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Abstract

The d-Budgeted Spanning Tree Problem lies at the intersection of the spanning tree and
the multi-knapsack problems. It models several applications in the fields of network design,
power and transportation networks. The multi-knapsack part allows to consider several
criteria, potentially in conflict, that occur in many real-world problems. We consider exact
algorithms, based on a polyhedral approach, to solve the problem with one or several bud-
get constraints. In the case where d = 1, we give an exact extended formulation based on
matroids intersection and disjunctive programming. Due to the NP-hardness of the prob-
lem, this formulation is exponentially large and prohibitive to solve. Moreover, there is no
hope to obtain all the facets of the convex hull by projection. Instead, we carefully select
rays of the projection cone that exploit the spanning tree and the knapsack polytopes. We
develop a Branch-and-Cut algorithm based on a careful selection of rays of the projection
cone, efficient separation routines, and a fast algorithm to solve the Lagrangian relaxation
of the problem. Our experiment results show that our approach outperforms state of the
art ones. We generalize our algorithm to solve the problem with d > 2 budget constraints.

Keywords: Combinatorial optimization, Polyhedra, Spanning tree, Knapsack, Ma-
troid, Extended formulation, Projection, Valid inequality, Lagrangian relaxation, Branch-
and-Cut.



Résumé long

Le probléme de I’arbre couvrant d-budgété : for-
mulations étendues, projection et algorithmes de
coupes et branchements

L’optimisation combinatoire est une branche de I'informatique et des mathématiques
appliquées. Un probléme d’optimisation combinatoire consiste a trouver un des meilleurs
éléments parmi un ensemble fini de solutions. La plupart de ces problémes ne peuvent
pas étre résolus en temps polynomial (sauf si P = NP) et la conception d’algorithmes
efficaces constitue de véritables challenges. L’étude et 'exploitation de la structure des
problémes d’optimisation combinatoire difficiles sont primordiaux dans 1’élaboration de
méthodes exactes. Les approches polyédrales, initiées en 1965 par Edmonds [23], s’avérent
particulierement efficaces dans la résolution de problémes d’optimisation combinatoire dif-
ficiles. Celles-ci consistent a ramener un probléme sous la forme d’un systéme d’inégalités
linéaires décrivant ’enveloppe convexe de ses solutions. Une analyse fine de ce polyédre
permet généralement d’obtenir des procédures performantes pour résoudre le probléeme.

Des problémes d’optimisation combinatoire sont quotidiennement traités par des en-
treprises, collectivités territoriales, administrations et individus. Le probléme de I’arbre
couvrant de colt minimal est un probléme d’optimisation combinatoire classique. Ce
dernier consiste a déterminer un sous-réseau acyclique connectant tous les sommets d’un
réseau pondéré. Ce probléeme est au coeur de nombreuses applications, notamment dans les
domaines des télécommunications, de ’énergie, des transports. Le probléme de ’arbre cou-
vrant de cott minimal peut étre résolu en temps polynomial (algorithmes de Prim, Kruskal,
Bortivka). Le probléme du sac-a-dos est également un célébre probléme d’optimisation
combinatoire. On dispose d’un sac-a-dos d’une capacité finie ainsi qu'un ensemble d’éléments
ayant chacun un volume et un profit. L’objectif étant de déterminer un sous-ensemble
d’élements a placer dans le sac tel que le profit total soit maximum. Ce probléme modélise
I’allocation de ressources, la gestion de stocks comme la préparation d’une valise pour un
voyage. Contrairement a l’arbre couvrant, il n’existe pas d’algorithme polynomial pour
résoudre le probléme de sac-a-dos. Le probléme du sac-a-dos multidimensionnel est une
variante du sac-a-dos dans lequel les éléments et le sac-a-dos ont des volumes dans plusieurs
dimensions.

