$-3,4 ? F ⊆ E $")( :()  ( $.,+" #-+4 HF = (U ∪ V,EF)6 -K EF = Etf ∪ (∪F∈FF )/

B-.$ '48#,$$-#$ %(,#+"#(#+  " :)-& D%" ',+ :)-& D%" A4#4)( ,$4 1JPJE16 3-))"$L

:-#'(#+ ?  ( O-)%. (+,-# '. 1IJEH "# +")%"$ '" A)(:>"$/

 !"#$%$&# '()  !"#! $%##& '#( )#*!"#+( (G,Uc, π, GI) %, G = (U ∪ V,E)- Uc ⊆ U

(! π (*! '#( ."/!)!)%# $( E- 0( :)-& D%" A4#4)( ,$4 1JPJE1 1234525647 +%#*)*!( 8

$&!(/9)#(/ *:)0 (;)*!( '# *%'*3(#*(9<0( F ⊆ E !(0 ='(

1)7 .%'/ !%'! vEi
vEj

∈ GI - Ei /∈ F (!>%' Ej /∈ F -



 !" #$%&'() (*+,-*,+)&&) .)( ('(*/0)( %&123+45.672+)$*6)&( -4$.6*64$$)&( 603+68,2(

 !!" #$ %&'()$ HF *$ (+,,-.$ (', .$ /+0(#'%$ ('&1'!23

 !!!" #$ *+45&$ .$ ,+44$2, .$ Uc /+06$&2, ('& #$, '&72$, .$, 8#84$*2, .$ F $,2 4'9!:

404;

 ! " # $%&'(#!)*+) )*,-) ./01 ), !) 23.0201.4 5) 6#*'7-) 8!&9 8-$+'9): ;* 0/51 

)9, 9,-&+,&-)!!)6)*, 9'*<&!')- 9' ), 9)&!)6)*, 9' &*) 9=!&,'=* =8,'6#!) F >) 23.0201.

8=&- !?'*9,#*+) +=*9,-&',) @ 8#-,'- >& 0/51 )9, ,)!!) %&) !)9 #-A,)9 >)9 $!$6)*,9

>) F +=&(-)*, ,=&9 !)9 9=66),9 >) Uc4 B* )C),: 9&88=9=*9 %&?'! )D'9,) &*) 9=!&,'=*

F 9#,'9E#'9#*, !)9 +=*>','=*9 F'G3F'''G ,)!!) %&) ,=&9 !)9 9=66),9 >) Uc 9=*, +=&()-,9

8#- !)9 #-A,)9 >)9 $!$6)*,9 >) F 4 1=*9'>$-=*9 #!=-9 !) 9=&93)*9)6H!) >?#C)+,#,'=*9

>& 9"9,76) C ′ ⊂ C ,)! %&) Cj #88#-,')*, @ C ′ 9' ), 9)&!)6)*, 9' Ej ∈ F : 8=&- j ∈

{1, ...,m}4 1=66) '! )D'9,) >#*9 !) <-#8I) GI &*) #-A,) uv )*,-) >)&D 9=66),9 9'

!)9 >)&D #C)+,#,'=*9 #99=+'$)9 @ +)9 >)&D 9=66),9 9=*, '*+=68#,'H!)9: C ′ +=*,')*,

&*'%&)6)*, >)9 #C)+,#,'=*9 +=68#,'H!)9 8&'9%&) F ($-'J) !# +=*>','=* F'G4 1=66)

+I#%&) 9=66), u >) Uc )9, +=&()-, 8#- !)9 #-A,)9 >?&* $!$6)*, Ei ∈ F : '! )D'9,)

&*) #C)+,#,'=* >?$%&#,'=* Ci ∈ C 8=&- !?$%&#,'=* +=*>','=**)!!) #99=+'$) @ u4 5?#8-79

!?$%&'(#!)*+): >=**$) >#*9 !# 9)+,'=* 8-$+$>)*,): )*,-) &* 9=&93)*9)6H!) >?#C)+,#,'=*9

+=68#,'H!)9 +=*,)*#*, &*) #C)+,#,'=* >?$%&#,'=* 8=&- +I#%&) B51 >& 9"9,76) ),

&* $,#, >& 0/51 : +)!# '68!'%&) %&?'! )D'9,) &* $,#, >& 0/51 ,)! %&) !) <-#8I)

>?'*+'>)*+) >& 9"9,76) '*>&', 8#- +), $,#, +=--)98=*> #& <-#8I) HF 4 1=66) +) >)-*')-

*) +=*,')*, 8#9 >) +=&8!#<): !) 9"9,76) '*>&', 8#- +), $,#, )9, 9,-&+,&-)!!)6)*, 9'*<&!')-4

5) 6#*'7-) 9'6'!#'-): 9&88=9=*9 %&?'! )D'9,) &* $,#, >& 0/51 >=*, !) 9"9,76) '*3

>&', )9, 9,-&+,&-)!!)6)*, 9'*<&!')-4 K?$,#, '68!'%&) %&?'! )D'9,) &* 9=&93)*9)6H!) Ce

>?#C)+,#,'=*9 +=68#,'H!)9 +=*,)*#*, &*) #C)+,#,'=* >?$%&#,'=* 8=&- +I#%&) B51 >&

9"9,76)4 1=*9'>$-=*9 !?)*9)6H!) F ,)! %&) Ei ∈ F 9' Ci ∈ Ce
4 1=66) Ce

+=*,')*, &*)

#C)+,#,'=* >?$%&#,'=* 8=&- +I#%&) $%&#,'=* +=*>','=**)!!) >& 0/51 : >'9=*9 Ci: #!=-9

!) 9=66), u #99=+'$ @ +),,) $%&#,'=* +=*>','=**)!!) )9, +=&()-, >#*9 HF 8#- &*) #-A,)

>) !?)*9)6H!) Ei #99=+'$ @ Ci4 1=66) !) 9"9,76) '*>&', 8#- !?$,#, )9, 9,-&+,&-)!!)6)*,

9'*<&!')-: +)+' '68!'%&) %&) 9=* <-#8I) >?'*+'>)*+): +=--)98=*>#*, @ HF : *) +=*,')*,

8#9 >) +=&8!#<) 8#-E#',4 K?)*9)6H!) F ($-'J) #!=-9 !)9 8-=8-'$,$9 F'G3F'''G4 5) 8!&9: ,=&9

!)9 9=66),9 >) Uc 9=*, +=&()-,9 8#- >)9 #-A,)9 >)9 $!$6)*,9 >) F 4

L)6#-%&=*9 %&) !)9 '68!'+#,'=*9 9=*, -)98)+,$)94 B* )C),: 9=')*, Ej ∈ F ), &* )*3

9)6H!) >?#-A,)9 %&)!+=*%&) Ei: ,)! %&) Ci ⊂ Cj4 M=,=*9 8#- Ci !)9 #C)+,#,'=*9 >?$%&#3

,'=*9: ,)! %&) !)&-9 )*9)6H!)9 >?#-A,)9 #99=+'$9 ), !?)*9)6H!) >?#-A,)9 Ei 9=*, '*+'>)*,9

#& 6A6) 9=66),4 1=66) Ci )9, '*+=68#,'H!) #()+ !)9 $!$6)*,9 >) Ci: =* )* >$>&',

%&) Cj !?)9, #&99'4 1=66) !# 9=!&,'=* +=&(-) &* 6#D'6&6 >) 9=66),9 >) Uc: =* )*

>$>&', %&) !?)*9)6H!) Ei #88#-,')*, @ !# 9=!&,'=*4



 !" #$%&'()*+$, -' .%$/(0&1 1, *1%&12 -1 3%).412 5"6

 !"# $% &'&()*% (S5)+ $%& %,&%*-$%& ./0#1(%& Ek 2!##%&3!,.0,( 0"4 05%2(0(6!,& C1, ..., C11

&!,( E1 = {u1v2}+ E2 = {u1v1}+ E3 = {u1v3, u1v2}+ E4 = {u1v4}+ E5 = {u2v2, u2v1}+

E6 = {u2v3}+ E7 = {u3v1}+ E8 = {u3v4, u3v3}+ E9 = {u2v1, u2v4, u3v4, u3v2}+ E10 =

{u4v1} %( E11 = {u4v2, u4v3, u4v4}7 8!"& 09!,& 0"&&6 $/%,&%*-$% ./0#1(%& E
tf = {u5v1,

u5v5}7 :% ;#03<% 0&&!26= 0" &'&()*% (S5) %&( .!,,= 30# $0 >;"#% ?7@7 8!(!,& A"% $%&

&!**%(& u1+ u2+ u3+ u4 %( u5 2!##%&3!,.%,( #%&3%2(69%*%,( 0"4 =A"0(6!,& eq1+ eq
′
2+ eq

′′
2 +

eq3 %( eq47 8!(!,& 0"&&6 A"% $%& &!**%(& v1+ v2+ v3+ v4 %( v5 2!##%&3!,.%,( #%&3%2(69%B

*%,( 0"4 90#60-$%& x1+ x2+ x3+ x4 %( x57 :% ,!*-#% k &"# 2<0A"% 0#1(% 2!##%&3!,. C

$/6,.62% .% $/%,&%*-$% Ek 0"A"%$ 0330#(6%,( $/0#1(%7

 !"#$% ?7@ D E#03<% E 2!##%&3!,.0,( 0" &'&()*% (S5)7

F$ %&( G026$% .% 9!6# A"% 3!"# $/%4%*3$% .!,,= 30# $0 >;"#% ?7@+ $0 &!$"(6!, F =

{E1, E6, E7, E10} 2!##%&3!,. C ",% &!$"(6!, ." EB HEHI 7 I!**% (!"& $%& &!**%(&

.% Uc &!,( 2!"9%#(& 30# $%& 0#1(%& .%& =$=*%,(& .% F + $/=(0( 2!##%&3!,.0,( 0" &!"&B

%,&%*-$% ./05%2(0(6!,& {C1, C6, C7, C10} 6,."6( ", &'&()*% &(#"2("#%$$%*%,( &6,;"$6%#7



 !" #$%&'() (*+,-*,+)&&) .)( ('(*/0)( %&123+45.672+)$*6)&( -4$.6*64$$)&( 603+68,2(

 !" #$%&'()*+$, -$'- .$%&/ 01', 2%$3%)&&/ (+,4)+%/

/, ,$&5%/- /,*+/%-

 !"# $!%%!%# &'& "%( )!*+",-.&!% +-./0+-.&1"( $" 234525647 5!&. (G,Uc, E , GI)

"%( &%#.-%'( $" 234525647 5!&. x ∈ {0, 1}E .(, 1"(

xF =

{
1 #& F ∈ F ,

0 #&%!%8

9!"* .!". F ∈ E 7

4-* -:"# $( ,-%;-;(8 !% -99(,,( ;*-9/( -##!'&0 < x ,( ;*-9/( -##!'&0 < ,=(%#(+:,( $(

F &%$"&. 9-* x7 >- ?-,("* xEi
= 1 &+9,&1"( 1"( ,=-@('.-.&!% $=01"-.&!%# Ci (#. ?0*&A0(

(. $!%' 1"( ,=(%#(+:,( $=-*B.(# Ei (#. 9*0#(%. $-%# ,( ;*-9/( -##!'&0 < x7

>- '!%$&.&!% C&D $( ,- $0A%&.&!% E7F &%$&1"( 1"( #& vEi
vEj

∈ GI 8 -,!*# Ei /∈ F (.G!"

Ej /∈ F 7  !"# (% $0$"&#!%# ,- '!%.*-&%.(

xEi
+ xEj

≤ 1, vEi
vEj

∈ GI .

6!%#&$0*!%# "% '!"9,-;( 9-*)-&. M $( G7 5!&. x ∈ {0, 1}E #-.&#)-&#-%. xF = 1 #&

M ∩ F 6= ∅ 9!"* .!". F ⊂ E 7 H,!*# ,( ;*-9/( -##!'&0 < x '!%.&(%. "% '!"9,-;( 9-*)-&.7

 !.!%# FM = {F : F ∈ E (. F ∩M 6= ∅}7  !"# 9!"?!%# (% $0$"&*( ,- '!%.*-&%.( $(

'!"9,-;(# #"&?-%.( ∑

F∈FM

xF ≤ |FM | − 1.

4!"* .!". F ∈ E 8 !% %!.( 9-* wF ,( %!+:*( $( #!++(.# $( Uc '!"?(*.# 9-* ,=(%#(+:,(

$=-*B.(# F 7 I% - $!%' wF = |{u ∈ Uc : δ(u) ∩ F 6= ∅}|7 wF '!**(#9!%$ -" %!+:*(

$=01"-.&!%# -J-%. '!++( 0.-. ,=-@('.-.&!% $=01"-.&!%# -##!'&0( < F 7 H&%#&8 '!++( C9

(#. "%( $(# -@('.-.&!%# $=01"-.&!%# -##!'&0(# -"K 01"-.&!%# eq′2 (. eq
′′
2 8 !% (% $0$"&.

1"( wE9
= 27

>( 23452564 (#. -,!*# 01"&?-,(%. -" 9*!;*-++( ,&%0-&*( (% %!+:*(# (%.&(*# (P̂ )

#"&?-%.7



 !" #$%&'()*+$, -$'- .$%&/ 01', 2%$3%)&&/ (+,4)+%/ /, ,$&5%/- /,*+/%- 678

max
∑

F∈E

wFxF  !"#$%

∑

F∈FM

xF ≤ |FM | − 1, &'() *'(* M ∈M+  !"#,%

xEi
+ xEj

≤ 1, &'() *'(* vEi
vEj

∈ GI +  !"#-%

xF ≥ 0, &'() *'(* F ∈ E +  !"./%

xF ≤ 1, &'() *'(* F ∈ E +  !".#%

xF 01*20)3, &'() *'(* F ∈ E +  !"..%

'4 M 03* 5601307850 903 :'(&5;<03 &;)=;2*3"

>03 :'1*);21*03  !"#,% 3'1* 503  !"#$%&"#'( )'  !*+,%-'(" >03 21?<;52*?3  !"#-% 3'1* 503

 !"#$%&"#'( ).&" !/+%#&0&,&#1(" >03 :'1*);21*03  !"..% 3'1* 503  !"#$%&"#'( ).&"#1-$&#1"

>03 :'192*2'13  2% 0*  22% 90 5; 9?@12*2'1 !"# 3'1* A?)2@?03 <)B:0 ;(C :'1*);21*03  !"#,%

0*  !"#-%" D'() 7'1*)0) E(0 50 FGDHFHID 03* ?E(2A;501* ;( &)'<);770 (P̂ ) 25 1'(3

3(J* 90 7'1*)0) E(0 5; :'192*2'1  222% 03* )03&0:*?0" D'() :05;+ 25 3(J* 90 A'2) E(0 5;

A;50() 90 5; ='1:*2'1 '8K0:*2= :'))03&'19 ;( 1'78)0 90 3'770*3 90 Uc :'(A0)*3 &;) 903

;)L*03 903 ?5?701*3 90 F " M1 0N0*+ &;) 9?@12*2'1+ 90(C ;N0:*;*2'13 96?E(;*2'1 96(10

7L70 MOIP 3'1* 21:'7&;*28503+ :0 E(2 27&52E(0 E(0 90(C 013078503 90 E 10 &0(A01*

&;3 :'(A)2) (1 7L70 3'770* 90 Uc" >; 9?@12*2'1 903 &'293 wF + F ∈ E + 27&52E(0 5;

:'))03&'19;1:0"

Q1 HROIP 03* 3*)(:*()0550701* 321<(520) 32 5; 3'5(*2'1 '&*27;50 x∗ &'33S90 (1 &'293

90 |Uc|+ 321'1 50 3T3*S70 03* 3*)(:*()0550701* )?<(520)"

>; =')7(5;*2'1 (P̂ ) 03* (10 <?1?);523;*2'1 90 5; =')7(5;*2'1 (P ) 9( :U;&2*)0 V" W07;)G

E('13 E(0 503 :'1*);21*03 90 3;*23@;8252*?3 90 5; =')7(5;*2'1 (P ) 3'1* (1 :;3 &;)*2:(520)

903 :'1*);21*03  !"#-%" M5503 :'))03&'1901* ;( :;3 &;)*2:(520) '4 503 ;)L*03 9( <);&U0

GI =')701* (1 :'(&5;<0 &;)=;2*+ 503 0C*)?72*?3 90 :U;E(0 ;)L*0 vEi
vEj

9( :'(&5;<0

&;)=;2* :'))03&'19;1* ;(C 3'770*3 Et
u 0* Ef

u &'() *'(* u ∈ Uc" X21;50701*+ 9;13 5;

=')7(5;*2'1 (P )+ 503 :'0J:201*3 90 5; ='1:*2'1 '8K0:*2= 3'1* *'(3 ?<;(C Y (1 :;) 503

013078503 96;)L*03 ;&&;)*01;1* Y E 10 :'(A)01* E(6(1 3'770* 90 Uc"

H'2* P (G,Uc, π, GI) 5601A05'&&0 :'1A0C0 903 3'5(*2'13 9( &)'<);770 (P̂ )+ :603*GYG

92)0+

P (G,Uc, π, GI) = conv({x ∈ {0, 1}E |x 3;*23=;2*  !"#,%,  !"#-%}).

Z'(3 ;55'13 ?*(920) 9;13 5; &)':U;210 30:*2'1 5601A05'&&0 :'1A0C0 P (G,Uc, π,GI)"



 !" #$%&'() (*+,-*,+)&&) .)( ('(*/0)( %&123+45.672+)$*6)&( -4$.6*64$$)&( 603+68,2(

 !" #$%&' ()*+,&-.*'

 !"# $%&&% #%$&'(") (" *&+,'% -.%"/%-(00% $("/%1% ,%# #(-+&'("# ,+ 234525647 8"

$!9!$&*9'#% -! ,':%"#'(" ,+ 0(-;&(0% ,%# #(-+&'("#7 8" ,(""%) 0!9 -! #+'&%) +"% %1&%"#'("

,%# $("&9!'"&%# <+% "(+# !/("# 09*#%"&*%# ,!"# -% $=!0'&9% > %& (" *&+,'% *?!-%:%"&

-%+9 !#0%$& @!$'!-7

 !"# -! #+'&% ,+ &9!/!'-) (" $("#',*9%9! <+% -.'"#&!"$% (G,Uc, π, GI) /*9'A% -.=;0(&=B#%

#+'/!"&%

 !"#$%&'( )*+  !" #$%&'!" %""()*+" , {F} %-!) F ∈ E . /! )(/0*!//!/0 &%" 1! )(23

&4%#! &%$5%*06

C" %D%&) #('& F ∈ E #' -% ?9!0=% !##($'* E {F} $("&'%"& +" $(+0-!?% 0!9@!'& !-(9# '- "%

0%+& 0!# %1'#&%9 ,% #(-+&'(" F ⊆ E $("&%"!"& F $!9 -% ?9!0=% !##($'* E F $("&'%"& -+'

!+##' +" $(+0-!?% 0!9@!'&7 F(+# 0(+/("# ,("$ &9!"#@(9:%9 $%&&% '"#&!"$% %" #+009':!"&

F 7 G- %#& $-!'9 <+% $%# &9!"#@(9:!&'("# 0%+/%"& H&9% @!'&%# %" &%:0# 0(-;"(:'!-7

I&!"& ,(""* +"% $-'<+% K ,% GI ) (" "(&% 0!9 EK -%# *-*:%"&# ,% E !##($'*# !+1

#(::%&# ,% -! $-'<+% K) $.%#&3E3,'9% EK = {F ∈ E : vF ∈ K}7

 !"!# $%&'()%*(

 !"# $%&&% #%$&'(") (" $!9!$&*9'#% -! ,':%"#'(" ,% P (G,Uc, π, GI)7

,%-#.&/( )*0 P (G,Uc, π, GI) !"0 1! &4!*/! 1*7!/"*(/6

1.(23(* G- #+J& ,.%1='K%9 |E| + 1 #(+#3%"#%:K-%# ,% E /*9'A!"& -%# $(",'&'("# L'M %&

L''M ,% -! ,*A"'&'(" N7O %& ,("& -%# /%$&%+9# ,.'"$',%"$% #("& !J"%:%"& '",*0%",!"&#7

6("#',*9("# -%# %"#%:K-%# F0 = ∅ %& FF = {F} 0(+9 &(+& F ∈ E 7 P%# %"#%:K-%#

$("&'%""%"& !+ 0-+# +" *-*:%"& ,% E ) $% <+' ':0-'<+% <+% -! $(",'&'(" L'M %#& /*9'A*%7 4!9

=;0(&=B#%) -%# ?9!0=%# !##($'*# E $%# %"#%:K-%# "% $("&'%""%"& 0!# ,% $(+0-!?%# 0!9@!'&#7

6%-! ':0-'<+% <+% -%# %"#%:K-%# $(99%#0(",%"& E ,%# #(-+&'("# ,+ 234525647  % 0-+#)

'- %#& $-!'9 <+% -%# /%$&%+9# ,.'"$',%"$%# ,% $%# #(-+&'("# #("& !J"%:%"& '",*0%",!"&#7 �



 !" #$%&' ()*+,&-.*' /0/

 !"!# $%&'()*+&, -()*./, /+ 0(1/++/,

 !"# $%%!&# '!() *$&# +,--, #,+-(!& *,# +!&-)$(&-,# '$%(*,# .!") %, P (G,Uc, π, GI)/

0,)-$(&,# *, +,# +!&-)$(&-,# #!&- *,# ,1-,&#(!&# *,# +!&-)$(&-,# .)2#,&-2,# *$&# %,

+3$.(-), 4/

 !"!#!$ %&'()*+,'- ,.+/+)*0-

5& ),6$)7", 7", %,# (&28$%(-2# -)('($%,# 9:/;<= #!&- *!6(&2,# .$) %,# +!&-)$(&-,# *,

*>(&+!6.$-(?(%(-2# 9:/<@=/ A& ,B,-C .!") -!"- F ∈ E C (% ,1(#-, $" 6!(&# "& 2%26,&-

*, E (&+!6.$-(?%, $',+ F +$) "&, 27"$-(!& +!&*(-(!&&,%%, ,#- D $##!+(2, D .%"# *>"&,

$B,+-$-(!&/ 5& 6!&-), 6$(&-,&$&- 7", %,# (&28$%(-2# 9:/;E= *2F&(##,&- *,# G$+,--,#/

12'3.450  !"  !" #$%&'(#)%" )*#+#'(!" 9:/;E= ,%-$#""!$) ,!" .'/!))!" ,! P (G,Uc, π)0

6.07/0! 0!&#(*2)!&# %>(&28$%(-2 9:/;E= $##!+(2, D %>2%26,&- F ′ ∈ E / 0!66, %, .!%HI

-!., P (G,Uc, π,GI) ,#- *, .%,(&, *(6,&#(!&C (% #"J- *>,13(?,) |E| #!"#I,&#,6?%,# *,

E '2)(F$&- %,# +!&*(-(!&# 9(= ,- 9((= *, %$ *2F&(-(!& :/< ,- *!&- %,# ',+-,")# *>(&+(*,&+,

#!&- $J&,6,&- (&*2.,&*$&-#/ 0!&#(*2)!&# %,# ,&#,6?%,# F0 = ∅ ,- FF = {F} .!")

-!"- F ∈ E \ {F ′}/ 0,# ,&#,6?%,# +!&-(,&&,&- $" .%"# "& 2%26,&- *, E +, 7"( (6.%(7",

7", %$ +!&*(-(!& 9(= ,#- '2)(F2,/ K$) 3H.!-3L#,C %,# 8)$.3,# $##!+(2# D +,# ,&#,6?%,#

&, +!&-(,&&,&- .$# *, +!".%$8,# .$)G$(-#/  !"# $'!&# *!&+ |E| #!%"-(!&# $##!+(2,# $"1

,&#,6?%,# F0 ,- FF C F ∈ E \{F
′}C -,%%,# 7", %,")# ',+-,")# *>(&+(*,&+, #!&- $J&,6,&-

(&*2.,&*$&-#/ �

 !"!#!# %&'()*+,'- 80 9*+:70-

M,# +!&-)$(&-,# *>(&+!6.$-(?(%(-2# 9:/<@= (&*(7",&- 7", %,# #!66,-# $##!+(2# $"1 2%2I

6,&-# *, F G!)6,&- "& #-$?%, *$&# %, 8)$.3, GI / M,# +!&-)$(&-,# '$%(*,# .!") %,

#-$?%, N::O #!&- *!&+ '$%(*,# .!") %, PIKQPQ0K .!") %, 8)$.3, GI / 5& .,"- *!&+C .$)

,1,6.%,C +!&#(*2),) %,# +!&-)$(&-,# $##!+(2,# $"1 +%(7",# *" 8)$.3, GI

∑

F∈EK

xF ≤ 1, .!") -!"- +%(7", K ∈ GI / 9:/;R=



 !" #$%&'() (*+,-*,+)&&) .)( ('(*/0)( %&123+45.672+)$*6)&( -4$.6*64$$)&( 603+68,2(

 !" #$%&'()%&!" *+,-./ "$%& (00!12!"  !"#$%&"#'( )'  *&+,'(, 3$4" 5$%%$%" 5(%" 1!