Dans cette these, nous considérons le probléme de I'arbre couvrant d-budgété, celui-ci
combine les problémes de l’arbre couvrant de colit minimal, une partie bien structurée,
et du sac-a-dos multidimensionnel, une partie dépendente de la pondération des coiits et



des poids de dimension d. La difficulté du probléme réside dans le caractére arbitraire
des valeurs des cotits et des poids de la partie sac-a-dos multidimensionnel. Nous pro-
posons plusieurs contributions théoriques pour le probléme, telles que des formulations
étendues exactes dans certains cas particuliers, des descripions du polyédre obtenues via
projection et une analyse faciale. Nous présentons également de nombreuses contributions
pratiques basées sur notre approche polyédrale, constituant en des algorithmes exactes
pour la résolution du probléme de l'arbre couvrant d-budgété, dans les cas ol une ou
plusieurs contraintes de budget sont impliquées, mais aussi des algorithmes de séparation,
des routines efficaces et des algorithmes de résolution de la relaxation Lagrangienne.

Par la suite, nous présentons succintement le contenu et les résultats majeurs de chaque
chapitre.

1 Introduction

Dans le premier chapitre, nous présentons le probléme de ’arbre couvrant d-budgété
ainsi qu’'un état de 'art couvrant des travaux proches au probléme. Parmi ces derniers,
nous considérons le probléme de I'arbre couvrant multi-objectifs. Une relation forte peut
étre établie entre ces deux problémes étant donné que l'on peut obtenir une version d-
budgétée a partir d'un probléme avec d + 1 objectifs en transformant d fonctions objectifs
en contraintes de sac-a-dos. En optimisation multi-objectifs, la résolution de problémes
d-budgétés est au coeur de nombreux algorithmes pour générer des solutions non-dominées
au probléme avec d+ 1 objectifs. La suite de ’état de I'art porte sur le probléme de ’arbre
couvrant d-budgété, dans les casou d = 1et d > 2. Le cas d = 1 a été sujet & de nombreux
travaux, il en résulte plusieurs algorithmes d’approximation et quelques algorithmes ex-
actes. Contrairement au cas précédent, la généralisation du probléme de I’arbre couvrant
d-budgété avec d > 2 n’a été que peu étudiée. Nous présentons donc des travaux portant
sur des variantes telle que le probléme de I’arbre couvrant avec contraintes de degré. Puis,
nous positionnons nos contributions par rapport a I’état de 'art existant. Enfin, a la fin du
chapitre, nous donnons une liste de notations qui seront utilisées tout au long du document.

2 Notions de base

Le second chapitre est consacré a la présentation de plusieurs définitions et notions de
bases qui seront utiles pour I'ensemble du document. Dans un premier temps, nous in-
troduisons des notions fondamentales telles que I'optimisation combinatoire, la complexité
des algorithmes, les approches polyédrales, les algorithmes de branchements et la théorie
des graphes. Enfin, dans un second temps nous introduisons des définitions et des tech-
niques qui seront exploitées dans les chapitres clés de la thése, telles que les formulations
étendues, la programmation disjonctive et les matroides.



Le probléme de ’arbre couvrant budgété minimal et
polyédre

Dans le troisiéme chapitre, nous nous intéressons a la description du polyedre du prob-
léme de I’arbre couvrant d-budgété ainsi qu’a plusieurs formulations en nombres entiers du
probléme. Nous comparons plusieurs formulations venant de la littérature afin d’identifier
les plus efficaces en théorie et en pratique. Les formulations basées sur 1’élimination des
sous-tours (3.5)-(B.8) ou la description de Miller-Tucker-Zemlin (3.15)-(3.20) semblent les
plus pertinentes. Par la suite, nous analysons le polyédre du probléme de ’arbre couvrant
d-budgété. En exploitant la structure du graphe ainsi que les poids des arétes, nous don-
nons plusieurs bornes sur la dimension du polyédre ainsi qu’une condition suffisante ou
la dimension est connue. Nous présentons également des conditions selon lesquelles les
familles d’inégalités de la formulation d’élimination des sous-tours définissent des facettes
pour le polyeédre de I'arbre couvrant d-budgété. Enfin, nous considérons le cas particulier
ou d =1 et ol la contrainte de budget définie un matroide. Sous ces hypotheéses, le polye-
dre de ’arbre couvrant d-budgété est décrit par la formulation d’élimination des sous-tours.