&62$'78! "4)9(%& 1!" #$%5)&)$%" %2#!""()'!" !& "4:"(%&!" 0$4' ;4! 1!" #$%&'()%&!" 5!

#1);4!" 52<%)""!%& 5!" =(#!&&!",

 !"#$%&' ()* -!&# K ,"'  *&+,' )' GI . /0&"12%*&#1 34.567 %((! &1' 8 K )19"&# ,"'

:% '##' )' P (G,Uc, π, GI) (& '# (',*';'"# (& <!,$ #!,# F ∈ E \ EK= &* '>&(#' ," F ′ ∈ EK
 !;<%#&?*' %@' F #'* +,' *' 2$%<A' %((! &1 8 {F, F ′} "'  !"#&'"# <%( )'  !,<*%2' <%$:%&#.

+$',-') *⇒/ >) 1( #$%5)&)$% %?!"& 0(" '!"0!#&2! (1$'" )1 !@)"&! 4% 2128!%& 5! E \ EK A

5)"$%" F1A &!1 ;4! 0$4' &$4& F
∗ ∈ EK #$80(&)B1! (9!# F1A )1 !@)"&! 4% #$401(C! 0('=()&

5(%" 1! C'(06! (""$#)2 D {F1, F
∗}, E!#) )801);4! ;4! 1!" #$%&'()%&!" "4)9(%&!" "$%&

9(1)5!" F

xF + xF1
≤ 1, 0$4' &$4& F ∈ EK . *+,-G/

H% !I!&A 2&(%& 5$%%2 F ∈ EK ") F !"& )%#$80(&)B1! (9!# F1A 1?)%2C(1)&2 *+,-G/ (""$#)2!

D F %?!"& ')!% 5?(4&'! ;4! 1( #$%&'()%&! 5?)%#$80(&)B)1)&2" *+,JK/ (""$#)2! D F1 !& F ,

>) F !"& #$80(&)B1! (9!# F1A (1$'"A 1! C'(06! (""$#)2 D {F, F1} #$%&)!%& 4% #$401(C!

0('=()&A 5)"$%" M , L?(0'7" 1?6M0$&67"! +,-A $% 5254)& ;4! FM = {F, F1},  ?)%2C(1)&2

*+,-G/ (""$#)2! D F %?!"& 5(%" #! #(" ')!% 5?(4&'! ;4! 1( #$%&'()%&! 5! #$401(C!" *+,JN/

(""$#)2! D M ,

H% (55)&)$%%(%& 1!" )%2C(1)&2" *+,-G/ 0$4' &$4& F ∈ EK !& |K| − 1 =$)" 1( #$%&'()%&!

5! #1);4!" *+,-./ (""$#)2! D K 04)" !% 5)9)"(%& 0(' |K| !& !% (''$%5)""(%& 1! "!#$%5

8!8B'! D 1?!%&)!' )%=2')!4'A %$4" $B&!%$%" 1( #$%&'()%&!

∑

F∈EK

xF + xF ′ ≤ 1. *+,-O/

E!#) )801);4! ;4! 1( #$%&'()%&! 5! #1);4!" *+,-./ (""$#)2! D K !"& 5$8)%2! 0(' 1( #$%P

&'()%&! *+,-O/, E$88! #!&&! 5!'%)7'! 52<%)& 4%! =(#! 0'$0'!A 1( #$%&'()%&! 5! #1);4!"

*+,-./ (""$#)2! D K %! 52<%)& 5$%# 0(" 4%! =(#!&&!,

*⇐/ >400$"$%" 8()%&!%(%& ;4! 1( #$%5)&)$% !"& 92')<2!, 3$&$%" 0(' ax ≤ α 1(

#$%&'()%&! *+,-./ (""$#)2! D K, >$)& bx ≤ β 4%! )%2C(1)&2 9(1)5! 52<%)""(%& 4%! =(P

#!&&! 5! P (G,Uc, π, GI), >400$"$%" ;4! {x ∈ P (G,Uc, π, GI) : ax = α} ⊆ {x ∈

P (G,Uc, π, GI) : bx = β}, Q4)";4! P (G,Uc, π,GI) !"& 5! 01!)%! 5)8!%")$%A )1 "4:& 5!

8$%&'!' ;4?)1 !@)"&! ρ > 0 &!1 ;4! b = ρa,



 !" #$%&' ()*+,&-.*' /00

 !"#$% F1 #% F2 &#'( )*)+#$%, &",%"$-%, &# EK . /01234, *0562!%54,# 7.89 *#, #$,#+:*#,

F1 = {F1}, #% F2 = {F2} ;)3"<#$% *#, -!$&"%"!$, ="> #% =""> #% ,!$% &!$- ,!*'%"!$,. /#

2*',9 *#, ;#-%#'3, &0"$-"&#$-# ;)3"<#$% ? *0)@1*"%) *1 -!$%31"$%# ax ≤ α9 -# A'" "+2*"A'#

A'# *0!$ 1 bxF1 = bxF2
. B$ #$ &)&'"% 1*!3, A'# b(F1) = b(F2). C!++# F1 #% F2 ,!$%

&#, )*)+#$%, A'#*-!$A'#, &# EK 9 "* ,0#$,'"% A'#

b(F ′) = b(F ), 2!'3 %!'% F 6= F ′ ∈ EK . =7.87>

 !"% F3 '$ )*)+#$% A'#*-!$A'# &# E \ EK . /01234, *1 -!$&"%"!$ &' %5)!34+#9 "* #(",%#

'$ )*)+#$% &# EK 9 -!+21%":*# 1;#- F39 &",!$, F49 %#* A'# *# @3125# HF3
1,,!-") ?

F3 = {F3, F4} $# -!$%"#$% 21, &# -!'2*1@# 213D1"%. E* ,0#$,'"% 1*!3, A'# F3 #,% '$#

,!*'%"!$ &' FGH F CH. /# 2*',9 213 562!%54,#9 *0#$,#+:*# F4 = {F4} #,% %#* A'# *#

@3125# HF4
#,% ,1$, -!'2*1@# 213D1"%9 -# A'" "+2*"A'# A'# F4 #,% 1',," '$# ,!*'%"!$

&' FGH F CH. /# 2*',9 *#, ;#-%#'3, &0"$-"&#$-# &# F3 #% F4 ;)3"<#$% ax = α9 -# A'"

"+2*"A'# A'0"*, ;)3"<#$% 1',," bxF3 = bxF4
. B$ &)&'"% 1*!3, A'# b(F3) = 0. C!++# F3

#,% '$ )*)+#$% A'#*-!$A'# &# E \ EK 9 !$ !:%"#$% 1*!3,

b(F ) = 0, 2!'3 %!'% F ∈ E \ EK . =7.8I>

H!,!$, ρ = b(F1). B$ #$ &)&'"% A'# b(F ) = ρ 2!'3 %!'% F ∈ EK . H13 *0)A'1%"!$

=7.8I>9 "* ,0#$,'"% A'# b = ρa. /# 2*',9 -!++# 2!'3 %!'% #$,#+:*# &013J%#, F ∈ EK 9 "*

#(",%# '$ ,!',G@3125# H -!$%#$1$% F %#* A'# *1 -!$%31"$%# ,!"% ;)3"<)# ? *0)@1*"%)9 *1

D1-# &)<$"# 213 ax ≤ α #,% &"K)3#$%# &0'$# D1-# %3";"1*# {x ∈ P (G,Uc, π, GI) : xF = 0}.

C#*1 "+2*"A'# A'# *1 D1-# "$&'"%# 213 bx ≤ β $0#,% 21, -!$%#$'# &1$, '$# D1-# %3";"1*#.

E* ,0#$,'"% A'# b(F ) ≥ 0 2!'3 %!'% F ∈ EK . C!++# bx ≤ β &)<$"% '$# D1-#%%# &#

P (G,Uc, π,GI)9 "* &!"% &!$- #(",%#3 1' +!"$, '$ #$,#+:*# &013J%#, F ∈ EK %#* A'#

b(F ) > 0. H13 -!$,)A'#$%9 ρ > 0 #% *1 23#';# #,% %#3+"$)#. �

L#+13A'!$, A'# *1 -!$&"%"!$ &' %5)!34+# "+2*"A'# A'# *1 -*"A'# K #,% +1("+1*#.

M!', 1**!$, ;!"39 &1$, *1 ,#-%"!$ ,'";1$%#9 *0#(%#$,"!$ &#, -!$%31"$%#, &# -!'2*1@#,

23!-5#, =N.OP>.

 !"!# $%&'()*+&, -. /012)('.,3/)*41.,

M!', &",-'%!$, "-" &# *0#(%#$,"!$ &#, -!$%31"$%#, &# -!'2*1@#, 23!-5#, =N.OP>.



 !" #$%&'() (*+,-*,+)&&) .)( ('(*/0)( %&123+45.672+)$*6)&( -4$.6*64$$)&( 603+68,2(

 ! "#$%&'() %'*+',- M .) G )/- .,- 0  !"#$%$&' "%(#"%)' /1,& !1)2,/-) %'/ $!

"#$%&'() %'*+',- M ′
.) G -)& 3$) FM ′ ⊂ FM )- /, &) /#$/4)!/)56&) {vF : F ∈ FM} ⊂ VE

)/- $! /-'6&) .) GI 7

8#,)!- (G,Uc, π, GI) $!) ,!/-'!") .$ 94:898;:<M $! "#$%&'() %'*+',- 0 .#5,!'!")

5'2,5'&) .) G )- K $!) "&,3$) .'!/ GI 7 =! .,- 3$) &) "#$%&'()M )/- &!*+)%,'-.&)#/*'-

%'* *'%%#*- 0 K /, %#$* -#$- >&>5)!- F ∈ EK < '$ 5#,!/ $!) .)/ -*#,/ "#!.,-,#!/ )/-

?>*,@>) A

,B F )/- ,!"#5%'-,6&) '?)" .)$2 >&>5)!-/ .,/-,!"-/ .) FM <

,,B F )/- ,!"#5%'-,6&) '?)" $! >&>5)!- .) FM < .,/#!/ F
′
< )- &) (*'%C) HFM∪{F}\{F ′}

"#!-,)!- $! "#$%&'() %'*+',-7

,,,B %#$* -#$- F ′ ∈ FM &)/ (*'%C)/ HFM∪{F}\{F ′} "#!-,)!!)!- $! "#$%&'() %'*+',-7

7

D1'%*E/ &' .>@!,-,#! .)/ "#$%&'()/ 0 .#5,!'!") 5'2,5'&)< #! .>.$,- 3$) FM ∩EK =

∅7 F! )G)-< /, $! >&>5)!- F '%%'*-,)!- 0 FM ∩ EK '&#*/ F !) ?>*,@) !, ,B !, ,,B %$,/3$)

&)/ /#55)-/ .) GI '//#",>)/ '$2 >&>5)!-/ .) FM +#*5)!- $! /-'6&)7 D) %&$/< "#55)

,& !1)2,/-) %'/ .) "#$%&'() %'*+',- M ′
-)& 3$) FM ′ ⊂ FM < F !) ?>*,@) %'/ ,,,B< ") 3$,

,5%&,3$) 3$) M !1)/- %'/ $! "#$%&'() "&,3$) %'* *'%%#*- 0 K7

 !"#"$%&%"' ()( 0!#1 M *$ &!*+)%,' +%23%#1 4  !"#$%$&' "%(#"%)'  ' G '1 K *$'

&)#/*'  %$- GI 5 0# )' &!*+)%,' M '-1 &!*+)%,'-.&)#/*'- +%2 2%++!21 4 K6 %)!2- )% &!$.

12%#$1' %--!&#7' 4 M '1 K6  !$$7' +%2

∑

F∈EK

xF +
∑

F∈FM

xF ≤ |FM | − 1, HI7JKB

'-1 8%)# ' +!*2 )' 9.:090;:5

 !*+,*) D'!/ $! %*)5,)* -)5%/< #! 5#!-*) 3$) %#$* -#$- F ′ ∈ EK < &' "#!-*',!-)

'//#",>) 0 FM )- F ′< .#!!>) %'*
∑

F∈FM

xF + xF ′ ≤ |FM | − 1. HI7JLB

)/- ?'&,.) /, F ′ ?>*,@) i)< ii) #$ iii)7

F! )G)-< /$%%#/#!/ 3$) F ′ ?>*,@) i)7 8, F ′ )/- ,!"#5%'-,6&) '?)" .)$2 >&>5)!-/ .) FM <

.,/#!/ F1 )- F2< '&#*/ &)/ "#!-*',!-)/ .1,!"#5%'-,6,&,->/ '//#",>)/ '$2 '*M-)/ vF1
vF ′

)-

vF2
vF ′

.) GI /#!- ?'&,.)/7 F! '..,-,#!!'!- ")/ "#!-*',!-)/< &' "#!-*',!-) .) "#$%&'()/

HI7NKB '//#",>) 0 M )- &)/ "#!-*',!-)/ -*,?,'&)/ HI7JNB '//#",>)/ '$2 >&>5)!-/ .) FM \

{F1, F2} #! #6-,)!- '&#*/ &' "#!-*',!-) A

2
∑

F∈FM

xF + 2xF ′ ≤ 2|FM | − 1. HI7OPB



 !" #$%&' ()*+,&-.*' /01

 ! "#$#%&!' ()'') (*!'+&#!') ,&+ ")-. )' )! ,+)!&!' /& ,&+'#) )!'#0+) #!12+#)-+) "-

3)34+) ") "+*#')5 *! *4'#)!' /& (*!'+&#!') 6789:;8

<-,,*%*!% =-) F ′ $2+#>) ii)8 ?&!% () (&%5 F ′ )%' #!(*3,&'#4/) &$)( -! 2/23)!' ") FM 5

"#%*!% F ′′5 )' /) @+&,A) &%%*(#2 B F1 = FM ∪ {F
′} \ {F ′′} (*!'#)!' -! (*-,/&@) ,&+1&#'5

"#%*!% N 8  ! &""#'#*!!&!' /)% (*!'+&#!')% ") (*-,/&@)% 678CD; &%%*(#2)% B M )' N 5 /)%

(*!'+&#!')% '+#$#&/)% &%%*(#2)% &-. 2/23)!'% F1 \ FN )' /& (*!'+&#!') "E#!(*3,&'#4#/#'2%

&%%*(#2) B /E&+F') v′Fv
′′
F ") GI ,-#% )! "#$#%&!' ,&+ ")-. )' )! ,+)!&!' /& ,&+'#) )!'#0+)

#!12+#)-+) "- 3)34+) ") "+*#')5 *! *4'#)!' /& (*!'+&#!') 6789:;8

<-,,*%*!% =-) F ′ $2+#>) iii)8 ?&!% () (&%5 #/ ).#%') F ′ ')/ =-) ,*-+ '*-' F ′′ ∈ FM /)%

@+&,A)% HFM∪{F ′}\{F ′′} (*!'#)!!)!' -! (*-,/&@) ,&+1&#'8 G)% (*!'+&#!')% ") (*-,/&@)%

∑

F∈FM\F ′′

xF + xF ′ ≤ |FM | − 1, ,*-+ '*-' F ′′ ∈ FM 678HC;

∑

F∈FM

xF ≤ |FM | − 1, 678H9;

%*!' "*!( $&/#")%8  ! &""#'#*!!&!' ()% #!2@&/#'2% )' )! /)% "#$#%&!' ,&+ |FM | )' )!

&++*!"#%%&!' /) %)(*!" 3)34+) B /E)!'#)+ #!12+#)-+5 !*-% *4')!*!% /& (*!'+&#!') 6789:;8

I*-% $)!*!% ") 3*!'+)+ =-) /)% (*!'+&#!')% 6789:; %*!' $&/#")% ,*-+ '*-' F ∈ EK 8  !

&""#'#*!!&!' /)% (*!'+&#!')% 6789:; &%%*(#2)% B FM )' F ′5 &$)( F ′ ∈ EK 5 )' |EK | − 1 1*#%

/& (*!'+&#!') ") (/#=-)% 6789H; &%%*(#2) B K ,-#% )! "#$#%&!' ,&+ |EK | )' )! ,+)!&!' /&

,&+'#) )!'#0+) #!12+#)-+) "- 3)34+) ") "+*#')5 *! *4'#)!' /& (*!'+&#!') 6789D; &%%*(#2)

B M )' K8 �

I*-% &,,)/*!% /)% (*!'+&#!')% 6789D; /)%  !"#$%&"#'( )'  !*+,%-'(. ,&/*'(8

J)3&+=-*!% =-) /)% (*!'+&#!')% ") (*-,/&@)% ,+*(A)% 6K8C:; %*!' -! (&% ,&+'#(-/#)+

")% (*!'+&#!')% ") (*-,/&@)%L(/#=-)%8  ! )M)'5 "&!% /) (&% !*!L#34+#=-25 /) @+&,A) GI

)%' (*3,*%2 -!#=-)3)!' "E-! (*-,/&@) ,&+1&#' () =-# #3,/#=-) =-) ,*-+ -! (*-,/&@)

,&+1&#' M ") G %# *! (*!%#"0+) -! 2/23)!' F ∈ FM 5 #/ !E).#%') =-E-! %)-/ 2/23)!'

#!(*3,&'#4/) "&!% E !*'2 "&!% /) (A&,#'+) K ,&+ F 8 N! )! "2"-#' =-) /)% (*!'+&#!')% ")

(*-,/&@)% ,+*(A)% %*!' "2>!#)% ,&+ -!) (/#=-) ") (&+"#!&/#'2 9 )' $2+#>&!' /& ")-.#03)

(*!"#'#*! ")% (*!'+&#!')% ") (*-,/&@)%L(/#=-)%8

I*-% &//*!% $*#+ "&!% /& %)('#*! %-#$&!') /E).')!%#*! ")% (*!'+&#!')% ") (*-,/&@)% B

"*3#!&!() 3&.#3&/) 6K8CH;8

 !"!#!$ %&'()*+,'- ./ 0123*)(/- 4 .15+&)&0/ 5)6+5)*/

I*-% "#%(-'*!% #(# ")% (*!"#'#*!% !2()%%&#+)% )' %-O%&!')% ,*-+ =-) /)% (*!'+&#!')%

") (*-,/&@)% 678CD; "2>!#%%)!' ")% 1&()'')% ") P (G,Uc, π, GI)8



 !" #$%&'() (*+,-*,+)&&) .)( ('(*/0)( %&123+45.672+)$*6)&( -4$.6*64$$)&( 603+68,2(

 !""#$%&' ()*)& +%)"$!,# "!-.!/0 M 1# G #'0 1/0 2 1%3/&!&+# 3!4/3!$# '*/$ &*#4/'0#

"!' )& +%)"$!,# "!-.!/0 M ′
1# G 0#$ ()# FM ′ ⊂ FM #0 '/ $# '%)'5#&'#36$# {vF : F ∈

FM} ⊂ VE #'0 )& '0!6$# 1# GI 7

8%0%&'MD $*#&'#36$# 1#' +%)"$!,#' 2 1%3/&!&+# 3!4/3!$#7 9& !""#$$#  !"#$%&"#'

('  !)*+%,'- . (!/&"%" ' /%0&/%+' )&# /&:,!$/0: 1# +%)"$!,#' ;<7=>? !''%+/:# 2 )&

+%)"$!,# 2 1%3/&!&+# 3!4/3!$# 1# MD7 @#' +%&0-!/&0#' 1# +%)"$!,#' 2 1%3/&!&+#

3!4/3!$# '*:+-/A#&0 !$%-'

∑

F∈FM

xF ≤ |FM | − 1, "%)- 0%)0 M ∈MD7 ;<7BB?

 !"#"$%&%"' ()* 1!&# M )"  !)*+%,' *%$2%&# (' G "3%**%$#'"%"# *%- . MD4 5%  !"6

#$%&"#' ;<7=>? %--! &7' . M '-# $'(!"(%"#'4

 !+,-+) C*/$ #4/'0# )& +%)"$!,# "!-.!/0 M ′
0#$ ()# FM ′ ⊂ FM !$%-' $! +%&0-!/&0#

;<7=>? !''%+/:# 2 M #'0 +%36/&!/'%& $/&:!/-# 1# $! +%&0-!/&0# ;<7=>? !''%+/:# 2 M ′
#0

1#' +%&0-!/&0#' 0-/A/!$#' xF ≤ 1 "%)- 0%)0 F ∈ FM \ FM ′
7

D!- !/$$#)-'E '*/$ #4/'0# F ′, F ′′ ∈ FM 0#$ ()# vF ′vF ′′ ∈ EI E !$%-' $! +%&0-!/&0# ;<7=>?

!''%+/:# 2 M #'0 +%36/&!/'%& $/&:!/-# 1# $! +%&0-!/&0# xF ′ +xF ′′ ≤ 1 #0 1#' +%&0-!/&0#'

0-/A/!$#' xF ≤ 1 "%)- 0%)0 F ∈ FM \ {F
′, F ′′}7 �

8%)' !$$%&' 1%&&#-E 1!&' $! ')/0#E $#' +%&1/0/%&' &:+#''!/-#' #0 ')F'!&0#' "%)- ()#

+#' +%&0-!/&0#' 1:G&/''#&0 1#' .!+#00#'7

./0"!12+ ()3 1!&# M )"  !)*+%,' *%$2%&# . (!/&"%" ' /%0&/%+'4 53&"7,%+&#7 894:;<

%--! &7' . M (7="&# )"' 2% '##' (' P (G,Uc, π,GI) -& '# -')+'/'"# -& *!)$ #!)# F

#'+ >)' F ∈ E \ FM ? +'  !)*+%,' *%$2%&# M "3'-# *%- )"  !)*+%,'6 +&>)' *%$ $%**!$# .

K = {vF}4

 !+,-+) ;⇒? C/ $! +%&1/0/%& 1) 0H:%-I3# &*#'0 "!' -#'"#+0:# !$%-' +%33# K &*#'0

"!' A/1# /$ #'0 +$!/- ()# $! +%&0-!/&0# 1# +%)"$!,#'5+$/()#' ;<7J>? !''%+/:# 2 M #0 K

1%3/&# $! +%&0-!/&0# 1# +%)"$!,#' ;<7=>?7

;⇐? C)""%'%&' 3!/&0#&!&0 ()# $! +%&1/0/%& #'0 A:-/G:#7 8%0%&' "!- ax ≤ α $!

+%&0-!/&0# ;<7=>? !''%+/:# 2 M 7 C%/0 bx ≤ β )&# +%&0-!/&0# ()/ 1:G&/0 )&# .!+#00# 1#



 !" #$%&' ()*+,&-.*' /01

P (G,Uc, π,GI) !"##$%$&% '"( {x ∈ P (G,Uc, π, GI) : ax = α} ⊆ {x ∈ P (G,Uc, π, GI) :

bx = β} )"*%'"( P (G,Uc, π, GI) (%+ ,( #-(*&( ,*.(&%*$&/ *- %"0+ ,( .$&+1(1 '"2*- (3*%+(

ρ > 0 +(- '"( b = ρa 

!$*(&+ F1 (+ F2 ,("3 4-4.(&+% ,*%+*&5+% ,( FM  6$&%*,41$&% -(% (&%(.7-(% F1 =

FM \{F1} (+ F2 = FM \{F2} 6$..( -( 5$"#-89( #81:8*+ M (%+ ; ,$.*&8&5( .83*.8-(

-(% 918#<(% 8%%$5*4% ; F1 (+ F2 &( 5$&+*(&&(&+ #8% ,( 5$"#-89( #81:8*+ =- (%+ 5-8*1 '"(

F1 (+ F2 %$&+ ,(% %$-"+*$&% ," >?)!>!6) 6$..( -(% @(5+("1% ,2*&5*,(&5( ,( F1 (+ F2

@41*A(&+ ax = α/ *- %2(&%"*+ '"( bxF1 = bxF2
 B& (& ,4,"*+ '"( b(F1) = b(F2) 6$..(

F1 (+ F2 %$&+ ,("3 4-4.(&+% '"(-5$&'"(% ,( FM / $& ,4,"*+ '"(

b(F ′) = b(F ∗) = ρ, #$"1 +$"+ F ′, F ∗ ∈ FM , CD EFG

$H ρ (%+ "& %58-8*1( ,8&% R

6$&%*,41$&% "& 4-4.(&+ ,( E \ FM / ,*%$&% F3 I28#1J% -8 5$&,*+*$& ," +<4$1J.(

M &2(%+ #8% 5$"#-89(?5-*'"( #81 18##$1+ ; {vF3
} I28#1J% -8 ,4A&*+*$& ,(% 5$"#-89(%?

5-*'"(%/ *- (3*%+( F4 8##81+(&8&+ ; FM / +(- '"( -( 918#<( 8%%$5*4 ; F3 = (FM \ {F4}) ∪

{F3} &( 5$&+*(&+ #8% ,( 5$"#-89( #81:8*+ (+ F3 (%+ 5$.#8+*7-( 8@(5 +$"% -(% 4-4.(&+% ,(

FM \{F4}/ 5( '"* *.#-*'"( '"( F3 @41*A( -8 5$&,*+*$& C*G ,( -8 ,4A&*+*$& D K F (%+ ,$&5

"&( %$-"+*$& )81 8*--("1%/ 5$..( M (%+ ; ,$.*&8&5( .83*.8-(/ -( 918#<( 8%%$5*4 ; F4

&( 5$&+*(&+ #8% ,( 5$"#-89( #81:8*+ (+ F4 (%+ 5$.#$%4 ,24-4.(&+% 5$.#8+*7-(% 6$..(

-(% @(5+("1% ,2*&5*,(&5( ,( F3 (+ F4 @41*A(&+ ax = α/ *- %2(&%"*+ '"( bxF3 = bxF4
/ 5(

'"* *.#-*'"( '"( b(F3) + b(F4) = b(F4) =- %2(&%"*+ '"( b(F3) = 0 6$..( F3 (%+ "&

4-4.(&+ '"(-5$&'"( ,( E \ FM / $& ,4,"*+ '"(

b(F ) = 0, #$"1 +$"+ F ∈ E \ FM . CD ELG

)81 CD EFG?CD ELG/ *- %2(&%"*+ '"( b = ρa I( #-"%/ 5$..( #$"1 +$"+ (&%(.7-( ,281M+(%

F ∈ FM / *- (3*%+( "& %$"%?918#<( H 5$&+(&8&+ F +(- '"( -8 5$&+18*&+( %$*+ @41*?

A4( ; -2498-*+4/ -8 :85( ,4A&*( #81 ax ≤ α (%+ ,*N41(&+( ,2"&( :85( +1*@*8-( {x ∈

P (G,Uc, π,GI) : xF = 0} 6(-8 *.#-*'"( '"( -8 :85( *&,"*+( #81 bx ≤ β &2(%+ #8%

5$&+(&"( ,8&% "&( :85( +1*@*8-( =- %2(&%"*+ '"( b(F ) ≥ 0 #$"1 +$"+ F ∈ FM  6$..(

bx ≤ β ,4A&*+ "&( :85(++( ,( P (G,Uc, π, GI)/ *- ,$*+ ,$&5 (3*%+(1 8" .$*&% "& (&%(.7-(

,281M+(% F ∈ FM +(- '"( b(F ) > 0 )81 5$&%4'"(&+/ ρ > 0 (+ -8 #1("@( (%+ +(1.*&4( �

 !"!" #$%&'()*%+ ,- k./012('&-+

O$"% 8--$&% 4+(&,1( -(% *&498-*+4% ,( k?5$"#-89(% CF EPG #$"1 -( #1$7-J.( ," >?

)!>!6) I8&% 5( '"* %"*+/ $& &$+( #81 Θ -2(&%(.7-( ,(% %$"%?(&%(.7-(% θ ,( E ,*N41(&+%



 !" #$%&'() (*+,-*,+)&&) .)( ('(*/0)( %&123+45.672+)$*6)&( -4$.6*64$$)&( 603+68,2(

 ! "#!$%!&'"! () ! *!" +,! *-,% "!% .".&!$*%  ! θ %-$* /-&01*)'"!%2 3,*4!&!$*  )*5 ,$

%-,%6!$%!&'"! $-$6() ! θ ⊆ E 10014*)!$* 7 Θ %#)" $#!8)%*! 01%  !,8 .".&!$*%  ! θ5

 )%-$% F ′ !* F ∗5 *!" +,! vF ′vF ∗ ∈ GI 2 9-)!$* θ ∈ Θ5 θ
′ ⊆ θ !* k ,$ !$*)!4 10014*!$1$* 7

{1, ..., |θ′|+1}2 :! ;410<! Hθ !%*  )* k !"#$%&'() 014 4100-4* 7 θ′ %) 104=% "1 %,004!%%)-$

 ! $#)&0-4*! +,!"% k− 1 !$%!&'"!%  #14>*!%  ! θ′  1$% Hθ5 "! ;410<! 4.%,"*1$* /-$*)!$*

*-,?-,4% ,$ /-,0"1;! 014@1)*2

 !"#"$%&%"' ()* *"+(,- θ ∈ Θ. θ′ ⊆ θ (- k ∈ {1, ..., |θ′| + 1}/ *+ %( '0&$1( Hθ ()-

k !"#$%&'() $&0 0&$$"0- 2 θ′ &%"0) %& !",-0&+,-( &))"!+3( 2 θ′. θ (- k. 4",,3( $&0

∑

F∈θ′

xF + k
∑

F∈θ\θ′

xF ≤ |θ
′|+ k(|θ \ θ′| − 1), AB2CBD

()- 5&%+4( $"#0 P (G,Uc, π,GI)/

 !+,-+) :1 04!,(! !%* %)&)"1)4! 7 /!""!  ! "1 04-0-%)*)-$ E2F2 �

:1 /-$*41)$*! AB2CBD !%* 100!".! !",-0&+,-( 4( k !"#$%&'()2 G!&14+,-$% +,! "1 /-$6

*41)$*! 0-%%= ! !81/*!&!$* "1 &>&! @-4&! +,!  1$% "! /1%  , H9I9JH2 :!% 04-0-%)*)-$%

E2KL !* E2KK 4!%*!$* (1") !%  1$% "! /1%  , I6H9I9JH2

 !" #$%&'()*$%

M1$% /! /<10)*4!5 $-,% 1(-$%  #1'-4 04.%!$*. "!% %N%*=&!% 1";.'4-6 )O.4!$*)!"% /-$ )6

*)-$$!"% )&'4)+,.%5 /-44!%0-$ 1$* 7 ,$! ;.$.41")%1*)-$  !% %N%*=&!% 1";.'4-6 )O.4!$*)!"%

/-$ )*)-$$!"% "-4%+,! 0",%)!,4% /-$ )*)-$% 0!,(!$* >*4! 1%%-/).!% 7 ,$! .+,1*)-$ /-$ )6

*)-$$!""! !* ,$! /-$ )*)-$ 0!,* >*4! 1%%-/).! 7 0",%)!,4% .+,1*)-$%2 M! 0",%5  !% 4!"16

*)-$% "-;)+,!% !$*4! "!% /-$ )*)-$% %-$* 04)%!% !$ /-&0*!2 P-,% 1(-$% !$%,)*! 04.%!$*.

,$! @-4&,"1*)-$  , 04-'"=&!  ! "#1$1"N%! %*4,/*,4!""!  ! /!% %N%*=&!% !$ *!4&!%  !

;410<!%2 P-,% 1(-$% .;1"!&!$* @-4&,". /! 04-'"=&! 7 "#1) !  #,$ 04-;41&&! ")$.1)4!

!$ $-&'4!% !$*)!4%2 P-,% 1(-$% !$%,)*! !8<)'. "!% 4!"1*)-$% !$*4! /!**! $-,(!""! @-46

&,"1*)-$ !* /!""!  -$$.! 0-,4 "! /1%  !% %N%*=&!% 1";.'4-6 )O.4!$*)!"% /-$ )*)-$$!"%

$-$6)&'4)+,.%2 Q)$1"!&!$*5 $-,% 1(-$%  .R$)  ! $-,(!""!% )$.;1")*.% (1") !% 0-,4 /!

04-'"=&!5 /!4*1)$!%  #!$*4! !""!% .*1$*  !% ;.$.41")%1*)-$%  ! /-$*41)$*!% (1") !% )$*4-6

 ,)*!%  1$% "! /<10)*4! E 0-,4 "! /1% $-$6)&'4)+,.2 P-,% 1(-$% .;1"!&!$*  -$$.  !%

/-$ )*)-$% $./!%%1)4!% !*  !% /-$ )*)-$% %,S%1$*!% 0-,4 +,! /!4*1)$!%  ! /!% /-$*41)$*!%

 .R$)%%!$*  !% @1/!**!%2 :#,$!  !% 0!4%0!/*)(!% %!41)*  !  .(!"-00!4 ,$ 1";-4)*<&!  !

/-,0!% !* '41$/<!&!$*% 0!4&!**1$*  ! 4.%-, 4! !S/1/!&!$* "! 04-'"=&!  ! "#1$1"N%!

%*4,/*,4!""! 0-,4 "!% %N%*=&!% 1";.'4-6 )O.4!$*)!"% /-$ )*)-$$!"% )&'4)+,.%2



 !"#$%&' (

)*+,-#,.$%$,/ 0'. .1.%2-'.

"34*5&,60$7*&'/%$'3. '%

#"&%$%$,//'-'/% 0' 4&"#!'.

 ! "#$%&'()%* *'+#"),'- .-$ $/$(0+-$ !&1#2"%3.)4#"-*()-&$ $- 5!)( 6 &7!).- .7!&1%")(8+-

.- $)+'&!()%*9 :& -$( !&%"$ ("0$ )*(#"-$$!*( .- ;%'<%)" ;!"!&&#&)$-" &! "#$%&'()%* .- =-$

$/$(0+-$> !?* .- &-$ "#$%'."- ;&'$ "!;).-+-*(9  ! +#(8%.- .' =%+;&#+-*( .- @=8'"

;-"+-( &! ;!"!&&#&)$!()%* .- &! "#$%&'()%* .- =-$ $/$(0+-$ $'" ;&'$)-'"$ ;"%=-$$-'"$9

A-((- +#(8%.- ;-"+-( .- .#=%+;%$-" &! "#$%&'()%* $) &! +!(")=- B!=%2)-**- -$( $%'$ &!

5%"+- !;;-&#- +!(")=- 2&%= .)!1%*!&- 2%".#-9 A-((- +!(")=- "-;"#$-*(- &! $("'=('"- .'

$/$(0+- -( 5%'"*)( &-$ )*5%"+!()%*$ $'C$!*(-$ ;%'" $! "#$%&'()%*9 D%'$ *%'$ )*(#"-$$%*$

.!*$ =- =8!;)("- !' ;"%2&0+- .- "##=")('"- .- &! +!(")=- B!=%2)-**- $%'$ &! 5%"+-

2&%= .)!1%*!&- 2%".#-9 D%'$ !&&%*$ <%)" ,'- =- ;"%2&0+- $- "!+0*- 6 '* ;"%2&0+- .-

;!"()()%**-+-*( .!*$ &- 1"!;8- !$$%=)# 6 &! +!(")=- B!=%2)-**-9

 -$ ;"%2&0+-$ .- ;!"()()%**-+-*( .- 1"!;8-$ $%*( "-*=%*("#$ .!*$ ;&'$)-'"$ .%3

+!)*-$ E &! =%*=-;()%* .- =)"=')($ )*(#1"#$ #&-=("%*),'-$> &! "#;!"()()%* .- =8!"1- ;%'"

&-$ +!=8)*-$ ;!"!&&0&-$> &! ./*!+),'- .-$ F').-$> &- =!&='& +!(")=)-&> -(=9

 - ;"%2&0+- .- ;!"()()%**-+-*( .- 1"!;8- =%*$)$(- 6 ;!"()()%**-" &-$ $%++-($ %' &-$

!"G(-$ .' 1"!;8- ;%'" %;()+)$-" '*- =-"(!)*- 5%*=()%*9 H* 1#*#"!&> &- ;!"()()%**-+-*(

.- 1"!;8- $7-4-=('- $'" &-$ $%++-($ -( $- ;"#$-*(- .- &! +!*)0"- $')<!*(-9 I(!*( .%**#

'* 1"!;8- G = (V,E) -( '* -*()-" k ≥ 2> &- ;"%2&0+- =%*$)$(- 6 .#(-"+)*-" '*-

;!"()()%* V1, ..., Vk .- V ,') $!()$5!)( =-"(!)*-$ =%*("!)*(-$ -( %;()+)$- '*- =-"(!)*-

5%*=()%*9 J* "!;;-&&- ,'- V1, ..., Vk -$( '*- ;!"()()%* .- V $) Vi ∩ Vj 6= ∅> ∀i 6= j ∈

{1, ..., k}> -( V = V1 ∪ ... ∪ Vk9 A-((- .#?*)()%* .' ;"%2&0+- -$( ("0$ 1#*#"!&-> )& -K)$(-



 !" #$%&'(&)*+*&, -.) )/)+0'.) 123$45&6-*7$5.,+*.2) .+ (15+*+*&,,.'.,+ -. 351(8.)

 !"#$%"&# '(&$()*%# +% ,%  &-.!/0%1 ,-00%  (& %2%0 !%1 !%  &-.!/0% +% !( k3,-" %

4561 7891 !%  &-.!/0% k3:(; 4<=1 <61 <79 -" !%  &-.!/0% +" #> (&(*%"& 4?<1 ?@1 ==9A

B()# ,% ,C( $*&%1 )-"# >*"+$-)# !%  &-.!/0% +" #> (&(*%"&A B()# !(  &%0$/&% #%,*$-)1

)-"# +-))-)# !%# +>D)$*$-)# +%# 0(*&$,%# E(,-.$%))%# %* +%# 0(*&$,%# .!-,# +$(F-)(!%#

.-&+>%#A B()# !( +%"2$/0% #%,*$-)1 )-"# 0-)*&-)# !% !$%) %)*&% !%  &-.!/0% +" #> (&(3

*%"& %* !%# 0(*&$,%# E(,-.$%))%#A G( #%,*$-) 7A= +-))% ")% '"% +H%)#%0.!% +"  &-.!/0%

+" #> (&(*%"&A B()# !( #%,*$-) 7A< )-"# +-))-)#  !"#$%"&# I-&0"!(*$-)# #-"# !( I-&0%

+%  &-F&(00%# !$)>($&%# %) )-0.&%# %)*$%&#A J-"# +$#,"*-)# +()# !( #%,*$-) 7A5 +%

,%&*($)# &>#"!*(*# !$># ("  -!;/+&% +%# #-!"*$-)# +"  &-.!/0%A K* )-"# ()(!;#-)# %)D)

L"%!L"%# &>#"!*(*# %2 >&$0%)*("2A

 !" #$%&'() *$(+,')--) )% &./+01%'+- 2$&$0030)

G( &>#-!"*$-) )"0>&$L"% +H") MNB  %"* O*&% %P%,*">% Q !H($+% +% !( 0>*C-+% +" ,-03

 !>0%)* +% M,C"&A R%!!% ,$  %&0%* ")% &>#-!"*$-) %)  (&(!!/!% #"&  !"#$%"&#  &-,%##%"&#A

S-"& ,% I($&%1 $! I("* +()# ")  &%0$%& *%0 # &>>,&$&% !( 0(*&$,% E(,-.$%))% +" #;#*/0%

#-"# !( I-&0% .!-, +$(F-)(!% .-&+>%A G( 0(*&$,% E(,-.$%))% %#* !( 0(*&$,% +%# +>&$'>%#

 (&*$%!!%# +"  &%0$%& -&+&% +H")% I-),*$-) '%,*-&$%!!%A M-$* F ")% I-),*$-) +% R
n
+()#

R
m
T

F :




x1

A

A

A

xn


→




f1(x1, ..., xn)
A

A

A

fm(x1, ..., xn)




G(  !"#$%& '!%()$&**& +% F 1 )-*>% J(F )1 +% m !$F)%# %* n ,-!-))%#1 %#* +-))>%  (& T

J(F ) = ∂F
∂x

=




∂f1
∂x1

. . . ∂f1
∂xn

A

A

A

A

A

A

A

A

A

∂fm
∂x1

. . . ∂fm
∂xn




J-"# (!!-)# '-$& Q L"-$ ,-&&%# -)+ !( 0(*&$,% E(,-.$%))%  -"& !%# #;#*/0%# +$P>3

&%)*$%!# -&+$)($&%# UMBVW %* !%# #;#*/0%# (!F>.&-3+$P>&%)*$%!#A G( 0(*&$,% E(,-.$%))%

 -##/+% !%# $)I-&0(*$-)# #"X#()*%#  -"& !( &>#-!"*$-) +% ,%# #;#*/0%#A Y(  %!-)# L"%

!( I-&0% F>)>&(!% +%# MBV %#* +-))>%  (&

ẏ = f(y, t),



 !" #$%&'() *$(+,')--) )% &./+01%'+- 2$&$0030) "4"

 ! "# $%&' ()*)&#" + , -./  ,! +%**) 0#&

f(ẏ, y, t) = 0.

1 , '#!&23 , 4#3%52 ** , #,,%32) , #67 -/8  ! -./ ,%*! +%**) , & ,0 3!29 ' *!

0#&

JSDO = I − γ
∂f

∂y
,

JSAD =
∂f

∂y
+ α

∂f

∂ẏ
,

%: γ  ! α ,%*! + , 0#&#';!& , <62 +)0 *+ *! +6 0#, + ! '0,  ! + "# ')!=%+ + 

&),%"6!2%* 3=%2,2  ! I 3%&& ,0%*+ > "# '#!&23 2+ *!2!)? @%6& "# '#!&23 4#3%52 ** 

JSDOA "# '#!&23 2+ *!2!) 3%&& ,0%*+ #67 9#&2#5" , ẏ? /#*, " , ')!=%+ , + &),%"6!2%*

*6')&2<6 ,A " , 9#&2#5" , y  ! ẏ ,%*! "2) , '#2, * B%6 *! 0#, " 'C' &D" ? 8* 3%*,2+;& 

+%*3 + , '#!&23 , 4#3%52 ** , <62 +)0 *+ *! + y  ! ẏ? /#*, "# ,62! A  * $%*3!2%* +6

,E,!;' 3%*,2+)&)A "# '#!&23 4#3%52 ** JSDO %6 JSAD , &# *%!) J ?

F '#&<6%*, <6 "# '#!&23 4#3%52 ** J 3%*!2 *! + , 2*$%&'#!2%*, ,2'2"#2& , > "#

'#!&23 (E − λA) +)3&2! +#*, " 3=#02!& G?

8* ,600%, +#*, "# ,62! +6 3=#02!& <6 " , ,E,!;' , ,%*! 3#&&),A 2? ? 3%*!2 ** *!

#6!#*! + 9#&2#5" , <6 +H)<6#!2%*,? -2 " ,E,!;' *H ,! 0#, 3#&&) #"%&,A 3%'' *%6,

"H#9%*, 96 +#*, " 3=#02!& GA 2"  ,! 2'0%,,25" + " &),%6+& #9 3 + , ')!=%+ , *6')I

&2<6 ,?

J%*,2+)&%*, 0#&  7 '0" " -/8 (S6) ,629#*! K

eq1 : ẋ1 = 2x1 + 2x2 + 4x3 + 2, LM?NO

eq2 : ẋ2 = 6x2 + 2, LM?GO

eq3 : ẋ3 = 6x1 + x2 + 2, LM?PO

eq4 : ẋ4 = x1 + x4 + 6. LM?QO

1# '#!&23 4#3%52 ** #,,%32) > (S6)  ,! +%**) 0#& K

J =




1− 2γ −2γ −4γ 0

0 1− 6γ 0 0

−6γ −γ 1 0

−γ 0 0 1− γ


 .
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 !"#$%&'!"# ()##$ *(' +,+-*.+ .+ /01 (S7) #)$2("3 4

eq1 : x1 + 2x2 + 4x3 + 2 = 0, 56789

eq2 : ẋ2 + 6x2 + 2 = 0, 567:9

eq3 : x3 + 6x1 + x2 + 2 = 0, 56769

eq4 : ẋ4 + x1 + ẋ3 + 6 = 0. 567;9

<( -(3'$=+ >(=!?$+""+ (##!=$&+ @ (S7) +#3 %!""&+ *(' 4

J =




1 2 4 0

0 6 + α 0 0

6 1 1 0

1 0 α α


 .

<( -&3A!%+ %) =!-*.&-+"3 %+ /=A)' BCDE =!"#$#3+ @ '&*('3$' .( '&#!.)3$!" %) #F#3G-+

#)' k *'!=+##+)'#H *!)' =+.( .( -(3'$=+ >(=!?$+""+ %!$3 I3'+ '&&='$3+ #!)# .( J!'-+

(**+.&+  !"# $%&'"(&!)  "*$+)H =K+#3L@L%$'+H #!)# .( J!'-+ #)$2("3+7

J =




A1 0 . . . 0 F1

0 A2 . . . 0 F2

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

0 0 . . . Ak Fk

E1 E2 . . . Ek FC




.

<+# =!.!""+# Fi =!''+#*!"%+"3 (), 2('$(?.+# %K$"3+'J(=+#7

<( '&#!.)3$!" %K)" #F#3G-+ %$M&'+"3$+. #+ J($3 *(' (**'!,$-(3$!"# #)==+##$2+# %+#

*!$"3# %+ .( J!"=3$!" =!''+#*!"%("3 @ .( #!.)3$!" !*3$-(.+7 <( -&3A!%+ %) =!-*.&-+"3

%+ /=A)' BCDE *+'-+3 %+ '&#!)%'+ =A(N)+ (**'!,$-(3$!" +" %+), &3(*+#7 <( *'+-$G'+

&3(*+ *+'-+3 %+ =(.=).+' .+# 2('$(?.+# %K$"3+'J(=+# %+ .( -(3'$=+ >(=!?$+""+7 O)$# .+#

#!)#L#F#3G-+# =!''+#*!"%("3 (), -(3'$=+# AiH i = 1, ..., k *+)2+"3 I3'+ '&#!.)# +" *(L

'(..G.+7 <( -&3A!%+ %) =!-*.&-+"3 %+ /=A)' +#3 +,*.$N)&+ +" %&3($. %("# BP6E7

Q!)# (..!"# 2!$' %("# .( #+=3$!" #)$2("3+ =!--+"3 -!%&.$#+' .( -(3'$=+ >(=!?$+""+

+" 3+'-+# %+ R'(*A+7



 !" #$%&'()* +$(,-')..)* )% /&$01)* 234

 !" #$%&'()* +$(,-')..)* )% /&$01)*

 !""# $!%& '()*!$& *% +)$& ') ,-./.+#$0# &#/01!$2 3 /4)5%# .0),# +# ') -.&!'%01!$

+(%$ 678 9!% 68:;2 '#& *)'#%-& +#& *)-1)<'#& +(1$0#-=)/# &!$0 -#/)'/%'.#& #0 0-)$&"1&#&

+# $!%*#)% &%- /4)5%# ,-!/#&&#%-> 8# ,'%&2 '#& *)-1)<'#& +(1$0#-=)/# ,#%*#$0 ?0-# 0-)$&@

"1&#& &1 #0 &#%'#"#$0 &1 0!%& '#& ,-!/#&&#%-& !$0 0#-"1$. '#%-& /)'/%'&> A#& &!%&@&B&0C"#&

+!1*#$0 +!$/ ?0-# )&&#D .5%1'1<-.& ,!%- .*10#- 5%# '#& ,-!/#&&#%-& )00#$+#$0 /#'%1 5%1

,!&&C+# '# ,'%& E-)$+ &!%&@&B&0C"#2 5%1 &#-) '# ,'%& '!$E 3 /)'/%'#-> A#& *)-1)<'#& +(1$0#-@

=)/#& .0)$0 /)'/%'.#& )% ,-.)')<'#2 "1$1"1&#- '#%- $!"<-# -#*1#$0 3 "1$1"1&#- '# 0#",&

0!0)' +# ') -.&!'%01!$> A# ,-!<'C"# &# -)"C$# +!$/ 3 "1$1"1&#- '# $!"<-# +# *)-1)<'#&

+(1$0#-=)/#&2 +# 0#''# ")$1C-# 5%# '#& &!%&@&B&0C"#& )&&!/1.& )%F ")0-1/#& A1, ..., Ak &%-

/4)5%# ,-!/#&&#%- &!1#$0 )&&#D .5%1'1<-.&> 7G$ +# -../-1-# ') ")0-1/# H)/!<1#$$# J +#

0)1''# n × n )&&!/1.# 3 %$ &B&0C"# &!%& ') =!-"# <'!/ +1)E!$)'# <!-+.#2 &#%'# ') ,!&1@

01!$ +#& *)'#%-& $!$ $%'& $!%& 1$0#-#&&#> I!%& )''!$& +!$/ 0-)*)1''#- &%- %$# ")0-1/#

+(1$/1+#$/# MI +.G$1# +# ') ")$1C-# &%1*)$0#> 6!10 MI ') ")0-1/# +(1$/1+#$/# +# 0)1''#

n × n2 0#''# 5%# MI(i, j) = 1 &1 J(i, j) 6= 0 !% J(j, i) 6= 0 #0 MI(i, j) = 0 &1$!$> A#

,-!<'C"# -#*1#$0 3 -.!-E)$1&#- ') ")0-1/# +(1$/1+#$/# MI ,!%- !<0#$1- k &!%&@")0-1/#&

1$+.,#$+)$0#& &%- ') +1)E!$)'# $()B)$0 $1 '1E$# $1 /!'!$$# #$ /!""%$ #0 +# 0)1''# E'!@

<)'# ")F1"%">  # ,-!<'C"# ,#%0 ?0-# "!+.'1&. #$ 0#-"#& +# E-),4#& +# ') ")$1C-#

&%1*)$0#>  !$&1+.-!$& '# E-),4# G = (V,E)2 !J '(#$&#"<'# +#& &!""#0& V /!--#&,!$+

)%F '1E$#&K/!'!$$#& +# ') ")0-1/# #0 '(#$&#"<'# +()-?0#& E #&0 0#' 5%(1' #F1&0# %$# )-?0#

ij ∈ E2 )*#/ i > j2 &1 #0 &#%'#"#$0 &1 MI(i, j) = 1> A# ,-!<'C"# -#*1#$0 +!$/ 3 +.0#-"1@

$#- %$ #$&#"<'# +# &!""#0 V0 +# /)-+1$)'10. "1$1"%" 0#' 5%# '(#$&#"<'# +# &!""#0&

V \ V0 ,%1&&# ?0-# ,)-0101!$$. #$ k &!%&@#$&#"<'#& V1, ..., Vk +#%F 3 +#%F +./!$$#/0.&

#0 &%L&)""#$0 .5%1'1<-.&>

 !$&1+.-!$& ') ")0-1/# H)/!<1#$$# J )&&!/1.# )% &B&0C"# 9S7;> A) ")0-1/#MI )&&!/1.#

3 J &(./-10 M

MI =




1 1 1 1

1 1 1 0

1 1 1 1

1 0 1 1




A# E-),4# G )&&!/1. 3 ') ")0-1/# MI #&0 +!$$. ,)- ') GE%-# N>O>

I!%& )''!$& *!1- +)$& ') &#/01!$ &%1*)$0# 5%# /#') &# -)"C$# 3 -.&!%+-# %$ ,-!<'C"#

+# &.,)-)0#%- &!%& /#-0)1$#& /!$+101!$&>



 !! "#$%&'%()*)%+ ,-( (.(*/&-( 012#34%5,)6#4-+*)-1( -* '04*)*)%++-&-+* ,- 240'7-(

 !"#$%  !" # $%&'() G!