Relaxations linéaire et Lagrangienne pour le probléme
de ’arbre couvrant 1-budgété

Le quatrieme chapitre porte sur 1’étude et la résolution des relaxations linéaire et La-
grangienne pour le probléme de 'arbre couvrant 1-budgété. Dans ce cas particulier, une
solution optimale de la relaxation linéaire de la formulation d’élimination des sous-tours
constitue une solution 2-approchée pour le probléme 1-budgété. Ce résultat est a la source
de nombreux algorithmes d’approximation dans la littérature, générant des solutions de
colits trés proches a celle d'une solution optimale au probléme exact. Cependant, en
pratique la séparation des inégalités de sous-tours peut prendre du temps. Nous nous
intéressons donc a la relaxation Lagrangienne, une autre technique de relaxation mathé-
matique consitant a supprimer une ou plusieurs contraintes du probléme en les intégrant a
la fonction objectif. Dans le cas de notre probléme de ’arbre couvrant 1-budgété, en du-
alisant la contrainte de sac-a-dos nous obtenons un probléme dont la valeur d’une solution
optimale est équivalente celle de la relaxation linéaire. En exploitant la géométrie de la
relaxation Lagrangienne, nous proposons sous la forme de I’Algorithme [ un algorithme
efficace calculant une solution optimale au probléme de la relaxation Lagrangienne et de
valeur proche d’une solution optimale au probléme exact. Notre algorithme combine une
recherche dichotomique, basée sur la recherche paramétrique de Megiddo [51] ainsi que des
stratégies de pivots afin de converger rapidement vers une solution optimale. Nous présen-
tons également un pré-traitement efficace basé sur la géométrie du probléme paramétré
afin d’accélérer la procédure. Les résultats expérimentaux présentés dans le Tableau
montrent que la résolution de la relaxation linéaire ne peut rivaliser avec notre algorithme.
Dans une derniére partie, nous adaptons notre algorithme dans le cas particulier ou les
colits sont binaires. Sous ces hypotheéses, notre algorithme permet de résoudre le probléme
de 'arbre couvrant 1-budgété en temps polynomial.



Nombre de Temps de résolution (s) | Temps de résolution (s) | Temps de résolution (s)
sommets Relaxation linéaire Algorithme Algorithme
des instances | formulation des sous-tours avec pré-traitement
100 0.348 0.021 0.017
200 6.767 0.112 0.088
300 60.082 1.023 0.347
400 228.420 2.731 0.819
500 657.672 4.235 1.217
600 3600.000 6.014 1.893
700 3600.000 9.002 2.782
800 3600.000 11.315 3.967
900 3600.000 14.539 4.852
1000 3600.000 18.223 5.671
1500 3600.000 40.003 13.044
2000 3600.000 73.440 23.180

Table 1: Temps de comparaison entre la résolution de la relaxation linéaire et Lagrangienne

Formulations étendues pour le probléme de ’arbre cou-
vrant budgété

Dans le cinquiéme chapitre, nous présentons des formulations étendues entiéres pour le
probléme de 'arbre couvrant 1-budgété ainsi que pour la version d-budgété dans le cas ou
le graphe est un cactus. Notre formulation étendue entiére pour le probléme de ’arbre cou-
vrant 1-budgété est basée sur le théoréme d’intersection de matroides d’Edmonds [24] ainsi
que la programmation disjonctive de Balas [8]. Nous partitionnons le probléme 1-budgété
en plusieurs sous-problémes d’intersection de matroides, dont chacun peut étre associé
a un polyédre entier selon Edmonds. Puis, en nous appuyant sur les travaux de Balas,
nous considérons un unique polyédre décrivant la disjonction de tous les polyédres entiers
des sous-problémes. Nous obtenons un polyédre entier dont la projection sur I'espace des
variables initiales correspond au polyédre du probléme de ’arbre couvrant 1-budgété, ce
résultat est présenté par la Proposition [16] et illustré par la Figure [II Notre formulation
étendue peut étre de taille exponentielle et sa résolution peut requérir beaucoup de temps,
cependant son étude nous permet d’obtenir des propriétés structurelles sur le probléme de
I’arbre couvrant 1-budgété. En effet, cette formulation montre que la difficulté du prob-
léme provient de la magnitude des poids dans la contrainte de budget, de maniére similaire
au probléme du sac-a-dos. Il en résulte que notre formulation étendue permet de résoudre
le probléme de I'arbre couvrant 1-budgété en temps polynomial dans le cas particulier
ol le nombre de poids distincts est une constante. Nous approfondirons ’exploitation de
cette formulation dans le chapitre suivant dans lequel ot nous étudierons la projection
du polyédre associé sur I'espace des variables originales. Dans une deuxiéme partie, nous
présentons une formulation étendue exacte, basée sur la programmation dynamique, pour
le probléme de ’arbre couvrant avec plusieurs contraintes de budgets lorsque le graphe est
un cactus. Dans ce cas particulier, notre formulation permet de résoudre le probléme en
temps pseudo-polynomial.
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Figure 1: La projection du polyédre P’ associé a notre formulation étendue, ici la disjonc-
tion de trois sous-problémes, correspond au polyédre P du probléme de ’arbre couvrant
1-budgété. La contrainte rouge représente la contrainte de budget et le polyédre constitué
des parties verte, rose et grise correspond au polyédre de I’arbre couvrant

6] Inégalités valides pour le probléme de ’arbre couvrant
1-budgété

Dans le sixiéme chapitre, nous présentons plusieurs familles d’inégalités valides pour le
polyédre de I'arbre couvrant 1-budgété ainsi que des algorithmes de séparation efficaces.
Dans un premier temps, nous considérons des inégalités valides pour le probléme de ’arbre
couvrant. La formulation basée sur 1’élimination des sous-tours décrit parfaitement le
polyédre du probléme de I'arbre couvrant, les inégalités présentées dans cette section sont
donc redondantes avec les contraintes des sous-tours. Cependant leurs séparations peuvent
prendre du temps en pratique, afin d’étre plus efficace nous présentons des algorithmes de
séparation et heuristiques faisant un compromis entre la qualité des inégalités séparées et
le temps d’exécution. Ces algorithmes exploitent les topologies du graphe support et de
la solution courante afin de générer des inégalités de sous-tours, de coupes et/ou de multi-
coupes non satisfaites. Dans un second temps, nous considérons des inégalités combinant
la structure de I’arbre couvrant et du sac-a-dos. Dans la littérature, on retrouve des exten-
sions des inégalités de couverture prenant en compte la structure de I’arbre couvrant. Bien
que ces inégalités soient intéressantes en théorie, elles ne s’avérent pas pertinentes en pra-
tique, étant particulierement difficiles et rares a séparer. Nous présentons des procédures



simples et rapides pour séparer des inégalités de couverture ainsi qu’'une approche basée
sur la résolution du probléme de l'interdiction d’arbre couvrant. Cette derniére illustre
la difficulté de séparer des inégalités prenant en compte la structure de 'arbre couvrant
et du sac-a-dos. Dans un troisiéme temps, nous étudions la projection de notre formula-
tion étendue entiére présentée au chapitre précédent. Le polyédre obtenu en projetant le
polyédre associé a la formulation étendue sur I'espace des variables initiales correspond au
polyédre du probléme de I'arbre couvrant 1-budgété. L’étude du cone de projection nous
permet de générer, théoriquement, les facettes du polyédre. Cependant, la taille exponen-
tielle du cone de projection n’est pas exploitable en pratique. Pour palier & ce probléme,
nous sélectionnons certains rayons du cone, associés a des inégalités valides pertinentes
pour le polyedre de 'arbre couvrant 1-budgété. Une analyse de la structure du cone de
projection nous permet de caractériser des rayons aux forts potentiels parmi un nombre ex-
ponentiellement grand de générateurs. Enfin, nous proposons une procédure de séparation
basée sur notre formulation étendue exacte. Cette procédure est basée sur la dualité et une
formulation constituée d’une disjonction d’un nombre restreint de polyedres. Cependant,
cette procédure peut prendre du temps en pratique, une perspective d’amélioration serait
de pouvoir I'incorporer dans un algorithme de coupes et branchements.