 !" #$%&'()* +, -./0$01*,$

*+,- G = (V,E) ./ 0%&'() /+/1+%,)/-23 4+//)5)3 &6)4 |V | = n! 7/ k !"#$%$&'(%3 '+.%

k ≥ 23 )8- ./ )/8)9:;) <) 8+99)- V0 ⊆ V -); =.) V \ V0 '.,88) >-%) '&%-,-,+//2 )/ k

8+.81)/8)9:;)8 V1, ..., Vk3 <24+//)4-28 <).5 ? <).53 4@)8-1?1<,%) =.@,; /@)5,8-) '&8 <@&%>-)

uiuj &6)4 ui ∈ Vr3 uj ∈ Vt3 +A r 6= t ∈ {1, ..., k}! B) #%)*+,-' .( k !"#$%$&'(% 4+/8,8-) ?

-%+.6)% ./ k182'&%&-).% <) 4&%<,/&;,-2 9,/,9.9! C&/8 4)%-&,/)8 &'';,4&-,+/8 +/ ,9'+8)

=.) ;)8 2;29)/-8 V1, ..., Vk <) ;& '&%-,-,+/ 8+,)/- 8.D8&99)/- 2=.,;,:%283 4@)8-1?1<,%) =.)

;& <,E2%)/4) <)8 4&%<,/&;,-28 <) <).5 )/8)9:;)8 Vi <+//2)8 )8- :+%/2) '&% ./ )/-,)% q

F52! G/ &'');;) 4) '%+:;H9)3 ;) #%)*+,-' .( k !"#$%$&'(% "/(0+0*%"! 7/) &.-%) 6&%,&/-)

=., )8- 8+.6)/- 4+/8,<2%2) '+.% ;) '%+:;H9) <. k182'&%&-).% 4+/8,8-) ? :+%/)% ;& -&,;;)

9&5,9&;) <)8 2;29)/-8 V1, ..., Vk )/ &88.%&/- =.) -+.8 ;)8 8+.81)/8)9:;)8 V1, ..., Vk 8+/-

/+/16,<)8! I)--) 6&%,&/-) )8- &'');2) ;) #%)*+,-' .( k !"#$%$&'(% *)%1"! G/ /+-)

=.) <&/8 ;& 6)%8,+/ 2=.,;,:%2) <. '%+:;H9) <. k182'&%&-).%3 ;)8 )/8)9:;)8 V1, ..., Vk

').6)/- >-%) 6,<)! J;+%8 =.) <&/8 ;)8 &.-%)83 4)8 )/8)9:;)8 /) <+,6)/- '&8 >-%) 6,<)8!

B)8 '%+:;H9)8 <. k182'&%&-).% :+%/2 )- <. k182'&%&-).% 2=.,;,:%2 8+/- 4+//.8 '+.% >-%)

KL1<,D4,;)8 )- 4) '+.% k ≥ 2 MNOP! J;+%8 =.) ;) '%+:;H9) <. Q182'&%&-).% ').-1>-%)

%28+;. )/ -)9'8 '+;R/+9,&;! B& 4+9';)5,-2 <. '%+:;H9) <. k182'&%&-).% '+.% k ≥ 3

/@)8- '&8 4+//.)!

C&/8 4) 4(&',-%) /+.8 4+/8,<2%+/8 ;) '%+:;H9) <. k182'&%&-).% 2=.,;,:%2! B) '%+:;H9)

<) ;& %224%,-.%) <) ;& 9&-%,4) S&4+:,)//) 8) %&9H/) ? 4) '%+:;H9) <&/8 ;) 0%&'() G

&88+4,2 ? 4)--) 9&-%,4)!

B& %)4()%4() <@./ k182'&%&-).% 2=.,;,:%2 ,/-)%6,)/- <&/8 <) /+9:%).5 <+9&,/)8! C&/8

4);., <)8 -2;24+99./,4&-,+/83 ;@)/8)9:;) V0 4+%%)8'+/< ? ./ 0+.;+- <@2-%&/0;)9)/-! T;

%)'%28)/-) <&/8 4) 4&8 ;)8 8+99)-8 ,9'+%-&/-83 =., 8)%+/- ;) ';.8 .-,;,828 <&/8 ;) %28)&.

)- =., 4&%&4-2%,8) ;& 4&'&4,-2 <. %28)&. MQUP! B) '%+:;H9) <. k182'&%&-).% 2=.,;,:%2 )8-

&.88, .-,;,82 <&/8 ;)8 8-%&-20,)8 V<,6,8)% '+.% %20/)%V MWP! B) '%+:;H9) <. k182'&%&-).%

2=.,;,:%2 & &.88, <)8 &'';,4&-,+/8 ,/-2%)88&/-)8 <&/8 ;& %28+;.-,+/ <)8 8R8-H9)8 ;,/2&,%)8



 !" #$%&'()*+$,- ."/

 !"#$%&'()* +,-./ 01 )2)34 5( ! "% 16) 3 &!!) 6) 7)* *8*39:)*4 !)(%* %#*;!(3&;1* &:<

=;*)13 (1) =(&** 17) 6) 7 !7(! 6) =!(* )1 =!(* #!)5#)/ >!;%* = % !!#!&*)% ! %#*;!(3&;1

6) 7)* *8*39:)* 6)5&)13 6) =!(* )1 =!(* &16&*=)1* $!)*/ 03 = % !!#!&*)% ! %#*;!(3&;1 *(%

k =%;7)**)(%* *) % :91) ? ! %#*;!(3&;1 6( =%;$!9:) 6) k<*#= % 3)(% #'(&!&$%#/ @ 1*

! !&33#% 3(%)4 !) =%;$!9:) 6( k<*#= % 3)(%  *(%3;(3 #3# #3(6&# =;(% %#*;(6%) 6)* &1*<

3 17)* 6) 3%9* "% 16) 3 &!!) A6)* "% =B)* 7;13)1 13* =!(* 6) C/DDD/DDD 6) *;::)3*E/

F;::) 7) =%;$!9:) )*3 GH<6&I7&!)4 7)* #3(6)* ;13  $;(3& ? 6)* B)(%&*3&'()* =)%:)3<

3 13 6J 5;&% 6)* *;!(3&;1*  77)=3 $!)* A: &* !;&1 6) !J;=3&:(:E =;(% 6)* &1*3 17)* 6)

3%9* "% 16) 3 &!!) +KL4 KM4 K,./ F)* B)(%&*3&'()* ;13 6;11#)* !&)( ? 6)* !;"&7&)!* 7;::)

N#3&* +L. ;( FO>FP +-. '(& *;13 ! %"):)13 (3&!&*#* = % 6)* &16(*3%&)!*/ Q %#*;!(3&;1

6)* =%;$!9:)* 6) =)3&3)* 3 &!!)* A6)* "% =B)* 7;13)1 13 '()!'()* 7)13 &1)* 6) *;::)3*E

= % 7)* B)(%&*3&'()* R;(%1&**)13 6) 3%9* : (5 &* %#*(!3 3*/ H;(% %#*;(6%) 7)* =%;$!9:)*

&! *)% &3 =!(* &13#%)** 13 6J(3&!&*)% 6)* :#3B;6)* )S 73)*/

T ! * )3 U;(V +W. ;13 #3(6&# !) =%;$!9:) 6( -<*#= % 3)(% $;%1# )1 (3&!&* 13 (1)

 ==%;7B) =;!8#6% !)/ F)33) #3(6)   $;(3&  ( 6#5)!;==):)13 6J(1  !";%&3B:) 6) 7;(=)*

)3 $% 17B):)13* +C,. =;(% %#*;(6%) !) =%;$!9:) ? !J;=3&:(:/ X!* ;13 %#*;!( 7) =%;$!9:)

*(% 6)* "% =B)*  !! 13 Y(*'(J? -DD *;::)3*/ Q)(% #3(6) )S=!;&3) ! %)! 3&;1 )13%) !)*

*#= % 3)(%* )3 !)* 6;:&1 13* 6 1* !)* "% =B)*

@&6& T&B )3 N)(%* +CW. ;13 #" !):)13 #3(6&# !) =%;$!9:) 6( -<*#= % 3)(% $;%1#/ X!*

;13 )SB&$# (1) %)! 3&;1 )13%) !) 1;:$%) 6) 7B):&1* *;::)3<6&*Y;&13* )13%) (1) = &%)

6) *;::)3* )3 (1 -<*#= % 3)(% $;%1# 6 1* !)* "% =B)*/ 01 (3&!&* 13 7)33) %)! 3&;14 &!*

;13 =%;=;*# (1) 1;(5)!!) 7;13% &13) 5 !&6) =;(% !) =%;$!9:)4 =)%:)33 13 6) $;%1)%

! 7 %6&1 !&3# 6) !J)1*):$!) V0/ F)33) 7;13% &13) !)(%  =)%:&* 6J 5;&% 6) :)&!!)(%*

%#*(!3 3* *(% !)* &1*3 17)* (3&!&*#)* = % T ! * )3 U;(V /

@ 1* 7) '(& *(&3 1;(* 6;11;1* 6)* R;%:(! 3&;1*  ==%;7B#)* )3 )S 73)* =;(% !) =%;<

$!9:) 6( k<*#= % 3)(% #'(&!&$%#/

 !" #$%&'()*+$,-

G;(*  !!;1* =%#*)13)% 6 1* (1 =%):&)% 3):=* 6)(S R;%:(! 3&;1*  ==%;7B#)* 6( =%;<

$!9:) 6( k<*#= % 3)(% #'(&!&$%#/ Q :;3&5 3&;1 6) 7)* R;%:(! 3&;1* )*3 6J#5&3)% ! 7;1<

3% &13) 6J#'(&!&$% ")4 '(& "#1#% !):)13 7;:=!)S&Z) "% 16):)13 !) =%;$!9:)/ G;(* 6;1<

1;1* )1*(&3) (1) R;%:(! 3&;1 )S 73) 6) 7) =%;$!9:)/



 !" #$%&'(&)*+*&, -.) )/)+0'.) 123$45&6-*7$5.,+*.2) .+ (15+*+*&,,.'.,+ -. 351(8.)

 !"!# $%&'()*+,%-. *//&%0123.

 !"# G = (V,E) $% &'()*+ +# k $% +%#"+' ,-./ 011!2"!%1 3 2*(4$+ 1!55+# i ∈ V +#

2*(4$+ t = 1, ..., k6 $%+ 7('"(89+ 8"%("'+ xt
i 7(9(%# : 1" 9+ 1!55+# i ())('#"+%# 3 Vt +# ;

1"%!%/

<( )'+5"='+ >!'5$9(#"!% 4$+ 9?!% )'!)!1+ )+'5+# @?!'@!%%+' 9+1 .9.5+%#1 @+ 9( )('#"A

#"!% +% >!%2#"!% @+ 9+$' 2('@"%(9"#. B |V1| ≤ |V2| ≤ ... ≤ |Vk|/ <?"@.+ "2" +# @+ 5(-"5"1+'

|V1|/ C!55+ |V1| ≤ |V2| ≤ ... ≤ |Vk| (9!'1 9+1 2('@"%(9"#.1 @+1 +%1+589+1 V2, ..., Vk 1+A

'!%# "5)9"2"#+5+%# 5(-"5"1.+1 +# )+$7+%# D#'+ )(' 2!%1.4$+%# (11+E .4$"9"8'.1/ 0$11"

V0 )+$#AD#'+ 1$F1(55+%# '.@$"#+/ G!$1 (7!%1 @!%2 9( >!'5$9(#"!%/

max
n∑

i=1

x1
i

∑

i∈V

xt
i ≤

∑

i∈V

xr
i , )!$' #!$# t = r − 1, r ∈ {2, ..., k}, HI/JK

k∑

t=1

xt
i ≤ 1, )!$' #!$# i ∈ V, HI/:;K

xt
i + xr

j ≤ 1, )!$' #!$# t 6= r ∈ {1, ..., k} +# )!$' #!$# ij ∈ E, HI/::K

xt
i ≥ 0, )!$' #!$# i ∈ V, t = 1, ..., k, HI/:LK

xt
i ≤ 1, )!$' #!$# i ∈ V, t = 1, ..., k, HI/:MK

xt
i +%#"+', )!$' #!$# i ∈ V, t = 1, ..., k, HI/:NK

<?"%.&(9"#. HI/JK +-)'"5+ 9( '+9(#"!% @?!'@'+ 1$' 9( 2('@"%(9"#. @+1 +%1+589+1 @+ 9(

)('#"#"!% H|V1| ≤ |V2| ≤ ... ≤ |Vk|K/ <+1 "%.&(9"#.1 HI/:;K +-)'"5+%# 9+ >("# 4$?$% 1!55+#

%+ )+$# )(1 ())('#+%"' 3 @+$- +%1+589+1 @+ 9( )('#"#"!%/ <+1 "%.&(9"#.1 HI/::K (11$'+%#

4$?"9 %?+-"1#+ )(1 @?('D#+ +%#'+ @+$- +%1+589+1 @+ 9( )('#"#"!%/

O(%1 9( @+$-"=5+ >!'5$9(#"!% !% 5"%"5"1+ |V0|+ |Vk| +% 2!%1+'7(%# #!$P!$'1 9?!'@'+

|V1| ≤ |V2| ≤ ... ≤ |Vk|/  " |V0| + |Vk| +1# 5"%"5"1.+6 (9!'1 V1, ..., Vk−1 )+$7+%# D#'+

)'!2*+1 @+ Vk +# '.(9"1+' ("%1" $% 2+'#("% .4$"9"8'(&+ +# V0 )+$#AD#'+ 1$F1(55+%#

)+#"#/

09!'1 9( >!'5$9(#"!% 1?.2'"# 1!$1 9( >!'5+ B



 !" #$%&'()*+$,- ." 

max
∑

i∈V

x1
i +

∑

i∈V

x2
i + ...+

∑

i∈V

xk−1
i

 !"! #$!%&'#$!()&

*+ ,+-. /012-345607 819"9,+75+  +1075 4743: 9+ +.89162+7543+2+75 ,47 34  +"'

5607 $!; +5 "028419+ < 34 /012-345607 +.4"5+ =-6  +14 3>0?@+5 ,+  +"5607  -6A475+ !

 !"!# $%&'()*+ ,- k./012%23+-% 04-5(5'%0

B06+75 G = (U,E) -7 C148D+E k -7 +756+1  -8916+-1 0- 9C43 < F +5 q -7 +756+1  -8916+-1

0- 9C43 < G! H7 705+ ,47 3+ 1+ 5+ ,+ "+ "D48651+ 3+ 810?3I2+ ,- k' 984145+-1 9=-636?19

841 JKBL!

J0-1 3+ 810?3I2+ ,- k' 984145+-1 9=-636?19E 267626 +1 |V0| 1+A6+75 < 24.626 +1 |V1|+

|V2|+...+|Vk|! *+ 810?3I2+ ,- k' 984145+-1 9=-636?19 + 5 ,07" 9=-6A43+75 4- 810C1422+

+7 702?1+ +756+1 Pk  -6A475!

max
∑

i∈V

k∑

t=1

xt
i

∑

i∈V

xt
i −

∑

i∈V

xr
i ≤ q 80-1 50-5 t 6= r ∈ {1, ..., k}, #$!(M&

k∑

t=1

xt
i ≤ 1, 80-1 50-5 i ∈ V, #$!(;&

xt
i + xr

j ≤ 1 80-1 50-5 t 6= r ∈ {1, ..., k} +5 80-1 50-5 ij ∈ E, #$!($&

xt
i ≥ 0 80-1 50-5 i ∈ V, t ∈ {1, ..., k}, #$!(N&

xt
i ≤ 1 80-1 50-5 i ∈ V, t ∈ {1, ..., k}, #$!(%&

xt
i +756+1 80-1 50-5 i ∈ V, t ∈ {1, ..., k}, #$!FG&

O"6 3+ A4164?3+ xt
i  075 ,9P76+ ,+ 34 2Q2+ 2476I1+ =-+ ,47 3+ /012-345607 819"9'

,+75+ ! *+ 679C43659 #$!(M& +.8162+75 3>9=-636?1+ +751+ 3+ +7 +2?3+ Vi! L33+ 6280 +75

=-+ ,+-. +7 +2?3+ ,+ 34 841565607 ,6RI1+75 4- 24.62-2 ,+ q 9392+75 ! S+ "07514675+ 

 +1075 488+39+  !"#$% &"' ()"*+ % ,-$#.! *+ "07514675+ #$!(;&  +1075 488+39+  !"#$% /

&"' (. 0$-& & 1!! *+ "07514675+ #$!($&  +1075 488+39+  !"#$% &"' ()$-2&.'! *+ 679C43659 

#$!(%& +5 #$!(N&  075 3+ 679C43659 516A643+ +5 3+ "07,65607 #$!FG&  075 3+ "07514675+ 

,>6759C1659!
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 !" #$%&' ()*+,&-.*'

 !"# $%&&% #%$&'(") (" *&+,'% -.%"/%-(00% $("/%1% ,%# #(-+&'("# ,+ 02(3-45% ,+ k6

#*0!2!&%+2 *7+'-'32* ,(""* 0!2 -! 8(25+-!&'(" Pk9 :" $!2!$&*2'#% -! ,'5%"#'(" ,+ 0(6

-;&(0% ,%# #(-+&'("# %& (" ,(""% ,%# $(",'&'("# "*$%##!'2%# %& #+<#!"&%# 0(+2 7+% -%#

$("&2!'"&%# ,% 3!#% ,% -! 8(25+-!&'(" ,*="'##%"& ,%# 8!$%&&%#9 :" '"&2(,+'& !+##' ,%

"(+/%--%# $("&2!'"&%# /!-',%# %& *&+,'% -%+2 !#0%$& 8!$'!-9 >% 3+& ,% $%&&% *&+,% %& ,%

,*/%-(00%2 +" !-?(2'&@5% ,% $(+0%# %& 32!"$@%5%"&# 0(+2 -% 02(3-45%9

A('& P (G, k, q) -.%"/%-(00% $("/%1% ,%# #(-+&'("# ,+ 02(?2!55% ,% -! 8(25+-!&'(" Pk)

$.%#&6B6,'2%)

P (G, k, q) = conv({x ∈ {0, 1}kn| x #!&'#8!'& CD9EFG − CD9EDG}).

A' π = (V0, V1, ..., Vk) %#& +"% 0!2&'&'(" ,% G) !-(2# -% /%$&%+2 ,.'"$',%"$% ,% π) x
π
%#&

,(""* 0!2

xπ
i,r =

{
1 #' i ∈ Vr.

0 #'"(")

0(+2 &(+& i ∈ V %& 0(+2 &(+& r ∈ {1, ..., k}9

 !"!# $%&'()%*( +' P (G, k, q)

 !"# $%&&% #%$&'(") (" $!2!$&*2'#% -! ,'5%"#'(" ,% P (G, k, q)9

 !"#"$%&%"' ()* P (G, k, q)  !" # $% &' #&( '!&)' !& q > 0*

 !+,-+) A+00(#("# 7+% q > 09 H- #+<& ,.%1@'3%2 nk + 1 #(-+&'("# ,+ IJAK ,("&

-%# /%$&%+2# ,.'"$',%"$% #("& !<"%5%"& '",*0%",!"&#9 L("#',*2("# -%# #(-+&'("# π0 =

(V 0
0 , V

0
1 , ..., V

0
k ) !/%$ V 0

0 = V ) V 0
i = ∅ 0(+2 i = 1, ..., k) %& πi,t = (V i,t

0 , V i,t
1 , ..., V i,t

k ))

t ∈ {1, ..., k}) i ∈ V !/%$ V i,t
0 = V \ {i}) V i,t

t = {i}) V i,t
r = ∅ 0(+2 r ∈ {1, ...k} \ {t}9

>%# /%$&%+2# ,.'"$',%"$% ,% $%# #(-+&'("# #("& !<"%5%"& '",*0%",!"&#9 �

:" 2%5!27+% 7+% #' q = 0) !-(2# $%2&!'"%# *?!-'&*# !00!2!'##%"& ,!"# -% 02(?2!55%

(Pk) %& 0!2 $("#*7+%"& P (G, k, q) ".%#& 0!# ,% 0-%'"% ,'5%"#'("9 M(+# $("#',*2("#) ,!"#

-! #+'&% ,% "(&2% *&+,% 7+% q > 09



 !" #$%&' ()*+,&-.*' /01

 !"!# $%&'()*+&, -()*./,

 !"# $%&&% #%$&'(") "(*# !++("# ,('-) .!"# *" /-%0'%- &%0/#) .%# $(".'&'("# "1$%##!'-%#

%& #*2#!"&%# /(*- 3*% +%# $("&-!'"&%# .% 4!#% .% +! 5(-0*+!&'(" .16"'##%"& .%# 5!$%&&%#7

8(*# '"&-(.*'#("# %"#*'&% .% "(*,%++%# $("&-!'"&%# ,!+'.%# %& .'#$*&("# .% +%*-# !#/%$&

5!$'!+7

 !"!#!$ %&'()*+,'- ,.+/+)*0- 0, 1)20,,0-

9" -%0!-3*% 3*% +%# '"1:!+'&1# ;<7=>? "% .16"'##%"& /!# .% 5!$%&&%# .% P (G, k, q)) $!-

%++%# #("& .(0'"1%# /!- +%# $("&-!'"&%# ;<7=@?7 A!- $("&-% +%# $("&-!'"&%# ;<7=B? +% #("&

$(00% +% 0("&-% +% -1#*+&!& #*',!"&7

3.454-+,+4&  !#  !" #$%&'(#)%" ;<7=B? *%+$#""!$) *!" ,'-!))!" *! P (G, k, q).