-«

eme de ’arbre couvrant 1-budgété et résultats expéri-
mentaux

Algorithme de coupes et branchements pour le prob-

Dans le septiéme chapitre, nous proposons un algorithme efficace de coupes et branche-
ments pour résoudre le probléme de I'arbre couvrant 1-budgété. Cet algorithme exploite
les résultats des chapitres précédents. Dans un premier temps, nous présentons toutes
les procédures effectuées au cours de cet algorithme; une méthode de recherche locale,
un pré-traitement, une stratégie de génération d’inégalités valides a la racine ainsi qu’'un
algorithme de séparation. La méthode de recherche locale permet d’améliorer la solution
2-approchée obtenue en résolvant la relaxation Lagrangienne. La solution obtenue a I’issu
de cette procédure est fournie au solveur en tant que MIP Start. Cette derniére permet
a notre algorithme de commencer avec une solution réalisable trés proche d’une solution
optimale. Le pré-traitement permet de réduire la taille du probléme en supprimant des
arétes ou en fixant la valeur de certaines variables de décision. Ces stratégies exploitent
les propriétés de ’arbre couvrant tout en considérant les valeurs des poids. La stratégie
de génération d’inégalités valides a la racine permet d’améliorer la qualité de la borne
inférieure avant de commencer & brancher. En exploitant la géométrie de la relaxation
Lagrangienne, calculée plus tot, nous générons plusieurs inégalités de sous-tours, couver-
tures et inégalités associées a des rayons du cone de projection issu de notre formulation
étendue. La combinaison de cette étape avec celle du MIP Start contribue I'obtention d’un
écart trés faible entre la borne inférieure et supérieure dés la résolution du sous-probléme
a la racine. L’algorithme de séparation reprend et combine les procédures présentées au
chapitre précédent. L’efficacité de chacune de ces routines est illustrée par des tests expéri-
mentaux intermédiaires. A cet effet, nous considérons 3x2 types d’instances, contenant
des graphes de différentes densités ainsi que plusieurs distributions de cofits et poids. Les
résultats montrent que chaque étape permet d’améliorer le temps de résolution. Dans un



second temps, nous présentons ’Algorithme 28 combinant toutes procédures. L’efficacité
de notre algorithme est illustrée dans une troisiéme partie dans laquelle nous le comparons
avec des algorithmes de branchements basés sur la formulation d’élimination des sous-tours
ainsi que la formulation Miller-Tucker-Zemlin. Ces tests expérimentaux s’effectuent sur les
mémes instances que pour les tests intermédiaires. Les résultats montrent que notre al-
gorithme est le plus efficace sur quasiment toutes les instances, illustrant également sa
robustesse. Ce dernier permet également de résoudre des instances de tailles plus grandes
que ses deux concurrents et garantit une solution réalisable proche de 'optimum grace au
MIP Start. Enfin, dans une derniére partie nous donnons des statistiques supplémentaires
sur la phase de séparation des différents algorithmes, illustrant 'efficacité de nos procé-
dures. Nous menons également une étude comparant notre algorithme avec des variantes
de celui-ci sur des instances avec des topologies différentes. Les résultats montrent qu’en
exploitant la topologie des instances, on peut affiner notre algorithme afin d’obtenir des
résultats encore meilleurs.

Le tableau [2| illustre la qualité de la solution fournie en tant que MIP Start au solveur
ainsi que la rapidité des algorithmes de résolution de la relaxation Lagrangienne et de la
méthode de rechercge locale.

Nombre de | Ecart entre la solution | Temps de calcul
sommets approchée calculée et de la solution
des instances | une soluion optimale approchée
1000 0.0200 0.074
1000 0.0378 0.223
1000 0.0223 0.084
1000 0.0067 0.035
1000 0.0112 0.034
1500 0.0236 0.311
1500 0.0044 0.143
1500 0.0148 0.320
1500 0.0250 0.243
1500 0.0074 0.159

Table 2: Comparaison entre la valeur d’une solution approchée et celle d'une solution
optimale