3.06/0! C+ #*2& .D%EF'4%- nk #(+*&'("# .* kG#1/!-!&%*- 13*'+'4-1 .("& +%# ,%$&%*-#

.D'"$'.%"$% #("& !2"%0%"& '".1/%".!"&# %& ,1-'6!"& xr
j = 07 H("#'.1-("# +%# #(+*&'("#

G π0 = (V 0
0 , V

0
1 , ..., V

0
k ) !,%$ V

0
0 = V ) V 0

i = ∅ /(*- i = 1, ..., k7

G πi,t = (V i,t
0 , V i,t

1 , ..., V i,t
k )) t ∈ {1, ..., k}) i ∈ V \ {j} !,%$ V i,t

0 = V \ {i}) V i,t
t = {i})

V i,t
s = ∅ /(*- s ∈ {1, ...k} \ {t})

G πj,t = (V j,t
0 , V j,t

1 , ..., V j,t
k )) t ∈ {1, ..., k} \ {r}) !,%$ V j,t

0 = V \ {j}) V j,t
t = {j}) V j,t

s = ∅

/(*- s ∈ {1, ...k} \ {t}

8(*# !,("# nk #(+*&'("# .("& +%# ,%$&%*-# .D'"$'.%"$% #("& !2"%0%"& '".1/%".!"&# %&

,1-'6%"& xr
j = 07 �

 !"!#!# %&'()*+,'- 70 5).,+,+4&

 !"# +! /-(/(#'&'(" #*',!"&%) "(*# .(""("# .%# $(".'&'("# "1$%##!'-%# %& #*2#!"%#

/(*- 3*% +%# $("&-!'"&%# .% /!-&'&'(" .16"'##%"& .%# 5!$%&&%#7 A(*- $%+!) (" '"&-(.*'&

.%*E "(&!&'("#7 I('%"& G = (V,E) *" :-!/F% %& W *" #(*#G%"#%04+% .% #(00%&# .%

V 7 8(&("# /!- N(W ) +D%"#%04+% .%# #(00%&# ,('#'"# .% W ) $D%#&GJG.'-% +%# #(00%&#

!.K!$%"&# !*E #(00%&# .% W 7  % /+*#) (" "(&% /!- Ñ(W ) +D%"#%04+% W ∪N(W )7

3.454-+,+4&  !8  /#$%&'(#)% ;<7=@?0 '""1-#%! 2 i ∈ V 0 *%+$#) 3$! ,'-!))! *! P (G, k, q)

"# !) "!3(!4!$) "# "1#) q > 1 "1#) 5136 )13)! '67)! ij ∈ E #( !8#")! *'$" G 3$ ")'9(!

-1$)!$3 *'$" V \ Ñ({i, j}) *! -'6*#$'(#)% "35%6#!36! 13 %&'(! 2 k − 1.
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 !"#$"%  ⇐! "#$$%&%'& (%#( )*+,%-) .#/ q = 1 /( .#*01 /20&(/ #'/ +-3(/ ij ∈ E (/11/

.#/ G '/ 4%'(0/'( $+& )/ &(+,1/ 0'41#& )+'& V \ Ñ({i, j}) )/ 4+-)0'+10(5 &#$5-0/#-/ %#

56+1/ 7 k − 18 9+'& 4/ 4+&: 1+ 4%'(-+0'(/  ;8<=! /&( 0>$10.#5/ $+- 1+ 4%'(-+0'(/

k∑

t=1

xt
i +

k∑

t=1

xt
j ≤ 1.  ;8?<!

@'A': 1+ 4%'(-+0'(/  ;8?<! /&( B+10)/8 @' /C/(: &#$$%&%'& 1/ 4%'(-+0-/: 4*/&(D7D)0-/

.#*01 /20&(/ #'/ &%1#(0%' π (/1 .#/ xπ
'/ &+(0&E+0( $+& 1+ 4%'(-+0'(/8 9+'& 4/ 4+&: i /( j

'*+$$+-(0/''/'( $+& 7 V08 F%>>/ ij ∈ E: +1%-& i /( j +$$+-(0/''/'( 7 #' >3>/ &%#&D

/'&/>,1/: )0&%'& V18 F%>>/ π /&( #' kD&5$+-+(/#-: N({i, j}) ⊆ V0 %# ,0/' N({i, j}) ⊆

V18 GA' .#/ π &%0( 5.#010,-5: Vt: $%#- (%#( t ∈ {2, ..., k}: )%0( 4%'(/'0- +# >%0'& #'

&%>>/( )/ V \ Ñ({i, j})8 F%>>/ V \ Ñ({i, j}) '/ 4%'(0/'( $+& )/ &(+,1/ )/ 4+-)0'+10(5

&#$5-0/#-/ %# 56+1/ 7 k − 1: 01 '*/&( $+& $%&&0,1/ )*+B%0- #' &%>>/( )/ Ñ({i, j}) )+'&
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$0"#' 0+# k− 2 #!//+,# ()&# Vt' t ∈ {1, ..., k} \ {1, 2}' .!%/+&, "& #,)50+ (+ *)%(-&)0-,4

k − 2 ()&# N̄ ′(j)8 K0 #3+& #"-, 1"+ j /∈ W +, (!&* "&+ *!&,%)(-*,-!&8 �
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 ! "##$%%$ &$' &(!)*"+!)$' %$'  !"#$% &"' () w*"+, % -.),

-(.' "%%(!' !(.' +!)/*$''$* 0"+!)$!"!) ".1 &(!2+)+(!' !/&$''"+*$' $) '.3'"!)$' #(.*

4.$ &$' &(!)*"+!)$' 2/5!+''$!) 2$' 6"&$))$',

 !"#"$%&%"' ()( /0 !"#$% &" 78,9:; ("1! & ,!) 2$3)&&) () P (G, k, q) ' )& '),%)4)!& ' 

56,. &6,& '644)& j ∈ W 7 |δ(j)| ≤ n− q − 1 8 ⇔ N̄ ′(j) ≥ q9:

 !*+,*) <=+% $1+')$ .! '(00$) z ∈ W )$% 4.$ N̄ ′(z) ≤ q − 1> "%(*' %" &(!)*"+!)$
∑

i∈V

xt
i −

∑

j∈V \W

xr
j + xr

z ≤ q, 78,9?;

$') @"%+2$,

A! $B$)> '.##('(!' 4.=+% $1+')$ t 6= r ∈ {1, ..., k} )$% 4.$ %" &(!)*"+!)$ 78,9?; "''(&+/$

C r $) t !=$') #"' @"%+2$, <"!' #$*)$ 2$ D/!/*"%+)/> (! &(!'+2E*$ t = 1 $) r = 2, <+

78,9?; !=$') #"' @"%+2$> "%(*' +% $1+')$ x̄ ∈ {0, 1}nk '(%.)+(! 2$ P (G, k, q) !$ @/*+5"!)

#"' 78,9?;> &=$')FCF2+*$

∑

i∈V

x1
i −

∑

j∈V \W

x2
j + x2

z ≥ q + 1. 78,98;

G(00$ x̄ '")+'6"+)
∑

i∈V

x1
i −

∑

j∈V

x2
j ≤ q, 78,9H;

−
∑

i∈V

x1
i +

∑

j∈V \W

x2
j − x2

z ≤ −q − 1. 78,9I;

 ! $! 2/2.+)

∑

j∈W

x2
j + x2

z ≥ 1. 78,JK;

L(!& %$ '(00$) z !$ #$.) #"' M)*$ 2"!' %=$!'$0N%$ V2> &"* N̄
′(z) ≤ q− 1, L"!' &$ &"'

|V1| < q $) %" &(!)*"+!)$ 78,98; $') @+(%/$,

<.##('(!' 4.$ !(.' "@(!' q+ 1 '(00$)' 2"!' V1 $) %$ '(00$) z !="##"*)+$!) #"' C

V2, G(00$ x̄ $') '(%.)+(!> (! 2(+) "@(+* .! '(00$) 2"!' Vt> t ∈ {1, ..., k} \ {1, 2}, <(+)



 !" #$%&' ()*+,&-.*' /" 

j ∈ W \ {z}  !"# V2$ %&''( &" ! !) '*"*')' q + 1 #&''(+#  !"# V1 (+ , #&''(+

 !"# Vt- t ∈ {1, ..., k} \ {1, 2}- |N̄
′(j)| ≥ q + k− 1$ .( /0)#- 0(# k− 2 #&''(+#  !"# Vt-

t ∈ {1, ..., k} \ {1, 2}- 1&2'("+ )" #+!30(  ( 4!2 *"!0*+5 k− 2  !"# N̄ ′(j)$ 60 #7(" #)*+ 8)(

j /∈ W (+  &"4 )"( 4&"+2! *4+*&"$

9" ("  5 )*+ 8)( 0! 4&"+2!*"+( :;$<=> (#+ ?!0* ($ @+ 0! 4&"+2!*"+( :;$<=>  &'*"( 0!

4&"+2!*"+( :;$<,>$ %( 8)* *'/0*8)( 8)( 0! 4&"+2!*"+( :;$<,> "(  5A"*+ /!# )"( 1!4(++($

B)//&#&"# '!*"+("!"+ 8)( /&)2 +&)+ #&''(+ j ∈ V - |δ(j)| ≤ n − q − 1$ C&+&"#

/!2 ax ≤ α 0! 4&"+2!*"+( :;$<,>$ B&*+ bx ≤ β )"( *"5D!0*+5 8)*  5A"*+ )"( 1!4(++(  (

P (G, k, q)$ B)//&#&"# 8)( {x ∈ P (G, k, q) : ax = α} ⊆ {x ∈ P (G, k, q) : bx = β}$

E)*#8)( P (G, k, q) (#+  ( /0(*"(  *'("#*&"- *0 #)F+  ( '&"+2(2 8)7*0 (G*#+( ρ > 0 +(0

8)( b = ρa$

H+!"+  &""5# i, j ∈ V - &" "&+( /!2 Uij )" #&)#I("#('30(  ( #&''(+#  ( V +(0 8)(

Uij ⊆ V \ {i, j} (+ |Uij| = q − 1$ %&"#* 52&"# 0(# /!2+*+*&"#

I πi = (V i
0 , V

i
1 , ..., V

i
k ) !?(4 V i

0 = V \ ({i} ∪ Uij)- V
i
t = {i} ∪ Uij- V

i
s = ∅ /&)2 s ∈

{1, ..., k} \ {t}-

I πj = (V j
0 , V

j
1 , ..., V

j
k ) !?(4 V j

0 = V \ ({j} ∪ Uij)- V
j
t = {j} ∪ Uij- V

j
s = ∅ /&)2

s ∈ {1, ..., k} \ {t}$

J(# /!2+*+*&"# πi
(+ πj

#&"+  (# #&0)+*&"#$ %&''( 0(# ?(4+()2#  7*"4* ("4(  ( πi
(+ πj

?52*A("+ ax = α- *0 #7("#)*+ 8)( bxπi

= bxπj

$ E!2 4&"#58)("+- b(wt
i) = b(wt

j)$ 9"  5 )*+

!0&2#

b(wt
i) = b(wt

j) = ρ, /&)2 i, j ∈ V , :;$K,>

(+ )" #4!0!*2( ρ  !"# R$

B&*("+ j ∈ V (+ s ∈ {1, ..., k} \ {r, t}$ E!2 LM/&+LN#(- *0 (G*#+( )" #&)#I("#('30(  (

#&''(+# Uj  ( N̄ ′(j)- |Uj| = q (+  &"4 N(j) ∩ |Uj| = ∅$ %&"#* 52&"# 0(# /!2+*+*&"#

I π1
j = (V 1

0 , V
1
1 , ..., V

1
k ) !?(4 V 1

0 = V \ Uj- V
1
t = Uj- V

1
s = ∅ /&)2 s ∈ {1, ..., k} \ {t}-

I π2
j = (V 2

0 , V
2
1 , ..., V

2
k ) !?(4 V 2

0 = V \ ({j} ∪ Uj)- V
2
t = Uj- V

2
s = {j}- V 2

z = ∅ /&)2

z ∈ {1, ..., k} \ {t, s}-

8)* #&"+  (# #&0)+*&"#$ %&''( 0(# ?(4+()2#  7*"4* ("4(  ( π1
j (+ π2

j ?52*A("+ ax = α-

*0 #7("#)*+ 8)( bxπ1

j = bxπ2

j
$ E!2 4&"#58)("+- b(ws

j) = 0$ %&''( j (#+ )" 505'("+

8)(04&"8)(  ( V - &"  5 )*+ 8)(

b(ws
i ) = 0, /&)2 +&)+ i ∈ V (+ /&)2 s ∈ {1, ..., k} \ {r, t}. :;$KO>
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 !"#! $%##& j ∈ W ' (") *+(%!*,-. /0 .1/-!. 2# -%2-3.#-.450. $. -%44.!- Uj $.

N̄ ′(j)' |Uj| = q .! $%#6 N(j) ∩ |Uj| = ∅' 6%#-/$&)%#- 0.- (")!/!/%#-

3 π3
j = (V 3

0 , V
3
1 , ..., V

3
k ) "7.6 V

3
0 = V \ Uj' V

3
t = Uj' V

3
s = ∅ (%2) s ∈ {1, ..., k} \ {t}'

3 π4
j = (V 4

0 , V
4
1 , ..., V

4
k ) "7.6 V 4

0 = V \ ({j} ∪ Uj)' V
4
t = Uj' V

4
r = {j}' V 4

z = ∅ (%2)

z ∈ {1, ..., k} \ {t, r}8

9.- (")!/!/%#- π3
j .! π

4
j -%#! $.- -%02!/%#-8 :%44. 0.- 7.6!.2)- $;/#6/$.#6. $. π3

j .! π
4
j

7&)/<.#! ax = α' /0 -;.#-2/! =2. bxπ3

j = bxπ4

j
8 >") 6%#-&=2.#!' b(wr

j ) = 08 :%44. j .-!

2# &0&4.#! =2.06%#=2. $. W ' %# $&$2/! =2.

b(wr
j ) = 0, (%2) !%2! j ∈ W. ?@8ABC

D%/.#! j ∈ V \W .! r 6= t ∈ {1, ..., k}' 6%44. j /∈ W "0%)- /0 .1/-!. 2# -%2-3.#-.450.

$. -%44.!- Ṽj $. N̄
′(j)' |Ṽj| = q + k − 18 E. (02- 0;.#-.450. Ṽj 6%#!/.#! 2# -!"50. S

$. G !.0 =2. |S| = k−28 F# #%!. 0.- -%44.!- $. S (") vz !.0 =2. z ∈ {1, ..., k}\{t, r}8

F# #%!. (") Ṽ ′j 2# -%2-3.#-.450. $. -%44.!- $. Ṽj \ S !.0 =2. |Ṽ ′j | = q8 :%#-/$&)%#-

0.- (")!/!/%#-

3 π5
j = (V 5

0 , V
5
1 , ..., V

5
k ) "7.6 V 5

0 = V \ (Ṽ ′j ∪ S)' V 5
t = Ṽ ′j ' V

5
r = ∅' V 5

s = {vs} (%2)

s ∈ {1, ..., k} \ {t, r}'

3 π6
j = (V 6

0 , V
6
1 , ..., V

6
k ) "7.6 V 6

0 = V \ ({j} ∪ Ṽj)' V
6
t = Ṽj \ S' V

6
r = {j}' V 6

s = {vs}

(%2) s ∈ {1, ..., k} \ {t, r}'

-%#! $.- -%02!/%#- "7.6 axπ5

j = α .! axπ6

j = α8 G0%)- bxπ5

j = bxπ6

j
' (") 6%#-&=2.#!'

b(wr
j ) = −b(w

t
i)8 :%44. j .-! 2# &0&4.#! =2.06%#=2. $. V \W ' %# $&$2/! =2.

b(wr
j ) = −ρ, (%2) !%2! j ∈ V \W. ?@8AAC

>") ?@8AHC3?@8AAC' /0 -;.#-2/! =2. b = ρa8 E. (02-' %# (.2! 4%#!).) 6%44. "7"#! =2.

ρ > 0 .! 0" ().27. .-! !.)4/#&.8 �

 !"!#!" $%&'()*+&, -. -/0*%(%+,

I%2- &!2$/%#- /6/ 2#. .1!.#-/%# $. 6%#!)"/#!.- ()%(%-&.- (") J"0"- .! D%2K" LH@M8

E"#- 2# ().4/.) !.4(- #%2- 7.))%#- 0.- 6%#!)"/#!.- $/!- $. $%4/#"#!- 6%##.1.-' (2/-

0.- 6%#!)"/#!.- $/!- $. $%4/#"#!- #%#36%##.1.-8

N# $%4/#"#! $"#- 2# O)"(*. G = (V,E) .-! 2# -%2-3.#-.450. $. -%44.!- D $.

0;.#-.450. $.- -%44.!- V !.0 =2. !%2! -%44.! =2/ #;"((")!/.#! ("- P D (%--,$. "2

4%/#- 2#. ")Q!. 6%442#. "7.6 2# -%44.! $. D8 R# .S.!' 2# $%4/#"#!' -/ -" 6")$/#"0/!&

.-! -2(&)/.2). P q' #. (.2! ("- Q!). /#602- $"#- 2# $.- .#-.450.- Vt' t ∈ {1, ..., k}8 D/

2# $%4/#"#! .-! /#602- $"#- 0;.#-.450. Vt "0%)- 0.- .#-.450.- Vr' r ∈ {1, ..., k} \ {t}

-%#! 7/$.-8



 !" #$%&' ()*+,&-.*' /"0

 !"#"$%&%"' ()*  !"# DW $% &!'"%(%# )!%%*+* &$ ,!$,-./(01* G(W ) !2 W ⊆ V 3  "

|DW | > q *# |W | > n− (k − 1)|DW |+ (k − 1)q (4!/, 4( )!%#/("%#*

∑

i∈DW

k∑

t=1

xt
i ≤ |DW | − 1,  !"#$%

*,# 5(4"&*3

 !+,-+) &'()*+ W ⊆ V , DW -* .'/(*0*+ 1'**)2) .) G(W )" &( DW ⊆ Vt, '3 t ∈

{1, ..., k}, 04'56 (4 )2(6+) 0- 74-6 |V \W | 6'//)+6 7'-80*+ 07705+)*(5 0-2 )*6)/94)6

Vr 7'-5 r ∈ {1, ..., k} \ {t}" :'//) 40 6'4-+('* .'(+ ;+5) <=-(4(95<), (4 )6+ .'*1 7'66(94)

.>08'(5 DW ⊆ Vt 6(

n− |W |

k − 1
≥ |DW | − q,

'- .>-*) /0*(?5) <=-(804)*+)

|W | ≤ n− (k − 1)|DW |+ (k − 1)q.

@'*1 6( |W | > n− (k− 1)|DW |+ (k− 1)q +'-6 4)6 6'//)+6 .) |DW | *) 7)-8)*+ 706

07705+)*(5 0- /;/) )*6)/94) Vt 7'-5 t ∈ {1, ..., k}" @) 74-6 1'//) DW )6+ 1'**)2)

(4 *>)6+ .'*1 706 7'66(94) .>08'(5 |DW ∩ Vt| > 0 )+ |DW ∩ Vr| > 0 7'-5 t ∈ {1, ..., k} )+

r ∈ {1, ..., k} \ {t}" A* )* .<.-(+ =-) 40 1'*+50(*+)  !"#$% )6+ 804(.)" �

:)6 1'*+50(*+)6 6'*+ 077)4<)6 "%6.(4"#6, &* &!'"%(%#, )!%%*+*,"

 !"#"$%&%"' ().  !"*%# DW *# D′
W &*$+ &!'"%(%#, )!%%*+*, &* G(W ) !2 W ⊆ V

#*4, 7$* |DW | > |D
′
W |8 |D

′
W | > q *# |W | > n−(k−1)|DW |+(k−1)q3 94!/, 4( )!%#/("%#*

:;3<=> (,,!)"6* ? D′
W &!'"%* )*44* (,,!)"6* ? DW 3

 !+,-+) B)6 1'*+50(*+)6 .) .'/(*0*+6 1'**)2)6 066'1(<)6 C DW )+ D′
W 6'*+ 5)67)1D

+(8)/)*+ .'**<)6 705

∑

i∈D′

W

k∑

t=1

xt
i +

∑

i∈DW \D
′

W

k∑

t=1

xt
i ≤ |D

′
W | − 1 + |DW \D

′
W |,  !"#E%

∑

i∈D′

W

k∑

t=1

xt
i ≤ |D

′
W | − 1.  !"#!%

F4 )6+ 140(5 =-) 40 1'*+50(*+)  !"#E% )6+ 1'/9(*0(6'* 4(*<0(5) .)6 1'*+50(*+)6  !"#!% )+ .)

4>(*<G04(+< .) 705+(+('*  !"HE% 066'1(<) C i 7'-5 +'-+ i ∈ DW \D
′
W " �
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 !"#"$%&%"' ()*+  !"# DW $% &!'"%(%# %!%)*!%%+,+ &$ -!$-)./(01+ G(W ) !2 W ⊆

V 3  " |DW | > q +# |W | > n− (k − 1)|DW |+ (k − 1)q4 (5!/- 5+- *!%#/("%#+-

∑

i∈DW

xt
i ≤ |DW | − 1, 0!$/ #!$# t = 1, ..., k,  !"#$%

-!%# 6(5"&+-3

 !,-.,) &' ()*+,* *-. -/0/1'/)* 2 1' ()*+,* 3* 1' ()4(4-/./45 !"$6 -'+7 8+9/:/ :400*

1* 340/5'5. 59*-. ('- :455*;*6 45 :45-/3<)* +5* :45.)'/5.* (') *5-*0=1* 3* 1' (')./>

./45" �

?*- :45.)'/5.*- -45. '((*1@*- "%7.(5"#7- &+ &!'"%(%#- %!%)*!%%+,+-"

 !"#"$%&%"' ()**  !"+%# DW +# D′
W &+$, &!'"%(%#- %!% *!%%+,+- &+ G(W ) !2 W ⊆

V #+5 8$+ |DW | > |D
′
W |4 |D

′
W | > q +# |W | > n−(k−1)|DW |+(k−1)q3 95!/- 5( *!%#/("%#+

 !"#A% (--!*"7+ : D′
W &!'"%+ *+55+ (--!*"7+ : DW 3

 !,-.,) &' ()*+,* *-. -/0/1'/)* 2 :*11* 3* 1' ()4(4-/./45 !"B" �

C4+- 045.)45- 3'5- 1' -+/.* 8+9/1 *;/-.* +5* :45.)'/5.* 8+/ 340/5* 1' :45.)'/5.*

 !"#$%"

 !"#"$%&%"' ()*/  !"# DW $% &!'"%(%# %!% *!%%+,+ &+ G(W ) !2 W ⊆ V #+5 8$+

|DW | > q +# |W | > n − (k − 1)|DW | + (k − 1)q3 ;!$/ #!$# -!''+# j4 !2 j ∈ DW #+5

8$<"5 +,"-#+ $%+ (/=#+ ij &(%- E(DW )4 5+- *!%#/("%#+-

∑

i∈DW

xt
i +

∑

r∈{1,...,k}\{t}

xr
j ≤ |DW | − 1, 0!$/ #!$# t ∈ {1, ..., k},  !"#B%

-!%# 6(5"&+-3

 !,-.,) D+((4-45- 8+9/1 *;/-.* +5* -41+./45 π .*11* 8+* xπ
,@)/E* 1' :45.)'/5.*

∑

i∈DW

xπt
i +

∑

r∈{1,...,k}\{t}

xπr
j ≥ |DW |.  !"AF%

G1 *-. :1'/) 8+*

∑
r∈{1,...,k}\{t} x

πr
j ≤ 1" H5 *I*. /1 59*-. ('- (4--/=1* (4+) +5 -400*. j

39'((').*5/) 2 3*+; -4+->*5-*0=1*-" ?400* |DW | > q6 /1 59*-. ('- (4--/=1* 3* ()*53)*



 !" #$%&' ()*+,&-.*' /0/

 !"#$"%& " '"$ $(%%")$ '" DW '*#$  !"#$"%& " Vt+ ," - .$ / #!"$) -*$ -($$/& " '"

-0"#'0"  " $(%%") j '*#$ .# "#$"%& " Vr1 )" 2." r ∈ {1, ..., k} \ {t}1 ")  "$ $(%%")$

DW \ {j} '*#$  !"#$"%& " Vt1 -./$2.!/ "3/$)" .#" *04)" ij+ 5# "# '6'./) 2.!/ #" -".)

-*$ "3/$)"0 '" $( .)/(# π )"  " 2." xπ
760/8"  * 9(#)0*/#)" :;+<=>+ ,(#9  * 9(#)0*/#)"

:;+?@> "$) 7* /'"+ �

5# (&$"07" 2."  * 9(#)0*/#)" :;+?@> '(%/#" :;+?A>+

 !"#"$%&%"' ()*+  !"# DW $% &!'"%(%# %!% )!%%*+* &* G(W ) !, W ⊆ V #*- .$*

|DW | > q *# |W | > n − (k − 1)|DW | + (k − 1)q/ 0!$1 #!$# 2!''*# j3 !, j /∈ DW #*-

.$4"- *+"2#* -*2 (15#*2 ij *# zj &(%2 E (6*) i, z ∈ DW 3 -*2 )!%#1("%#*2

∑

i∈DW

xt
i +

∑

r∈{1,...,k}\{t}

xr
j ≤ |DW | − 1, 7!$1 #!$# t ∈ {1, ..., k}, :;+<B>

2!%# 6(-"&*2/

 !,-.,) C.--($(#$ 2.!/ "3/$)" .#" $( .)/(# π '" P (G, k, q) )"  " 2." xπ
760/8"  *

9(#)0*/#)"

∑

i∈DW

xπt
i +

∑

r∈{1,...,k}\{t}

xπr
j ≥ |DW |. :;+<D>

E "$) 9 */0 2."

∑
r∈{1,...,k}\{t} x

πr
j ≤ 1+ F# "G") / #!"$) -*$ -($$/& " -(.0 .# $(%%") j

'!*--*0)"#/0 H '".3 $(.$I"#$"%& "$+ J(%%" |DW | > q1 / #!"$) -*$ -($$/& " '" -0"#'0"

 !"#$"%& " '"$ $(%%")$ '" DW '*#$  !"#$"%& " Vt+ ," - .$ / #!"$) -*$ -($$/& " '"

-0"#'0"  " $(%%") j '*#$ .# "#$"%& " Vr1 )" 2." r ∈ {1, ..., k} \ {t}1 ") .# "#$"%& "

D′
W ⊂ DW 1 )" 2." |D′

W | = |DW | − 11 '*#$  !"#$"%& " Vt1 -./$2." D′
W 9(#)/"#) $(/)  "

$(%%") i $(/)  " $(%%") z+ 5# "# '6'./) 2.!/ #" -".) -*$ "3/$)"0 '" $( .)/(# π )" 2."

xπ
760/8"  * 9(#)0*/#)" :;+<D>+ ,(#9  * 9(#)0*/#)" :;+<B> "$) 7* /'"+ �

(# (&$"07" 2."  * 9(#)0*/#)" :;+<B> '(%/#"  * 9(#)0*/#)" :;+?A>+

()/)0)1 2'3456%&3$ 7, 8"!',

,*#$ KBAL ,/'/ M/N* ") O".0$ (#) -0(-($6 .#" 9(#)0*/#)" 7* /'" -(.0 k = 21 &*$6"

$.0  "$ 9N"%/#$ $(%%")$ '/$P(/#)$+ Q(.$ *  (#$ '*#$ .# -0"%/"0 )"%-$ -06$"#)"0  ".0
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 !"#$%&"#'( )*&+ "!*+ &",&-*'$!"+  !..'"#  '##'  !"#$%&"#' )'*# /#$' 0#'",*' )!*$

"!#$' )$!123.'4

5!&'"# i '# j ,'*6 +!..'#+ "!" %,7% '"#+4 8" "!#' )%$ αij 2' "!.1$' .%6&.*. ,'

 9'.&"+ +!..'#+ ,&+7!&"#+ '"#$' i '# j4

αmin = min{αij : i, j ∈ V, ij /∈ E}.

αmin $')$0+'"#' 2' "!.1$' .&"&.*. ,' +!..'#+ : +*))$&.'$ )!*$ ,0 !""' #'$ 2'

;$%)9' '" ,'*6 +!*+<'"+'.12'+ "!" =&,'+4 8" '" ,0,*&# -*' αmin '+# *"' 1!$"' &">0<

$&'*$' +*$ 2% #%&22' ,' 2?'"+'.12' V04

@&,& A&9% '# B'*$+ !"# )$!)!+0 2%  !"#$%&"#' +*&=%"#'

∑

i∈V

x1
i +

∑

i∈V

x2
i ≤ |V | − αmin, CD4EFG

)!*$ 2' )$!123.' ,* H<+0)%$%#'*$ 1!$"0+4

8" '" ,0,*&# -*' 2%  !"#$%&"#'

∑

t∈{1,...,k}

∑

i∈V

xt
i ≤ |V | − αmin, CD4EIG

'+# =%2&,' )!*$ 2' )$!123.' ,* k<+0)%$%#'*$ 0-*&2&1$0 +& '# +'*2'.'"# +& αmin ≤ n− q4

J" 'K'#( +& αmin = n− q + 1 %2!$+ 2%  !"#$%&"#' CD4EIG +?0 $&# ,' 2% .%"&3$' +*&=%"#'

∑

t∈{1,...,k}

∑

i∈V

xt
i ≤ q − 1, CD4EEG

'# 2% +!2*#&!" πt = (V t
0 , V

t
1 , ..., V

t
k ) %=' |V t

t | = q( |V t
0 | = n − q( |V t

s | = 0 )!*$ s ∈

{1, ..., k} \ {t} '# t ∈ {1, ..., k} "' =0$&L' )%+ CD4EEG4 M%$  !"#$'( +& αmin ≤ n− q %2!$+ &2

'+# "0 '++%&$' ,' ,0 !""' #'$ 2' ;$%)9' '" ,'*6 +!*+<'"+'.12'+ "!" =&,'+4 J" 'K'#( ,%"+

 '  %+ "!*+ )!*=!"+ %=!&$ *"' +!2*#&!" πt = (V t
0 , V

t
1 , ..., V

t
k ) %=' |V

t
t | = q( |V t

0 | = n− q(

|V t
s | = 0 )!*$ s ∈ {1, ..., k} \ {t}4

N!*+ )$0+'"#!"+ ,%"+ 2% +' #&!" +*&=%"#' *"' 0#*,' '6)0$&.'"#%2' 1%+0' +*$ 2'+ $0<

+*2#%#+ )$0+'"#0+  &<,'++*+4



 !" #$%&' '()*+,-'.$/0' 1"2

 !" #$%&' '()*+,-'.$/0'

 !"# $" %&'()'& *'(%# "+$# ,+(%!&+"# -'# .+&($/!*)+"# !%%&+,01'# '* /! .+&($/!2

*)+" '3!,*'4 5+$# !6+"# *'#*1 ,'# .+&($/!*)+"#7 #$& $"' )"#*!",' &1'//' -' 89: #+(('*#4

5+$# !6+"# ,+"#)-1&1 /' %&+;/<(' -$ k2#1%!&!*'$& %+$& k = 2, 3, 44 5+$# !6+"# $*)/)#1

=>?@A 884:7 #$& $" >'"*)$( ,+&' B -$+ B7CC DEF !6', BD+ GHI7 %+$& &1#+$-&' /'#

%&+J&!(('# /)"1!)&'# '" "+(;&'# '"*)'&#4 >+$& /K'"#'(;/' -'# *'#*# 'L',*$1# !6', /!

.+&($/!*)+" '3!,*' "+$# !6+"# M31 q = 14

?'# '"*&1'# -'# *!;/'!$3 N$) #$)6'"* #+"* O

P+&($/!*)+" O )"-)N$' N$'//' .+&($/!*)+" '#* $*)/)#1'7

k O "+(;&' -K'"#'(;/'# -'$3 Q -'$3 -1,+""',*1#7

|V0| O /' "+(;&' -' 6!&)!;/'# -!"# /K)"*'&.!,'7

|Vi| O /' "+(;&' -' 6!&)!;/'# -!"# /K'"#'(;/' Vi

-' /! %!&*)*)+"7

TT O /' *'(%# -' &1#+/$*)+"4

5+$# "+*+"# /'# -'$3 .+&($/!*)+"# !%%&+,01'# &'#%',*)6'('"* %!& F1 '* F2 '* /!

.+&($/!*)+" '3!,*'7 !6', q = 17 %!& F34 5+$# -+""+"# !$##) /'# &1#$/*!*# .+$&")# %!&

I1*)# /' /+J),)'/ $*)/)#1 %+$& /' (+('"* %!& ?IR2S(!J)"' %+$& &1#+$-&' /' %&+;/<('

-$ k2#1%!&!*'$& 1N$)/);&14

?! T!;/' U48 &!##'(;/' /'# &1#$/*!*# !6', k ∈ {2, 3, 4}4 ?'# #+/$*)+"# -+""1'# %!& "+#

*&+)# .+&($/!*)+"# #+"* )-'"*)N$'# %+$& k = 2 '* k = 34 ?'# '"#'(;/'# V1 '* V2 %+$&

k = 2 '* /'# '"#'(;/'# V17 V2 '* V3 %+$& k = 3 #+"* 1N$)/);&1#4 H/+&# N$' %+$& k = 47 /!

.+&($/!*)+" F1 -+""' $" 1N$)/);&!J' %!&.!)*4 ?! .+&($/!*)+" F2 -+""' $"' #+/$*)+" /+)"

-' /K1N$)/);&!J'7 /! .+&($/!*)+" F3 -+""' $" ;+" 1N$)/);&!J' '* $"' (')//'$&' #+/$*)+"7

#+$# /'# ,&)*<&'# ,+"#)-1&1#7 N$' /! .+&($/!*)+" F14

5+$# &'(!&N$+"# !$##) N$' %+$& /K'"#'(;/' -'# 6!/'$&# -' k7 /! #+/$*)+" -+""1' %!&

I1*)# '#* *+$V+$&# *&<# /+)" -' /K+%*)($(4 @" 'L'*7 %+$& k = 4 "+$# !6+"# |V0| = 101

!6', I1*)# '* #'$/'('"* |V0| = 28 !6', /! .+&($/!*)+" '3!,*'4 ?! #+/$*)+" '#* -+",

J&!"-'('"* !(1/)+&1 %!& /! &1#+/$*)+" '3!,*'4 ='# &1#$/*!*# '3%1&)('"*!$3 (+"*&'"*

-+", N$' /K!%%&+,0' '3!,*' '#* %/$# 'W,!,' N$' ,'//' 1/!;+&1' -!"# I1*)# X9Y4 @" 'L'*7

,'**' !%%&+,0' -+""' -'# #+/$*)+"# N$) #+"* +%*)(!/'# '" .+",*)+"# -'# ,&)*<&'# ,+"#)2

-1&1#7 !/+&# N$' I1*)# %&+%+#' -'# #+/$*)+"# 0'$&)#*)N$'# "K!Z!"* !$,$"' J!&!"*)' -'

N$!/)*14
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 !"#$%&'(!) k |V0| |V1| |V2| |V3| |V4| TT

F1 * +, -- -- . . */,0

F2 * +, -- -- . . */,1

F3 * +, -- -- . . */2

34'(5 * 0, 20 26 . . 7 +589!):8

F1 2 *1 1* 1* 1* . *;;/-6

F2 2 *1 1* 1* 1* . 1*+/*

F3 2 *1 1* 1* 1* . 1*+/12

34'(5 2 ,, *+ +- *6 . 7 +589!):8

F1 1 2< 2< 2< 2< 2< = 1>8$"85

F2 1 *6 *, 2+ 22 22 = 1>8$"85

F3 1 *, 2+ 2< 2+ 2< = 1>8$"85

34'(5 1 +<+ ; , +2 +; 7 +589!):8

 !"#$ 0?+ @ A!#B&"&(5!)5 :85 C!"#$%&'(!)5 &BB"!9>485/ C!"#$%&'(!) 8D&9'8 8' :85

"45$%'&'5 :8 34'(5?

E&)5 %& 5$('8/ )!$5 B"458)'!)5 :85 "45$%'&'5 8DB4"(#8)'&$D !F'8)$5 B&" %8 B"!F%G#8

:$ k.54B&"&'8$" B!$" B%$5(8$"5 ()5'&)985 "48%%85 8' &%4&'!("85? EH&F!": )!$5 :49"(I!)5

%85 ()5'&)985 '85'485?

 !"!# $%&'()*+),- .%& )-&+/-'%&

J85 ()5'&)985 '85'4 5!)' :8$D ()5'&)985 "48%%85 K$( B!55G:8)' "85B89'(I8#8)' 26 8'

+6< 5!##8'5? A85 ()5'&)985 )!'485 "85B89'(I8#8)'/ B&" L.26 8' L.+6</ "8B"458)'8)'

:85 9&5 '85'5 :$ B"!M8' NOLOEP? Q!$5 &I!)5 &$55( $'(%(54 :(D ()5'&)985 &%4&'!("85? J85

()5'&)985 &%4&'!("85 K$8 )!$5 &I!)5 9!)5(:4"485 B"!I(8))8)' :$ 9>&%%8)R8 ES3OAT 8'

B8$I8)' U'"8 '4%49>&"R485 :8B$(5 V2W? A85 ()5'&)985 :!))485 :&)5 %& '&F%8 0?*/ B!55G:8)'

8)'"8 ++ 8' +;+ 5!##8'5? X) )!'8 B&" n %8 )!#F"8 :8 5!##8'5 8' B&" m %8 )!#F"8

:H&"U'85?

Q!$5 &I!)5 :4I8%!BB4 $)8 >8$"(5'(K$8 B"(#&%8 B!$" !F'8)(" B$(5 &#4%(!"8" &$ 9!$"5 :$

'8#B5/ $)8 F!")8 5$B4"(8$"8 "4&%(5&F%8 B!$" %8 B"!F%G#8? A8''8 >8$"(5'(K$8 85' B"458)'48

:&)5 %& 589'(!) 5$(I&)'8?



 !" #$%&' '()*+,-'.$/0' 1"2

 !"#$!%& n m

'$()' *+ ,-.

/$0&"12- 12- .3*

0)4&"+5- 12* 2113

0)4&"1--- 12* 321.

06%)&43 11 2-

06%)&4, 23 +1

06%)&45 ,+ 23.

06%)&4. 75 +55

06%)&4+ 171 23.-

89&&!+:+ ,7 ,+.

 !"#$ +;2 < =>%$?)#94$#)@ '&" )!"#$!%&" $4>$#A)B&";

 !"!# $%&'()*(+&% ,'(-./%

CA9" ?B>"&!#A!"D '$!" %&##& "&%#)A!D 9!& &E#&!")A! '& 4FG&9B)"#)89& ?B)0$4& ?BA?A:

">& ?$B H$4$" &# IA9J$ '$!" K1+L; MAB" '& 4F&E>%9#)A! '& %&##& G&9B)"#)89&D A! &""$6& '&

#B$!"@AB0&B %G$89& "A49#)A! '& 4$ B&4$E$#)A! 4)!>$)B& &! 9!& "A49#)A! B>$4)"$N4& O'A!% &!:

#)PB&Q ?A9B 4& ?BAN4P0&; RA9B 4$ @AB094$#)A! PkD %&##& G&9B)"#)89& %A!")"#& S #BA9(&B 9!

k:">?$B$#&9B >89)4)NB> &! 9#)4)"$!# 9! $4/AB)#G0& /4A9#A!; CA#A!" ?$B x∗ = (x∗1, ..., x
∗
k)

4$ "A49#)A! A?#)0$4& '& 4$ B&4$E$#)A! 4)!>$)B&; CA9" $44A!" %A!"#B9)B& 9! k:">?$B$#&9B

>89)4)NB> π∗ = (V ∗0 , V
∗
1 , ..., V

∗
k ) S ?$B#)B '& 4$ "A49#)A! x∗; T! ?$B# '9 k:">?$B$#&9B >89):

4)NB> π̄ = (V̄0, V̄1, ..., V̄k) AU V̄0 = V &# V̄i = ∅D ?A9B #A9# i = 1, ..., k; MFG&9B)"#)89&

$0>4)AB& %&##& "A49#)A! &! #&!#$!# ?A9B %G$89& r ∈ {1, ..., k} '& "9??B)0&B 9! "A00&#

v '& V̄0 ?A9B 4& 0&##B& '$!" V̄r; V& '>?4$%&0&!# '& v '& V̄0 S V̄r !F&"# &W&%#9> 89&

") 4$ !A9(&44& ?$B#)#)A! &"# 9! k:">?$B$#&9B >89)4)NB>; X %G$89& )#>B$#)A! &# ?A9B #A9#

r ∈ {1, ..., k}D 4& "A00&# v %GA)") '$!" V̄0 &"# 4& "A00&# v ∈ V̄0 #&4 89& x̄r
v &"# 0$E):

090 &# 4$ !A9(&44& ?$B#)#)A! &"# 9! k:">?$B$#&9B >89)4)NB>; MF$4/AB)#G0& , )449"#B& !A#B&

G&9B)"#)89& ?B)0$4&; MF$4/AB)#G0& VG&B%G&IA00&#Y$E '>#&B0)!& 4& "A00&# v '& V̄0

#&4 89& 4$ !A9(&44& ?$B#)#)A!D AN#&!9& &! '>?4$Z$!# v '& V̄0 S V̄r &"# 9! k:">?$B$#&9B

>89)4)NB> &# #&4 89& x̄r
v &"# 0$E)090; I$ %A0?4&E)#> &"# &! O(n∆G) AU ∆G B&?B>"&!#& 4&

'&/B> 0$E)090 '9 /B$?G& GD %F&"#:S:')B& ∆G = maxv∈V (|δ(v)|); [&"#&B ") 4$ !A9(&44&

?$B#)#)A!D ')"A!" π′D &"# 9! k:">?$B$#&9B >89)4)NB> "& @$)# &! O(∆G); \! &W&#D ?A9B #&"#&B

") π′ &"# 9! k:">?$B$#&9BD )4 "9]# '& #&"#&B 89& #A9" 4&" (A)")!" '& v $??$B#)&!!&!# S

V̄0 ∪ V̄r; M$ %A0?4&E)#> $9 ?)B& %$" '& 4F$4/AB)#G0& "F&E?4)89& ?$B 4& @$)# 89& V̄0 %A!#)&!#

$9 ?49" n "A00&#"; M$ %A0?4&E)#> '& 4FG&9B)"#)89& &"# &! O(n2∆G); \! &W&#D 4$ %A0:

?4&E)#> '& 4$ ?B&0)PB& NA9%4& &"# &! O(kn∆G);  4 @$9# &!"9)#& B&0$B89&B 89& 4$ "&%A!'&



 !! "#$%&'%()*)%+ ,-( (.(*/&-( 012#34%5,)6#4-+*)-1( -* '04*)*)%++-&-+* ,- 240'7-(

 !"#$% &'%()#"*% +" ,$"&

n−q
k

+ q -!.&/ 01 %2%*3 4 ,+5*.5 6% $+ ,5%7.85% .*)5+*.!1 !9

!1 1'+:!"*% ,+& "1 &!77%* ,!"5 *!"* V̄r3 r ∈ {1, ..., k}3 +" ,$"& q .*)5+*.!1& &",,$);

7%1*+.5%& ,%"<%1* =*5% -+.*%&/ >%#. &'%(,$.?"% ,+5 $% -+.* ?"% &. ,!"5 "1 r ∈ {1, ..., k}

?"%$#!1?"%3 !1 1% ,%"* ,+& +:!"*%5 "1 &!77%* 6+1& V̄r3 +$!5& +"#"1 1!"<%+" &!77%*

1% ,!"55+ =*5% +:!"*) 4 V̄r ,+5 $+ &".*% ,".&?"% $'!1 1% &",,5.7% ,+& 6% &!77%* 6+1&

"1 %1&%7 $% V̄i3 i ∈ {1, ..., k} 6"5+1* $'@%"5.&*.?"%/ A".&?"% $% k;&),+5+*%"5 6!.* =*5%

)?".$. 5)3 !1 1% ,%"* ,+& +:!"*%5 ,$"& 6% q &!77%*& 6+1& $%& +"*5%& )$)7%1*& 6% $+

,+5*.*.!1/ >%**% @%"5.&*.?"% ,%"* =*5% .7,$)7%1*) %1 "1 *%7,& O(n2∆G)/

 !"#$%&'() *+ B%"5.&*.?"% ,5.7+$%

,-&$.)/ C ; D+ &!$"*.!1 !,*.7+$% 6% $+ 5%$+(+*.!1 $.1)+.5% x∗ = (x∗1, ..., x
∗
k)/

0#$&%)/ C ; E1 k;&),+5+*%"5 )?".$. 5)/

1.23&

π̄ = (V̄0, V̄1, ..., V̄k)3 +<%# V̄0 = V %* V̄r = ∅ ,!"5 r ∈ {1, ..., k} F

7!6.G% ← <5+.F

&4-& 53)  !"#$% & '()# 64%$)

7!6.G% ← -+"(F

7#3$ 8'453) r ∈ {1, ..., k} 64%$)

vH>@%5#@%I!77%*J+(Kπ̄, r, x̄LF

/% v 6= 4!#$/

V̄r = V̄r ∪ {v}F

V̄0 = V̄0 \ {v}F

7!6.G% ← <5+.F

9-

9-

9-

$)&#3$-)$ π̄ *

9-

M!"& +<!1& "*.$.&) #%**% @%"5.&*.?"% 6+1& 1!*5% +$N!5.*@7% 6% #!",%& %*  5+1#@%7%1*&/

M!"& 6.&#"*!1& 6+1& $+ ,5!#@+.1% &%#*.!1 "1% ,5!#)6"5% 6% &),+5+*.!1 ,!"5 $%& .1;

)N+$.*)& 6% 6!7.1+1*& #!11%(%&/

 !"!# $%&'(')*+, -./ *,%0'1*)%/ -. -+2*,',)/ 3+,,.4./

M!"& ,5)&%1*!1& "1% %(*%1&.!1 6% $'@%"5.&*.?"% 6% &),+5+*.!1 6%& #!1*5+.1*%& 6% 6!;

7.1+1*& #!11%(%& ,5!,!&)% ,+5 O+$+& %* I!"P+ 6+1& QRST/ D%& #!1*5+.1*%& 6% 6!7.1+1*&
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 !"#$%&'() *+  !"#$!"%&''"()*+

,-&$.)/ , - ./ k-012*#*("3# 1435657#1 π̄8 3/ "/(5"# r "( 3/ 9"$("3# x̄:

0#$&%)/ , - ./ 0&''"( v:

1.23&

S = ∅;

coutS = 0;

4#3$ 5'673) v ∈ V̄0 86%$)

π′ = (V ′0 , V
′
1 , ..., V

′
k)8 *9"$ V

′
0 = V̄0 \ {v}8 V

′
r = V̄r ∪ {v} "( V

′
i = V̄i 2&3#

i ∈ {1, ..., k} \ {r} ;

/% π′  !" #$ k%!&'()(" #) &*#+,+-)&  " coutS < x̄r
v 6!#$/

S = v;

coutS = x̄r
v;
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9-

$)&#3$-)$ S .
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$&//"+"0 0&/( "/ /&'7#"0 "+2&/"/(5"60: <=/ >" 2&39&5# 6"0 3(5650"# >*/0 3/ *6?&#5(!'"