Le tableau [3| montre la dominance de notre algorithme par rapport aux algorithmes
de la littérature sur les instances ot le graphe est une grille et ou la distribution entre les
cofits et les poids est conflictuelle.
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Nombre de | Temps de résolution (s) | Temps de résolution (s) | Temps de résolution (s)
sommets formulation des Algorithme formulation
des instances sous-tours Miller-Tucker-Zemlin

100 0.535 0.035 29.05

100 0.074 0.037 0.228

100 0.132 0.058 0.507

100 0.166 0.050 0.533

100 0.154 0.036 0.805

500 3.332 0.471 51.897

500 3.361 0.312 3600.000
500 10.109 0.499 78.907

500 2.968 0.391 89.672

500 3.101 0.346 274.296
1000 98.478 3.527 3600.000
1000 164.094 2.996 1121.181
1000 67.403 0.571 2866.763
1000 09.941 0.641 3600.000
1000 130.483 5.863 3600.000
1500 430.087 6.274 3600.000
1500 845.311 25.469 3600.000
1500 590.696 70.491 3600.000
1500 402.476 128.777 3600.000
1500 352.690 33.872 3600.000
2000 2845.486 21.105 3600.000
2000 3600.000 1234.588 3600.000
2000 3600.000 670.009 3600.000
2000 2387.236 62.544 3600.000
2000 3600.000 13.888 3600.000
2500 3600.000 136.787 3600.000
2500 3600.000 3600.000 3600.000
2500 3600.000 67.084 3600.000
2500 3600.000 3578.085 3600.000
2500 3600.000 484.597 3600.000
3000 3600.000 3600.000 3600.000
3000 3600.000 3600.000 3600.000
3000 3600.000 1214.479 3600.000
3000 3600.000 1319.695 3600.000
3000 3600.000 3600.000 3600.000

Table 3: Comparaison entre les algorithmes de branchements pour des instances ou le
graphe est une grille et ou la distribution entre les cotits et les poids est conflictuelle
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Algorithme de coupes et branchements pour le prob-

léeme de ’arbre couvrant d-budgété et résultats expéri-
mentaux

Dans le huitieme chapitre nous présentons un algorithme de coupes et branchements
pour le probléme de I'arbre couvrant d-budgété. Cet algorithme est une généralisation
de 'algorithme proposé au chapitre précédant pour le cas ou d = 1. Dans une premiére
partie, nous donnons des adaptations aux différentes procédures intermédiaires. Notre
stratégie de génération d’inégalités de sous-tours a la racine est modifiée afin d’exploiter la
géométrie de la relaxation Lagrangienne dans le cas ou d > 2. A cet effet, nous présentons
une procédure basée sur une recherche dichotomique multidimensionnelle ainsi qu’'un algo-
rithme de sous-gradient. Nous présentons une adaptation a l'algorithme de séparation du
chapitre précédent, exploitant davantage les conflits apportés par les différentes contraintes
de budgets. Lors de cette routine, nous résolvons le probléme de faisabilité de plusieurs
sous-probléme d’arbre couvrant d-budgété afin de générer des inégaliés violées pertinentes.
L’augmentation du nombre de contraintes de budget vient modifier la structure du prob-
léme et les autres routines (pré-traitement, calcul de la relaxation Lagrangienne et MIP
Start) ne semblent plus efficaces dés lors que d > 2. De plus, notre formulation étendue,
présentée au Chapitre 5 ne se généralise pas au sac-a-dos multidimensionnel. Dans une
deuxiéme partie, nous présentons I’Algorithme |37, notre algorithme de coupes et branche-
ments pour résoudre le probleme de I'arbre couvrant d-budgété. Dans une troisiéme partie,
nous présentons des résultats expérimentaux en considérant des instances avec 3 topologies
différentes tout en faisant varier le nombre de contraintes de budget entre d = 2,5 et 10.
Nous comparons notre algorihtme avec des adaptations des algorithmes de branchements
de la formulation des sous-tours et de la formulation Miller-Tucker-Zemlin. Les résultats
montrent que notre algorithme est le plus efficace dans quasiment toutes les instances.
Enfin, nous donnons également des statistiques supplémentaires sur la phase de séparation
des différents algorithmes.