>" $&32"0 "( 7#*/$!"'"/(08 56 "0( /1$"00*5#" >@1(3>5"# 6" 2#&76A'" >" 012*#*(5&/ >" $"0

$&/(#*5/("0:  " 2#&76A'" 2"3( B(#" >1=/5 $&''" 035(: C*22"6&/0 43" x∗ "0( 6* 0&63(5&/

$&3#*/(" D 012*#"#: E+50("-(-56 3/ >&'5/*/( DW ("6 43" 6* $&/(#*5/(" >" >&'5/*/(0

$&//"+"0 *00&$51" D DW "0( 95&61" 2*# x∗ F

G&0&/0 x0
i = 1−

∑k
t=1 x

t∗
i : H"0 $&/(#*5/("0 >" >&'5/*/(0 $&//"+"0 IJ:KLM 2&3# x

∗
0&/(

14359*6"/("0 D

∑

i∈DW

x0
i ≥ 1. IJ:LNM

H* $&/(#*5/(" IJ:LJM "0( 95&61" 2*# 6* 0&63(5&/ x∗ 05 "( 0"36"'"/( 05

∑

i∈DW

x0
i < 1. IJ:LJM

H@*6?&#5(!'" 43" /&30 2#&2&0&/0 $!"#$!" 3/ >&'5/*/( $&//"+" D >" G(W ) &OW ⊆ V 8

|W | > n− (k − 1)|D|+ (k − 1)q "( |D| > q: G&3# $"6*8 &/ *P&3(" D $!*43" 1(*2"8 >*/0

D8 6" 0&''"( i ∈ N(D) ("6 43" 6" #*(5&
x0

i

N(D∪i)
0&5( '5/5'3': Q/ *P&3(" >"0 0&''"(0 D

D (*/( 43" |D|+ |N(D)| ≤ |V |− (k−1)∗ |D|+(k−1)∗ q: H@*6?&#5(!'" N 56630(#" /&(#"

*6?&#5(!'" >" 012*#*(5&/ &O C #"2#10"/(" 3/ "/0"'76" >" >&'5/*/(0 $&//"+"0 ("60 43"

6"3#0 $&/(#*5/("0 *00&$51"0 0&/( 95&61"0 2*# x∗: H* $&'26"+5(1 >" $"((" !"3#50(543" "0(
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O(n(n+m)logn) !" #$#%& "'() *+'") ,* -.-# /'-0,#12%3 4(# ,56#(72)%24(# 07'0')3#

0*7 8*,*) #% 9'(:* ;<=> 

 !"#$%&'() *+ ?#(72)%24(# @# )30*7*%2'" @#) /'"%7*2"%#) @# @'-2"*"%) /'""#1#)

,-&$.)/ A B C* )',(%2'" '0%2-*,# @# ,* 7#,*1*%2'" ,2"3*27# x∗ = (x∗1, ..., x
∗
k) 

0#$&%)/ A B !")#-D,# C @# /'"%7*2"%#) @# @'-2"*"%) /'""#1#) +2',3#) 0*7 x∗

1.23&

S = ∅E

F'(7 %'(% i ∈ V '" 0')# x0
i = 1−

∑k
t=1 x

t
i∗E

4#3$ 5'673) i ∈ V 86%$)

D = {i}E

&6-& 73) |D|+ |N(D)| ≤ |V | − (k − 1) ∗ |D|+ (k − 1) ∗ q 86%$)

G7'(+#7 ,# )'--#% j ∈ N(D) %#, 4(#

x0

j

N(D∪j)
#)% -2"2-(-E

HI'(%#7 j @*") DE

9-

/%  ! "#$$% &%" x0
j '#() j ∈ D %"* +,-.)+%()% / 0 %* 1(% |D| > q 6!#$/

*I'(%#7& @*") S& ,* /'"%7*2"%# *))'/23# *( @'-2"*"% DE

9-

9-

$)&#3$-)$ S 2

9-

 !"!# $%&'()*+,- .- /'01-2 -* 3(45/+-,-5*2

J'() *+'") (%2,2)3 ,#) 73)(,%*%) @3+#,'003) 073/3@#--#"% @*") ,# /*@7# @5(" *,K'B

72%6-# @# /'(0#) #% D7*"/6#-#"%) 0'(7 ,# 07'D,L-# @( kB)30*7*%#(7 34(2,2D73 C5*,B

K'72%6-# /'--#"/# 0*7 73)'(@7# ,* 7#,*1*%2'" ,2"3*27# @( 07'D,L-# 4(2 #)% /'-0*/%#

M,# "'-D7# @# /'"%7*2"%#) #% @# +*72*D,#) #)% 0',N"'-2*,O /5#)%BPB@27#&  % ')#3)!$$%

 +,.!+)% +,+*+! @'""3 0*7



 !" #$%&' '()*+,-'.$/0' 1"2

max
∑

i∈V

k∑

t=1

xt
i

∑

i∈V

xt
i −

∑

i∈V

xr
i ≤ q  !"# $!"$ t 6= r ∈ {1, ..., k}, %&'()*

k∑

t=1

xt
i ≤ 1,  !"# $!"$ i ∈ V, %&'(+*

xz
i +

∑

t∈{1,...,k}\{z}

xt
j ≤ 1  !"# $!"$ z ≤ k ,$  !"# $!"$ ij ∈ E, %&'-.*

∑

t∈{1,...,k}

∑

i∈V

xt
i ≤ |V | − αmin, %&'-/*

xt
i ≥ 0  !"# $!"$ i ∈ V, t ∈ {1, ..., k}, %&'-0*

xt
i ≤ 1  !"# $!"$ i ∈ V, t ∈ {1, ..., k}, %&'-1*

%&'-2*

34 5!6"$7!8 ! $7946, x∗ ∈ R
|E|

:, ;,$$, #,64<4$7!8 ,5$ #=46754>6,  !"# 6,  #!>6?9,

57 x∗ ,5$ "8 @,;$,"# ,8$7,#' A8 B=8=#46C 64 5!6"$7!8 x∗ 8D,5$  45 #=46754>6,' E485 ;,

;45C F ;G4H", 7$=#4$7!8C 6D46B!#7$G9, B=8?#, :,5 78=B467$=5 @467:,5  !"# 6,  #!>6?9,' 3,5

78=B467$=5 47857 $#!"@=,5 5!8$ 4I!"$=,5 4"  #!B#499, 678=47#, ;!"#48$ ,$ 6, 8!"@,4"

 #!B#499, ,5$ #=5!6"' J,  #!;,55"5 ,5$ #, #75 I"5H"DF ;, H"D4";"8, 78=B467$= @7!6=, 8,

5!7$ :=$,;$=,' K7 64 5!6"$7!8 8D,5$ $!"I!"#5  45 #=46754>6,C 6D46B!#7$G9,  #!;?:, 46!#5

F "8 >#48;G,9,8$' 3D46B!#7$G9, & ;7L:,55!"5 766"5$#, 6,5  #78;7 46,5  G45,5 :, 8!$#,

46B!#7$G9, :, ;!" ,5 ,$ >#48;G,9,8$5'

3,5 ;!8$#478$,5 :, :!97848$5 ;!88,<,5 5!8$ 5= 4#=,5 ,8 "$767548$ 6DG,"#75$7H", :=M87,

:485 64 5,;$7!8 &'-'1'

N8  ,"$ #,94#H",# H", $!"$,5 6,5 78=B467$=5 5!8$ B6!>46,5 % !"! @467:,5 :485 $!"$

6D4#>#, :, >#48;G,9,8$5*' O4# 4766,"#5C  6"57,"#5 ;!8$#478$,5  ,"@,8$ P$#, 4I!"$=,5 F

;G4H", 7$=#4$7!8'

 !"!# $%&'()*)& +,-%./0+1)*',

Q!"5 4@!85 ;!857:=#= 6,  #!>6?9, :" kL5= 4#4$,"# =H"767>#=  !"# k ∈ {2, 3, 4} ,$

q ∈ {5, 10}' Q!"5 4@!85 "$7675= RSTS 4@,; 64 >7>67!$G?H", J!8;,#$ U,;G8!6!BV H"7 ,5$

;!" 6=, 4@,; 6, 5!6@,"# 678=47#, JO3AW /0'/ X2/YC 5"# "8 W,!8 >7 #!;,55,"# H"4: ;!#,



 !" #$%&'(&)*+*&, -.) )/)+0'.) 123$45&6-*7$5.,+*.2) .+ (15+*+*&,,.'.,+ -. 351(8.)

 !"#$%&'() *+  !"#$%&'() *) +#,-). )& /$01+')()1&.

,-&$.)/ 2 ,1 "$0-') G = (V,E)3 ,1 )1&%)$ k )& ,1 )1&%)$ q

0#$&%)/ 2 4#!,&%#1 #-&%(0!) *) (Pk)

1.23&

5 2 67 ← 6$#"$0(() !%180%$) %1%&%0!

9 2 :8.#,*$) !) -$#"$0(() !%180%$) 67;

4#%& x !0 .#!,&%#1 #-&%(0!) *) 67;

< 2 /% x  !" #$%&'!%(& )*+# P (G, k, q) 4!#$/
x ).& ,1) .#!,&%#1 #-&%(0!); 4=>6

5-

? 2 /% , ! -*."#%'." ! , -*+)&%/ ! , ,*0'.%."! -*.. 1 ! 2'*&$ ! )%# x !*."

"#*+2$ ! 4!#$/

7). 0@#,&)$ A 67;

 !!)$ )1 9;

5-

B 2 /%-#-

C$01+')$ .,$ ,1) D0$%0/!) E$0+&%#110%$);

5-

F 2 6$)1*$) !0 ()%!!),$) .#!,&%#1 *) &#,. !). .#,.G-$#/!H().;

5-

939I JKL 0D)+ 5FJ# : M3 -#,$ )N)+&,)$ 1#. +0!+,!. )& %(-!8()1&)$ 1#&$) 0!"#$%&'()

*) +#,-). )& /$01+')()1&.; O01. +)&&) 8&,*) 1#,. 0D#1. !%(%&8 !) &)(-. (0P%(,( *)

+0!+,!) A +%1Q '),$).;



 !" #$%&' '()*+,-'.$/0' 1 1

 !" !#$%&!" '!" $()*!(+, -+. "+./!#$ "0#$ 1

2#"$(#3! 1 #04 '! *5.#"$(#3!6

k 1 #04)%! '5!#"!4)*!" '!+, 7 '!+, '&30##!3$&"6

q 1 '.8&%!#3! 4(,.4+4 !#$%! '!+, &*&4!#$" '! {|V1|, ..., |Vk|}6

TT 1 $!49" '! %&"0*+$.0# !# "!30#'!"6

No 1 #04)%! '! #:+'" '(#" *5(%)%! '! )%(#3;!4!#$"6

Gap 1 *5!%%!+% %!*($./! !#$%! *( 4!.**!+%! )0%#! "+9&%.!+%! !$

*( 4!.**!+%! )0%#! .#<&%.!+%!

=". *! 9%0)*>4! !"$ %&"0*+! 7 *509$.4+4 (*0%" *! ?(9 /(+$ @A6

Opt 1 B9$.4(* ". *! "C"$>4! Pk !"$ %&"0*+ 7 *509$.4+4 !$

D!(".)*! (+$%!4!#$6

TTα 1 $!49" '! %&"0*+$.0# !# "!30#'!"

!# %(E0+$(#$ *( 30#$%(.#$! '! )0%#! 7 *( <0%4+*($.0# Pk6

Noα 1 #04)%! '! #:+'" '(#" *5(%)%! '! )%(#3;!4!#$"

!# %(E0+$(#$ *( 30#$%(.#$! '! )0%#! 7 *( <0%4+*($.0# Pk6

Gapα 1 *5!%%!+% %!*($./! !#$%! *( 4!.**!+% )0%#! "+9&%.!+%! !$

*( 4!.**!+%! )0%#! .#<&%.!+%!

!# %(E0+$(#$ *( 30#$%(.#$! '! )0%#! 7 *( <0%4+*($.0# Pk6

Optα 1 B9$.4(* ". *! "C"$>4! Pk (/!3 *( 30#$%(.#$! '! )0%#! !"$ %&"0*+

7 *509$.4+4 !$ D!(".)*! (+$%!4!#$F

TTdom 1 $!49" '! %&"0*+$.0# !# "!30#'!" !# %(E0+$(#$ *( 30#$%(.#$! '! )0%#!

!$ *!" 30#$%(.#$!" '! '04.#(#$" 30##!,!" 7 *( <0%4+*($.0# Pk6

Nodom 1 #04)%! '! #:+'" '(#" *5(%)%! '! )%(#3;!4!#$" !# %(E0+$(#$ *( 30#$%(.#$!

'! )0%#! !$ *!" 30#$%(.#$!" '! '04.#(#$" 30##!,!" 7 *( <0%4+*($.0# Pk6

Gapdom 1 *5!%%!+% %!*($./! !#$%! *( 4!.**!+% )0%#! "+9&%.!+%! !$

*( 4!.**!+%! )0%#! .#<&%.!+%! !# %(E0+$(#$ *( 30#$%(.#$! '! )0%#! !$

*!" 30#$%(.#$!" '! '04.#(#$" 30##!,!" 7 *( <0%4+*($.0# Pk6

Optdom 1 B9$.4(* ". *! "C"$>4! Pk (/!3 *( 30#$%(.#$! '! )0%#! !$

*!" 30#$%(.#$!" '! '04.#(#$" 30##!,!" !"$ %&"0*+ 7 *509$.4+4

!$ D!(".)*! (+$%!4!#$F

NDC 1 #04)%! '! 30#$%(.#$!" '! '04.#(#$" 30##!,!" ?&#&%&!"6

G(#" +# 9%!4.!% $!49" #0+" (/0#" 30#".'&%& *( <0%4+*($.0# %!#<0%3&! Pr '+ 9%0)*>4!

'+ kH"&9(%($!+% &-+.*.)%& '0##&! 9(% *! 9%0?%(44! "+./(#$ 1

max{
∑

i∈V

k∑

t=1

xt
i | x

t
i ∈ {0, 1}

nk : xt
i "($."<(.$ =IFJKA6 =IFJLA6 =IFMKA}
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 !"#$%&'() %&! ('&) (*#+'() ,#) &-./.)0 /!) 1'(-$#.(-!) 234567 1#$ /!) !()!"8/!) W

#))'1.0) 9 1!) 1'(-$#.(-!) )'(- -'&:'&$) +.;!) )#&< ,'&$ /# ,/&) ,!-.-! .()-#(1! "=1.!/5

%&. !)- -'&:'&$) $0)'/&! 9 /*',-."&" !( "'.() ;*&(! )!1'(;!4

>!) -#8/!) 345 !- 34? ;'((!(- /!) $0)&/-#-) !@,0$."!(-#&@ '8-!(&) ,#$ AB>CD4 E(

$!"#$%&! %&! ,'&$ k = 2 -'&-!) /!) .()-#(1!) )'(- $0)'/&!) 9 /*',-."&"4 F/'$) %&! ,'&$

k = 3 +.(G-H;!&@ .()-#(1!) )&$ +.(G-H%&#-$! )'(- $0)'/&!) 9 /*',-."&" !- ,'&$ k = 4

)!&/!"!(- ;.@HI&.- )'(- $0)'/&!) 9 /*',-."&" ;#() /! -!",) .",#$-.4 J/ !)- -'&:'&$) ,/&)

;.K1./!L )&$ /!) .()-#(1!) -!)-0!)L ;! $0)'&;$! /! ,$'8/M"! #+!1 k = 44

N'&) #+'() -!)-0 /# "O"! <'$"&/#-.'( !( #:'&-#(- /# 1'(-$#.(-! ;! 8'$(! 234P?74

>! -#8/!#& 34P $0)&"! /!) -!",)L !( )!1'(;!)L (01!))#.$!) ,'&$ -$'&+!$ /!) αminL #.().

%&! /# +#/!&$ ;! αmin ,'&$ 1I#%&! .()-#(1!4

>!) -#8/!) 34Q !- 343 ;'((!(- /!) $0)&/-#-) !@,0$."!(-#&@ '8-!(&) ,#$ AB>CD /'$)H

%&*'( #:'&-! /# 1'(-$#.(-! ;! 8'$(!4 N'&) (*#+'() ,#) 1'().;0$0 /!) .()-#(1!) $0!//!)4 C(

!R!-L 1'""! αmin = 0 ;#() 1! 1#)L /# 1'(-$#.(-! ;! 8'$(! !)- 1'"8.(#.)'( /.(0#.$! ;!)

1'(-$#.(-!) 2346Q74 E( # αmin = 0 1#$ /! G$#,I! #))'1.0 9 1I#%&! .()-#(1! $0!//! (*!)-

,#) 1'((!@!4 C( !R!-L ;#() /!) ;!&@ .()-#(1!) ./ !@.)-! #& "'.() &( )'""!- ;01'((!1-0

;& $!)-! ;& G$#,I!4

N'&) $!"#$%&'() %&! ('&) (*#$$.+'() ,#) 9 $0)'&;$! ,/&) ;*.()-#(1!) !( &-./.)#(- /#

1'(-$#.(-! ;! 8'$(!4 B#$ 1'(-$! /! -!",) ;! $0)'/&-.'(L ,'&$ ,/&).!&$) .()-#(1!)L !)-

8!#&1'&, ,/&) <#.8/!4 B'&$ ).@ .()-#(1!) ('&) G#G('() ,/&) ;! 6PSS )!1'(;!)4 J/ #$$.+!

,'&$ 1!$-#.(!) .()-#(1!) %&! /! -!",) ;! $0)'/&-.'( )'.- ,/&) /'(G "#.) 1!/# (! ;0,#))!

:#"#.) ?SS )!1'(;!)4 ># 1'(-$#.(-! ;! 8'$(! !)-L !( "'=!((!L !K1#1! ,'&$ #"0/.'$!$ /!)

-!",) ;! $0)'/&-.'(4 T! ,/&)L /# $!/#@#-.'( /.(0#.$! ;! Pr ;'((! -'&:'&$) &(! )'/&-.'(

0G#/! #& ('"8$! ;! )'""!-)4 C( !R!-L /# )'/&-.'( x∗L 'U x∗ri = 1
k
,'&$ i = 1, ..., n !-

r = 1, ..., kL !)- -'&:'&$) +#/.;! !- !//! )#-&$! /!) 1'(-$#.(-!) 2346Q74 E( !( ;0;&.- %&!

/# )'/&-.'( x∗ !)- ',-."#/! ,'&$ /# $!/#@#-.'( /.(0#.$! ;! Pr4 ># 1'(-$#.(-! ;! 8'$(!

,!$"!- ;! $!(<'$1!$ /# $!/#@#-.'( /.(0#.$! ;! PrL ,&.)%&! ;#() 1! 1#) /# )'/&-.'( ;! /#

$!/#@#-.'( /.(0#.$! !)- 0G#/! #& ('"8$! ;! )'""!-) "'.() αmin4 N'&) #+'() +& %&! /#

1'(-$#.(-! ;! 8'$(! ,!$"!-L !( "'=!((!L ;*#"0/.'$!$ /!) ,!$<'$"#(1!)4 C( !R!-L ('&)

#+'() G#G(0L )&$ /# $0)'/&-.'( ;! /*!()!"8/! ;!) .()-#(1!)L ,/&) ;! V34SSS )!1'(;!)L )'.-

9 ,!& ,$M) 3I!&$!) !- 5S".(&-!)4 A! %&. $!,$0)!(-! ,/&) ;! PW ;! G#.( ;! -!",) )&$

/*!()!"8/! ;!) .()-#(1!)4

>!) -#8/!) 34X !- 34Y ;'((!(- /!) $0)&/-#-) !@,0$."!(-#&@ '8-!(&) ,#$ ('-$! #/G'$.-I"!

;! 1'&,!) !- 8$#(1I!"!(-)4



 !" #$%&' '()*+,-'.$/0' 1 2

 !"#$!%& k q TT No Gap Opt

'()* + * ,-+ ./ ,0, 12#34$5

'()* + ., ,-. ., ,0, 12#34$5

'()* ) * ,-6 .) ,0, 12#34$5

'()* ) ., ,-7 6 ,0, 12#34$5

'()* 8 * +-) .9 ,0, 12#34$5

'()* 8 ., .-7 6 ,0, 12#34$5

'(.*, + * ,-6 8. ,-, 12#34$5

'(.*, + ., ,-6 *+ ,-, 12#34$5

'(.*, ) * /6-6 *+) ,-, 12#34$5

'(.*, ) ., ...-* *9. ,-, 12#34$5

'(.*, 8 * .+89-. +,+9 ,-, 12#34$5

'(.*, 8 ., .87-+ 8+) ,-, 12#34$5

:$;3: + * ,-+ 7+ ,-, 12#34$5

:$;3: + ., ,-+ // ,-, 12#34$5

:$;3: ) * +-9 .7* ,-, 12#34$5

:$;3: ) ., .-* /, ,-, 12#34$5

:$;3: 8 * 86-) )/86 ,-, 12#34$5

:$;3: 8 ., 8-+ 9. ,-, 12#34$5

<$4&".+, + * .8+-6 +8)86. ,-, 12#34$5

<$4&".+, + ., .98-* ),/7)) ,-, 12#34$5

<$4&".+, ) * .*8/6-, .777/.8 ,-, 12#34$5

<$4&".+, ) ., ./7.6-, ++/976) ,-, 12#34$5

<$4&".+, 8 * .7,,, 799,,) ,-+ =&$"3>5&

<$4&".+, 8 ., .7,,, /*+*,+ ,-+ =&$"3>5&

435&"/*, + * .-* ..9 ,-, 12#34$5

435&"/*, + ., .-9 +.7 ,-, 12#34$5

435&"/*, ) * .+9-* *89 ,-, 12#34$5

435&"/*, ) ., 7,-6 )97 ,-, 12#34$5

435&"/*, 8 * .+6/8-) 8+868 ,-, 12#34$5

435&"/*, 8 ., /7,8-* +..*, ,-, 12#34$5

435&".,,, + * +-8 ... ,-, 12#34$5

435&".,,, + ., 8-/ .7. ,-, 12#34$5

435&".,,, ) * .78,-9 9)*, ,-, 12#34$5

435&".,,, ) ., .6,9-/ *+97 ,-, 12#34$5

435&".,,, 8 * .7,,, 8/*/* ,-8 =&$"3>5&

435&".,,, 8 ., .7,,, 8*))9 ,-* =&$"3>5&

 !"#$ /0) ? '@"A5#$# :A Pr B2$C#3& .D0



 !" #$%&'(&)*+*&, -.) )/)+0'.) 123$45&6-*7$5.,+*.2) .+ (15+*+*&,,.'.,+ -. 351(8.)

 !"#$!%& k q TT No Gap Opt

'(%)&*+ , - ./. 0 ./. 12#)'$*

'(%)&*+ , 3. ./. . ./. 12#)'$*

'(%)&*+ + - ./. 3- ./. 12#)'$*

'(%)&*+ + 3. ./. + ./. 12#)'$*

'(%)&*+ 4 - ./. 33 ./. 12#)'$*

'(%)&*+ 4 3. ./. + ./. 12#)'$*

'(%)&*4 , - ./3 ,3 ./. 12#)'$*

'(%)&*4 , 3. ./3 ,0 ./. 12#)'$*

'(%)&*4 + - ./3 ,33 ./. 12#)'$*

'(%)&*4 + 3. ./3 45 ./. 12#)'$*

'(%)&*4 4 - ./, 67 ./. 12#)'$*

'(%)&*4 4 3. ./, ,, ./. 12#)'$*

'(%)&*- , - ./3 3+7 ./. 12#)'$*

'(%)&*- , 3. ./3 3,+ ./. 12#)'$*

'(%)&*- + - 3/3 ,35 ./. 12#)'$*

'(%)&*- + 3. 3/. -60 ./. 12#)'$*

'(%)&*- 4 - ,/+ -37 ./. 12#)'$*

'(%)&*- 4 3. +4/3 3+,,- ./. 12#)'$*

'(%)&*7 , - 5/+ 5,.- ./. 12#)'$*

'(%)&*7 , 3. 7/6 7-+, ./. 12#)'$*

'(%)&*7 + - 3,-/3 37.7, ./. 12#)'$*

'(%)&*7 + 3. 366/- ,0.,4 ./. 12#)'$*

'(%)&*7 4 - 7,06/+ 46,.++ ./. 12#)'$*

'(%)&*7 4 3. 7,4/- ,63+- ./. 12#)'$*

'(%)&*0 , - 37.-/0 -75-,. ./. 12#)'$*

'(%)&*0 , 3. 45.6/6 ,37.,.. ./. 12#)'$*

'(%)&*0 + - 35... ,40405 ./, 8&$")9*&

'(%)&*0 + 3. 35... ,40367 ./3 8&$")9*&

'(%)&*0 4 - 35... 0437+ ./3 8&$")9*&

'(%)&*0 4 3. 35... 06735 ./3 8&$")9*&

:;&&!0<0 , - ,/. 7,+6 ./. 12#)'$*

:;&&!0<0 , 3. 3/5 47+3 ./. 12#)'$*

:;&&!0<0 + - 35/6 3366- ./. 12#)'$*

:;&&!0<0 + 3. ,,/3 337+, ./. 12#)'$*

:;&&!0<0 4 - --/4 36773 ./. 12#)'$*

:;&&!0<0 4 3. -6/+ 3,477 ./. 12#)'$*

 !"#$ 0=4 > ?@";*#$# A; Pr B2$C#)& ,D=



 !" #$%&' '()*+,-'.$/0' 1 2

 !"#$!%& αmin T2

'()* + +

'(,*+ + ,

-$./- , *,

0$1&",2+ 2 ,,3

1/4&"5*+ 3 25)

1/4&",+++ ,, ),3

16%/&4) ) +

16%/&47 7 +

16%/&4* * 7

16%/&43 3 37

16%/&45 5 ,+7,

89&&!5(5 ,: 2

 !"#$ 5;* < '=%$>/#94$#/? -&" .$4&9@" αmin;

AB9" @&1$@89B!" 89& !B9" $.B!" C&$9%B9> 1B/!" -& !D9-" -$!" 4E$@C@& -& C@$!%F&(

1&!# >B9@ 4E/!"#$!%& @=&44& '(,*+ $.&% k > 2; G& >49"H !B9" 1&##B!" 1B/!" -& #&1>"

>B9@ 4E/!"#$!%& '(,*+ $.&% k = 4 &# q = 5 &# 4E/!"#$!%& 16%/&43 $.&% k = 4 &# q = 5;

AB9" 0=!=@B!" -&" %B!#@$/!#&" -& -B1/!$!#" %B!!&I&" 9!/89&1&!# -$!" )J /!"#$!%&"

"9@ 52; AB9" @&1$@89B!" $9""/ 89& !B9" @="B4.B!" 1B/!" -E/!"#$!%&" K 4EB>#/191 &!

1B/!" -& * F&9@&"; L! &M&#H 4& #&1>" >$""= -$!" 4$ "=>$@$#/B! &"# #@N" /1>B@#$!#H &!

1B6&!!& >49" -& :*O -9 #&1>" &"# >$""= -$!" 4$ 0=!=@$#/B! -&" %B!#@$/!#&" -& -B1/(

!$!#" %B!!&I&"; P&" @="94#$#" >@=4/1/!$/@&" 1B!#@&!# 89& 4&" %B!#@$/!#&" -& -B1/!$!#"

%B!!&I&" >&@1&##&!# -& @=-9/@& 4& !B1C@& -& !D9- -$!" 4E$@C@& -& C@$!%F&1&!# 89$!-

k = 4 "9@ 4&" /!"#$!%&" '(,*+H -$./-H 16%/&43 &# 89&&!5(5;  4 "&@$/# -B!% #@N" /!#=@&""$!#

-& 0=!=@&@ %&" %B!#@$/!#&" >49" @$>/-&1&!# &#H "/ >B""/C4&H &! 0=!=@&@ >49" &! 9#/4/"$!#

-&" F&9@/"#/89&" 1/&9I $-$>#=&";

 4 ?$9# !B#&@ 89& 4&" @="94#$#" >&9.&!# %F$!0&@H !B#$11&!# "9@ 4& !B1C@& -& !D9-"

-$!" 4E$@C@& -& C@$!%F&1&!#H &!#@& 4$ @="B49#/B! -9 Pr $.&% %B!#@$/!#& -& CB@!& &# 4$

@="B49#/B! -9 Pr $.&% %B!#@$/!#& -& CB@!& &# %B!#@$/!#&" -& -B1/!$!#" %B!!&I&"; L!