Le tableau 4| montre la dominance de notre algorithme par rapport aux algorithmes de
la littérature sur les instances ou le graphe est une grille et ot1 d = 5.
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Nombre de | Temps de résolution (s) | Temps de résolution (s) | Temps de résolution (s)
sommets formulation des Algorithme formulation
des instances sous-tours Miller-Tucker-Zemlin

100 12.049 12.884 786.616
100 59.112 17.534 3600.000
100 153.994 15.357 341.355
100 31.491 9.017 1253.631
100 39.876 12.571 71.500

200 1261.865 109.580 3600.000
200 3600.000 229.230 1800.112
200 2997.634 704.211 3600.000
200 1074.119 106.008 3600.000
200 657.371 53.813 1427.989
300 3600.000 1521.693 3600.000
300 3222.526 260.352 3600.000
300 3600.000 275.055 3600.000
300 3600.000 189.412 3600.000
300 3600.000 205.920 3600.000
400 3600.000 915.761 3600.000
400 3600.000 323.467 3600.000
400 3600.000 434.521 3600.000
400 3600.000 1042.158 3600.000
400 3600.000 371.759 3600.000
500 3600.000 671.609 3600.000
500 3600.000 950.808 3600.000
500 3600.000 279.146 3600.000
500 3600.000 518.824 3600.000
500 3600.000 754.515 3600.000
600 3600.000 3600.000 3600.000
600 3600.000 1228.054 3600.000
600 3600.000 913.463 3600.000
600 3600.000 3600.000 3600.000
600 3600.000 3600.000 3600.000

Table 4: Comparaison entre les algorithmes de branchements pour des instances ou le
graphe est une grille et ou d =5

O Conclusion et travaux futurs

Dans cette thése, nous présentons plusieurs résultats théoriques ainsi que des algo-
rithmes exactes efficaces pour le probléme de I'arbre couvrant d-budgété. Ces résultats
peuvent étre utilisés tels quels ou étre étendus afin de résoudre de nombreuses applica-

tions.

Notre travail a également conduit a de nombreuses questions ouvertes qui seraient

intéressantes a4 considérer dans le cadre de travaux futurs.
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exacte est sujet a de nombreuses pistes prometteuses. La taille exponentielle de celle-ci
conduit chaque procédure a étre chronophage. Parmi ces routines, la génération de rayons
plus complexes associés a des coupes plus profondes serait particuliérement pertinente,
ainsi que la diminution du temps d’exécution nécessaire pour générer ces rayons afin de
pouvoir les séparer dans tous les noueds de ’arbre de branchement et non uniquement a
la racine. Une autre approche intéressante consiste & concevoir une bonne approximation
de I'enveloppe convexe basée sur une formulation étendue de plus petite taille afin de
I’exploiter dans un algorithme de séparation basé sur la dualité.

L’ajout de contraintes budgétaires supplémentaires complique la résolution du prob-
leme. Nous avons adapté notre algorithme de coupes et branchements du cas d = 1 au cas
ou d > 2. Afin d’améliorer notre algorihme, il serait intéressant d’explorer davantage les
conflits entre les différentes contraintes de budget. Une autre piste constituerait a agréger
efficacement ces contraintes en une unique inégalité afin d’exploiter nos techniques pour le
cas ou d = 1.

De plus, nous proposons une formulation entiére pour le probléme de I’arbre couvrant
d-budgété lorsque le graphe est un cactus. Dans le cadre de travaux futurs, il serait
intéressant d’étendre ces résultats a tout graphe en fonction de leur largeur arborescente.

Enfin, il serait également intéressant d’étendre nos résultats a d’autres problémes de
réseaux soumis a une ou plusieurs contraintes de sac-a-dos et d’exploiter cette relation
entre un probléme bien structuré et un probléme volatil afin d’obtenir des algorithmes
efficaces.
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Chapter 1

Introduction

The minimum spanning tree problem (MSTP) is one of the most well known problems of
combinatorial optimization. The importance and the popularity of the MSTP stems in
part from the simplicity and the efficiency of its algorithms (Kruskal, Prim and Bortuvka
algorithms). It has direct applications in the design of communication, power, and trans-
portation networks [32, [I7, 46, 16]. The MSTP provides solutions to other problems to
which it applies indirectly such as network reliability, clustering, and classification prob-
lems [54], 8T]. MSTP algorithms are also used as subroutines in several exact and approx-
imate algorithms for the traveling salesman problem, the multiterminal flow problem, etc
[38, 39, B31].