&M&#H $Q! -E/1>4=1&!#&@ 4$ "=>$@$#/B! -&" %B!#@$/!#&" -$!" 4$ C/C4/B#FN89& PB!%&@#

R&%F!B4B06 /4 &"# !=%&""$/@& -& "9>>@/1&@ 89&489&" @B9#/!&" -& PSTLU;

T&" >@B%F$/!&" =#$>&" -& %&##& =#9-& >@=4/1/!$/@& >&9.&!# "& @="91&@ &! #@B/" 0@$!-&"

=#$>&"; G$!" 9! >@&1/&@ #&1>" ?$/@& 4E=#9-& >B46N-@$4& -&" %B!#@$/!#&" -& -B1/!$!#"

%B!!&I&" $Q! -E$-$>#&@H $9 1/&9IH 4EF&9@/"#/89& -& "=>$@$#/B! -& %&" %B!#@$/!#&"; L!(
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 !"#$ "% &'!()'"# *#!("$) %$ +,-#)'"-#$ ($ (,."-'-# -,-/+,--$0$ 1,!) %$ "-#*2)$)

('- -,#)$ '%2,)"#3.$ ($ +,!1$ $# 4)'-+3$.$-# 5 6-7- "% &'!()'"# '.*%",)$) %' 8'%$!)

($ αmin ($ +,-#)'"-#$ ($ 4,)-$5

 ! "#$%&'()#$

9,! '8,- *#!("* ('- +$ +3'1"#)$ %$ 1),4%:.$ (! k/ *1')'#$!) *;!"%"4)*5 9,! 

'8,- 1),1, * !-$ &,).!%'#",- $0'+#$ ($ +$ 1),4%:.$ $- #$).$ ($ 1),2)'..$ %"-*'")$

$- -,.4)$ $-#"$) 5 9,! '8,- $<$+#!* !-$ *#!($ 1,%=*()'%$ $# -,! '8,- (" +!#* ($

;!$%;!$ )* !%#'# $01*)".$-#'!05

>?!-$ ($ 1$) 1$+#"8$  $)'"# (?'11),&,-(") %?*#!($ 1,%=*()'%$ ($ +,-#)'"-#$ ($ (,/

."-'-# +,--$0$ $# -,-/+,--$0$ '7- (?'.*%",)$) %?'%2,)"#3.$ ($ +,!1$ $# 4)'-+3$/

.$-# $# ($ )$-&,)+$) %' )$%'0'#",- %"-*'")$5 @-$  $+,-($ 1$) 1$+#"8$  $)'"# ($ #),!8$)

!- '%2,)"#3.$ ($  *1')'#",- ($ "-*2'%"#* ($ (,."-'-# +,--$0$ $A+'+$ '7- ($ %$ 

'B,!#$) 1%! $A+'+$.$-# ('- -,#)$ '%2,)"#3.$ ($ +,!1$ $# 4)'-+3$.$-# 5 6-7- "%

 $)'"# "-#*)$  '-# ($ 8,")  ?"% $ # 1,  "4%$ (?'.*%",)$) %' 8'%$!) ($ αmin 1,!) -,#)$

1),4%:.$5



 !"#$!%& k q TTα Noα Gapα Optα

'$()' * + ,-* *. ,-, /0#)1$2

'$()' * ., ,-* *. ,-, /0#)1$2

'$()' 3 + .-4 55 ,-, /0#)1$2

'$()' 3 ., .-3 *6 ,-, /0#)1$2

'$()' 4 + +-, 745 ,-, /0#)1$2

'$()' 4 ., 4-, .,3 ,-, /0#)1$2

8$1&".*, * + 63-, .777,+ ,-, /0#)1$2

8$1&".*, * ., 74-, .4.3*9 ,-, /0#)1$2

8$1&".*, 3 + .,4*9-9 .7,6+35 ,-, /0#)1$2

8$1&".*, 3 ., ..,,5-, *.,.,+, ,-, /0#)1$2

8$1&".*, 4 + .9,,, .*34537 ,-* :&$");2&

8$1&".*, 4 ., .9,,, .,7*+,. ,-. :&$");2&

1)2&"6+, * + .-+ .*6 ,-, /0#)1$2

1)2&"6+, * ., .-3 .5* ,-, /0#)1$2

1)2&"6+, 3 + 4*,-5 39+6 ,-, /0#)1$2

1)2&"6+, 3 ., 7*-, 433 ,-, /0#)1$2

1)2&"6+, 4 + 97+,-* 4,3.* ,-, /0#)1$2

1)2&"6+, 4 ., +3**-* .537, ,-, /0#)1$2

1)2&".,,, * + 3-, .47 ,-, /0#)1$2

1)2&".,,, * ., *-7 .,, ,-, /0#)1$2

1)2&".,,, 3 + 794-4 3473 ,-, /0#)1$2

1)2&".,,, 3 ., 9**-5 3554 ,-, /0#)1$2

1)2&".,,, 4 + .9,,, 766*7 ,-3 :&$");2&

1)2&".,,, 4 ., .9,,, 7*.*, ,-4 :&$");2&

1<%)&23 * + ,-, 5 ,-, /0#)1$2

1<%)&23 * ., ,-, , ,-, /0#)1$2

1<%)&23 3 + ,-, 5 ,-, /0#)1$2

1<%)&23 3 ., ,-, , ,-, /0#)1$2

1<%)&23 4 + ,-, 5 ,-, /0#)1$2

1<%)&23 4 ., ,-, , ,-, /0#)1$2

 !"#$ 6=7 > ?@"A2#$# 'A Pr &! $BCA#$!# 2$ %C!#D$)!#& '& ;CD!& E0$D#)& .F=



 !"#$!%& k q TTα Noα Gapα Optα

'(%)&*+ , - ./0 ,1 ./. 23#)'$*

'(%)&*+ , 0. ./0 ,. ./. 23#)'$*

'(%)&*+ 1 - ./0 45 ./. 23#)'$*

'(%)&*+ 1 0. ./0 ,. ./. 23#)'$*

'(%)&*+ + - ./+ +-1 ./. 23#)'$*

'(%)&*+ + 0. ./1 50 ./. 23#)'$*

'(%)&*- , - ./, 0.4 ./. 23#)'$*

'(%)&*- , 0. ./0 67 ./. 23#)'$*

'(%)&*- 1 - 0/0 07- ./. 23#)'$*

'(%)&*- 1 0. ./7 115 ./. 23#)'$*

'(%)&*- + - ,/1 -0- ./. 23#)'$*

'(%)&*- + 0. ,-/5 01,06 ./. 23#)'$*

'(%)&*6 , - 1/+ ,7+1 ./. 23#)'$*

'(%)&*6 , 0. 1/0 ,.67 ./. 23#)'$*

'(%)&*6 1 - -/5 141 ./. 23#)'$*

'(%)&*6 1 0. --,/. 0,4717 ./. 23#)'$*

'(%)&*6 + - +-4,/5 +7,.+0 ./. 23#)'$*

'(%)&*6 + 0. +7+/6 ,701- ./. 23#)'$*

'(%)&*4 , - 001./. 6,5+0, ./. 23#)'$*

'(%)&*4 , 0. ,7+/4 066,0, ./. 23#)'$*

'(%)&*4 1 - 05... +.5+6+ ./, 8&$")9*&

'(%)&*4 1 0. 05... 111+06 ./0 8&$")9*&

'(%)&*4 + - 05... 0.66,+ ./0 8&$")9*&

'(%)&*4 + 0. 05... 0.6++4 ./0 8&$")9*&

:;&&!4<4 , - ,/, 4.7- . 23#)'$*

:;&&!4<4 , 0. 1/- 17-. . 23#)'$*

:;&&!4<4 1 - 0-/4 7,.0 . 23#)'$*

:;&&!4<4 1 0. 06/4 7751 . 23#)'$*

:;&&!4<4 + - -6/6 ,6,7, . 23#)'$*

:;&&!4<4 + 0. 64/- 007.+ . 23#)'$*

 !"#$ 4=4 > ?@";*#$# A; Pr  ! "#$%&"!& '" ($!&)"*!& + ,$)! -.")&* /01



 !"#$!%& k q TTdom '( Gapdom ()# Nctdom Tsepdom

*+,- . - /0,- .. 101 2)#34$5 1 106-

*+,- . /1 /078 // 101 2)#34$5 .- /0/9

*+,- , - ,0:: 6 101 2)#34$5 ,1 /07:

*+,- , /1 -07: -7 101 2)#34$5 .- ,098

*+,- 7 - ,0,7 /: 101 2)#34$5 ,1 1081

*+,- 7 /1 ,081 6 101 2)#34$5 .- /0/:

*+/-1 . - /810:6 /1: 101 2)#34$5 //1 /::07.

*+/-1 . /1 /860.8 61 101 2)#34$5 /1: /890/6

*+/-1 , - :60/9 79 101 2)#34$5 /.1 -/09/

*+/-1 , /1 79.0-8 .:8 101 2)#34$5 //7 ,:70,-

*+/-1 7 - 67601/ -9: 101 2)#34$5 /.- 71-06-

*+/-1 7 /1 .8-0-/ /,: 101 2)#34$5 /./ /-/0/7

;$<3; . - /,017 6, 101 2)#34$5 8/ /.0,-

;$<3; . /1 .,018 6- 101 2)#34$5 :9 ..07/

;$<3; , - ,:061 .8. 101 2)#34$5 8. ,/0,1

;$<3; , /1 7708, /8. 101 2)#34$5 :: 7101-

;$<3; 7 - -/077 7/6 101 2)#34$5 8. ,9098

;$<3; 7 /1 :9066 ,71 101 2)#34$5 :: 9/0:-

=$4&"/.1 . - /8111 /9/,, 10. >&$"3?5& 1 /:69-06/

=$4&"/.1 . /1 /8111 /7.,6 10. >&$"3?5& 1 /:6:10./

=$4&"/.1 , - /8111 .,161 10. >&$"3?5& 96 /:7.-0.9

=$4&"/.1 , /1 /8111 .1./, 10, >&$"3?5& 1 /:787069

=$4&"/.1 7 - /8111 ,,./7 10- >&$"3?5& :/ /-8:7017

=$4&"/.1 7 /1 /8111 ./,7- 10, >&$"3?5& 1 /9,,/08.

435&":-1 . - 7/80.9 ,8- 101 2)#34$5 9 7/.077

435&":-1 . /1 :6:066 9.. 101 2)#34$5 //7 :8609.

435&":-1 , - /97/071 /667 101 2)#34$5 :7 /./6098

435&":-1 , /1 /8680,: /878 101 2)#34$5 :. /77:061

435&":-1 7 - /8111 /-198 10- >&$"3?5& :6 /.,/70-/

435&":-1 7 /1 /8111 /.6.. 10. >&$"3?5& -/ 6:8,0,/

435&"/111 . - .910,: ,7: 101 2)#34$5 1 .-1011

435&"/111 . /1 /1::09, 8,9 101 2)#34$5 1 /19-0/8

435&"/111 , - /1780:, 688 101 2)#34$5 1 -910.8

435&"/111 , /1 //-108/ 6.7 101 2)#34$5 1 9:.0,7

435&"/111 7 - /8111 /9:87 106 >&$"3?5& . 6,/.07-

435&"/111 7 /1 /8111 /9/., 106 >&$"3?5& - 6-1.0-9

 !"#$ :@8 A *B"C5#$# ;C Pr &! $D(C#$!# 5$ %(!#E$3!#& ;& ?(E!& &# 5&" %(!#E$3!#&" ;&

;(43!$!#" %(!!&F&" G)$E#3& /H@



 !"#$!%& k q TTdom '( Gapdom ()# Nctdom Tsepdom

*+%,&-. / 0 12/3 4 121 5)#,*$- 1 1236

*+%,&-. / 31 1214 1 121 5)#,*$- 1 1217

*+%,&-. . 0 12/8 6 121 5)#,*$- 1 12/9

*+%,&-. . 31 1218 1 121 5)#,*$- 1 1218

*+%,&-. 9 0 12/9 4 121 5)#,*$- 1 1236

*+%,&-. 9 31 1218 1 121 5)#,*$- 1 1218

*+%,&-9 / 0 32/1 91 121 5)#,*$- 1 323/

*+%,&-9 / 31 1266 38 121 5)#,*$- 1 126/

*+%,&-9 . 0 3213 /9 121 5)#,*$- 1 1279

*+%,&-9 . 31 3207 /7 121 5)#,*$- 1 323.

*+%,&-9 9 0 .290 /63 121 5)#,*$- 1 /20/

*+%,&-9 9 31 3209 /7 121 5)#,*$- 1 3210

*+%,&-0 / 0 823/ //. 121 5)#,*$- 1 427.

*+%,&-0 / 31 342./ /19 121 5)#,*$- 1 37261

*+%,&-0 . 0 34280 999 121 5)#,*$- 4 39246

*+%,&-0 . 31 0023. 669 121 5)#,*$- 1 03213

*+%,&-0 9 0 /642/0 6/60 121 5)#,*$- 1 /0327/

*+%,&-0 9 31 3732.6 /80/ 121 5)#,*$- 1 398241

*+%,&-7 / 0 361.28/ 31687 121 5)#,*$- 76 3887240

*+%,&-7 / 31 7/39203 //331 121 5)#,*$- 37 7348213

*+%,&-7 . 0 39804201 6179. 1 5)#,*$- 89 3.98.2/.

*+%,&-7 . 31 66/8210 99838 1 5)#,*$- .4 6/00213

*+%,&-7 9 0 8.829/ 9.// 1 5)#,*$- 3 7//240

*+%,&-7 9 31 /806216 6739 1 5)#,*$- 1 /.46278

*+%,&-4 / 0 38111 39./9 12/ :&$",;-& /3 3447/290

*+%,&-4 / 31 38111 863/ 12/ :&$",;-& 390 3483629/

*+%,&-4 . 0 38111 37/.4 12. :&$",;-& 64 37./32.0

*+%,&-4 . 31 38111 311./ 12. :&$",;-& 9. 30.3/286

*+%,&-4 9 0 38111 3/9.0 12. :&$",;-& /9 33.9/2./

*+%,&-4 9 31 38111 46/. 12/ :&$",;-& .4 3/84923.

<=&&!4>4 / 0 /.7244 9868 121 5)#,*$- 1 /./266

<=&&!4>4 / 31 761270 844/ 121 5)#,*$- 1 789209

<=&&!4>4 . 0 7/.2.. 39.78 121 5)#,*$- 1 046238

<=&&!4>4 . 31 414236 4606 121 5)#,*$- 1 74/2.6

<=&&!4>4 9 0 890269 /1/0. 121 5)#,*$- 1 4/023/

<=&&!4>4 9 31 3.16236 3.443 121 5)#,*$- 1 3376230

 !"#$ 4?6 @ AB"=-#$# C= Pr &! $D(=#$!# -$ %(!#E$,!#& C& ;(E!& &# -&" %(!#E$,!#&" C&

C(*,!$!#" %(!!&F&" G)$E#,& /H?



 !"#$%&'!"

 !"# $%&&% &'(#%) "*+# !,*"# -&+./- 0%# 12*30(4%# .% 05!"!06#% #&2+$&+2%00% 1*+2 0%#

#6#&(4%# !07-32*8./9-2%"&/%0# $*"./&/*""%0# %& 0%# #6#&(4%# !07-32*8./9-2%"&/%0# $*"./8

&/*""%0# /432/:+-# !/"#/ :+% 0% 12*30(4% .% 1!2!00-0/#!&/*" .%# #6#&(4%# !07-32*8./9-2%"&/%0#;

 !"# +" 12%4/%2 &%41#) "*+# !,*"# -&+./- 0% 12*30(4% .% 05!"!06#% #&2+$&+2%00% 1*+2

0%# #6#&(4%# !07-32*8./9-2%"&/%0# $*"./&/*""%0#; <*+# !,*"# 4*"&2- :+% $% 12*30(4%

#% 2!4("% !+ 12*30(4% .+ #*+#872!1'% #!"# $*+10!7% 1!2=!/& >?@A@B?C; <*+# !,*"#

%"#+/&% -&+./- 0! $*410%D/&- .+ 12*30(4% ?@A@B?; <*+# !,*"# 4*"&2- :+% $% .%2"/%2

%#& <?8$*410%& %" +&/0/#!"& +"% 2-.+$&/*" .5+"% ,!2/!"&% .+ 12*30(4% .+ #&!30% .!"#

0%# 72!1'%# &2/1!2&/#; ?*+2 $%0! "*+# -&/*"# !4%"-# E 4*"&2%2 :+% $%&&% ,!2/!"&% .+ 12*8

30(4% .+ #&!30% %#& %00% 4F4% <?8$*410%&; B*44% $*"#-:+%"$% "*+# !,*"# *3&%"+ :+%

0% 12*30(4% .% 05!"!06#% #&2+$&+2%00% $*"./&/*""%00% %#& <?8$*410%&; <*+# !,*"# -&+./-

.%+D =*24+0!&/*"# %" "*432%# %"&/%2# 1*+2 0% 12*30(4% ?@A@B?; <*+# !,*"# !+##/

-&+./- +"% !112*$'% 1*06-.2!0% 1*+2 $% 12*30(4%; <*+# !,*"# /.%"&/G- .% "*+,%00%#

$*"&2!/"&%# ,!0/.%#) %& "*+# !,*"# .*""- .%# $*"./&/*"# "-$%##!/2%# %& .%# $*"./&/*"#

#+H#!"&%# 1*+2 :+% $%# /"-7!0/&-# .-G"/##%"& .%# =!$%&&%#; <*+# !,*"# 4*"&2- :+% 0%

12*30(4% .% #-1!2!&/*" 1*+2 $%2&!/"%# .% $%# $0!##%# 1%+& F&2% 2-#*0+ %" &%41# 1*06"*8

4/!0; B%&&% -&+.% =!$/!0% "*+# E 1%24/# .% .-,%0*11%2 %& /410-4%"&%2 +" !07*2/&'4% .%

$*+1%# %& 32!"$'%4%"&# 1*+2 0% 12*30(4% .% 05!"!06#% #&2+$&+2%00%; <*+# !,*"# 4*"&2-

:+% 0! ./H$+0&- .% 2-#*0+&/*" .+ ?@A@B? "% .-1%".# 1!# +"/:+%4%"& .% 0! &!/00% .%

05/"#&!"$%;

<*+# "*+# #*44%# %"#+/&% /"&-2%##-# E +"% %D&%"#/*" .% $% 12*30(4% 1*+2 0%# #6#8

&(4%# !07-32*8./9-2%"&/%0# $*"./&/*""%0# /432/:+-#; <*+# !,*"# 4*"&2- :+% $% 12*30(4%

#% 2!4("% !+ 12*30(4% 7-"-2!0/#- .+ ?@A@B? >A8?@A@B?C; <*+# !,*"# -&+./- +"%

=*24+0!&/*" %" "*432%# %"&/%2# 1*+2 $% 12*30(4%; <*+# !,*"# !+##/ -&+./- +"% !112*$'%

1*06-.2!0% 1*+2 $% 12*30(4%; <*+# !,*"# /.%"&/G- .% "*+,%00%# $*"&2!/"&%# ,!0/.%# %&

"*+# !,*"# -&%".+ 10+#/%+2# $*"&2!/"&%# .% 0! =*24+0!&/*" !##*$/-% !+ ?@A@B?; <*+#

!,*"# .*""- .%# $*"./&/*"# "-$%##!/2%# %& .%# $*"./&/*"# #+H#!"&%# 1*+2 :+% $%# /"-7!8

0/&-# .-G"/##%"& .%# =!$%&&%#;
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 !"!# $%!& '( $()!*() +,%-*.)(# !/0& %1/!& +/!&*$2)2 '( -)/3'45( $( -%)%''2'*&%.*/!

$(& &6&.45(& %'723)/8$*92)(!.*('&: ;( -)/3'45( &( )%54!( %0 -)/3'45( $( k8&2-%)%.(0)

2<0*'*3)2: =/0& %1/!& -)/-/&2 $(0> ?/)50'%.*/!& %--)/+,2(& (. 0!( ?/)50'%.*/! (>%+.(

(! !/53)(& (!.*()&: =/0& %1/!& %0&&* 2.0$*2 0!( %--)/+,( -/'62$)%'( &0) '% ?/)50'%.*/!

(>%+.( $0 -)/3'45(: =/0& %1/!& *$(!.*"2 $( !/01(''(& +/!.)%*!.(& 1%'*$(& (. !/0& %1/!&

2.(!$0 -'0&*(0)& +/!.)%*!.(& -)/-/&2(& -%) @%'%& (. A/0B% CDE %*!&* <0( F*$* @*,% (.

G(0)& CHDE: =/0& %1/!& $/!!2 $(& +/!$*.*/!& !2+(&&%*)(& (. $(& +/!$*.*/!& &0I&%!.(&

-/0) <0( +(& *!27%'*.2& $2"!*&&(!. $(& ?%+(..(&: =/0& %1/!& .(&.2 +(..( ?/)50'%.*/!#

)(!?/)+2( -%) <0('<0(& !/01(''(& +/!.)%*!.(&# &0) $(& *!&.%!+(& )2(''(& (. $(& *!&.%!+(&

%'2%./*)(&: =/0& %1/!& 5/!.)2 <0( '% +/!.)%*!.( $( 3/)!(&# -)/-/&2( -%) F*$* @*,% (.

G(0)&# %$%-.2(& J !/.)( -)/3'45( -()5(. $K%52'*/)() '(& -()?/)5%!+(&:

;( .)%1%*' $( )(+,()+,( /01)( -'0&*(0)& -()&-(+.*1(& '*2(& J '% ?/*& J 'K(>-'/)%.*/!

.,2/)*<0( (. J 'K(>-2)*5(!.%.*/! !052)*<0(: L/0. $K%3/)$ -/0) -/01/*) )2&/0$)( '(

-)/3'45( $( 'K%!%'6&( &.)0+.0)(''( &0) $(& &6&.45(& %'723)/8$*92)(!.*('& +/!$*.*/!!('&

$( 7)%!$(& .%*''(&# *' &()%*. .)4& *!.2)(&&%!. $K%52'*/)() '(& -()?/)5%!+(& $( 'K%'7/)*.,5(

$( +/0-(& (. 3)%!+,(5(!.&: MK0!( $(& -*&.(& &()%*. $K2.0$*() '% +/5-'(>*.2 $( '% &2-%)%8

.*/! $(& +/!.)%*!.(& $( k8+/0-'%7(& (. $( &/0&87)%-,( 3*(! +/!.)%*!.: =/0& +/!N(+.0)/!&

<0( +(& -)/3'45(& &/!. =O8$*I+*'(&: P' &()%*. *!.2)(&&%!. $( .)/01() $(& +/!$*.*/!& !28

+(&&%*)(& (. &0I&%!.(& -/0) <0( '(& +/!.)%*!.(& $( k8+/0-'%7(& (. $( &/0&87)%-,( )270'*()

$2"!*&&(!. $(& ?%+(..(&: ;(& +/!$*.*/!& -()5(..)%*(!. $K0.*'*&() +(& +/!.)%*!.(& $K0!(

5%!*4)( -'0& (I+%+(: Q!( %0.)( -*&.( &()%*. $K*$(!.*"() $K%0.)(& ?%5*''(& $K*!27%'*.2&

1%'*$(& (. $K2.0$*() '(0)& &.)0+.0)(& ?%+*%'(&:

Q!( %0.)( -()&-(+.*1( *!.2)(&&%!.( &()%*. $( $21('/--() 0! %'7/)*.,5( $( +/0-(&

(. 3)%!+,(5(!.& -/0) )2&/0$)( '( -)/3'45( 72!2)%'*&2 $0 OARA;O: ;(. %'7/)*.,5(

-/0))%*. &K%--06() &0) '(& !/01(''(& +/!.)%*!.(& (. '(& (>.(!&*/!& $(& +/!.)%*!.(& 1%'*$(&

<0( !/0& %1/!& -)/-/&2(&:

FK%0.)( -%). -/0) %52'*/)() '( .(5-& $( )2&/'0.*/! $0 -)/3'45( $( -%)%''2'*&%.*/!

$(& &6&.45(& %'723)/8$*92)(!.*('&# *' &()%*. *!.2)(&&%!. $( .)/01() $(& +/!$*.*/!& !2+(&8

&%*)(& (. &0I&%!.(& -/0) <0( '(& +/!.)%*!.(& $( $/5*!%!.& +/!!(>(& (. !/!8+/!!(>(&

$2"!*&&(!. $(& ?%+(..(&: ;(& +/!$*.*/!& -()5(..)%*(!. $K0.*'*&() +(& +/!.)%*!.(& (I+%8
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