All the methods for the solution of the MSTP are based on the greedy algorithm. This
algorithmic paradigm can be applied to various other problems and it is studied more
generally in the theory of matroids [58].

Most real-life optimization problems involve finding a solution trading off many con-
flicting objectives [26], 77, 29], 20]. Multiobjective optimization is a rich area of study in Op-
erations Research, Computer Science and Economics. A variety of models have been used
to formulate such problems including Goal Programming [43|, Pareto-optimality [47, [15],
and the e—constraint method [41]. We adopt the latter approach and cast one of the
objectives as the objective function, and the others as budget constraints. The resulting
class of optimization problems is called budgeted optimization problems. More precisely,
the minimum d-budgeted problem is defined as follows:

Definition 1. Consider a connected graph G = (V, E) such that every edge e € E has
a cost ¢, € RT and weights w! € N;s = 1,...,d, d € N, and let B' € N;i = 1,...,d
denote budgets. The Minimum d-Budgeted Spanning Tree Problem (MdBSTP) consists
in finding a spanning tree 7' = (V, F') such that >, _,w! < B’, Vi=1,...,dand ) _pc.
is minimum.

The MdBSTP lies at the intersection of the spanning tree and the multi-knapsack
problems. It is weakly NP-hard if d is a constant and strongly NP-hard otherwise.
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Chapter 1 Introduction

1.1 Related works

1.1.1 Multiobjective spanning tree problem

In multiobjective optimization, there are more than one objective functions and there is
no single solution simultaneously optimizing all the objective functions. A key concept
in this field is the Pareto optimality which replaces the notion of optimality. Pareto
optimal solutions are solutions that can not be improved in one objective function without
deteriorating at least one of the other objective function. More formally, a spanning tree
T = (V,F) is Pareto optimal if there is no other spanning tree 77 = (V, F”) such that
Yoeem €L <> epch, i =1,...,d, with at least one strict inequality.

The e— constraint method is a popular approach in multiobjective optimization. By
varying the budget bounds B?, the efficient Pareto optimal solutions can be obtained.
Figure gives an illustration in the case d = 1.

Figure 1.1: The optimal solution of the e-constraint method on a set of solutions. The
pareto front is given by all the circles and squares, where a circle (respectively a square)
represents a supported (respectively a non-supported) solution. The optimal solution of
the e-constraint method for a given value of B! is given in black.

Due to the exponential size of the set of Pareto optimal solutions, enumerating all
of them is time consuming. The two phase method is a general method to enumerate
the Pareto optimal solutions. It was first introduced by Ulungu and Teghem [75] and
adapted by Ramos et al. [64] to the spanning tree problem. In phase I, supported Pareto
optimal solutions are computed. This step exploits a fundamental geometric property that
the latter are optimal solutions of weighted sums of the objective functions ¢!. In Phase
IT, the remaining Pareto optimal solutions are formed by enumeration methods. Sourd
and Spanjaard [72] present a multiobjective extension of the Branch-and-Bound algorithm
to enumerate all the Pareto optimal solutions in the case d = 2. The performance of the
algorithm is enhanced by implementing a generalization of the classical cut and cycle rules.

Stidsen et al. [73] propose a Branch-and-Bound algorithm to solve biobjective mixed
integer programs where the integer variables are binary, and one of the two biojective has
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Chapter 1 Introduction

only integer variables. A survey of the state of the art multiobjective Branch-and-bound
is given in [63].

In the particular case d = 2, Aggarwal et al. [I] combined the geometry of the cri-
teria space (Figure and devise a Branch-and-Bound to solve optimally the budgeted
problem.

Andersen et al. [5] propose heuristics based on neighborhood and adjacent search to
quickly compute an approximation of the set of Pareto optimal solutions.

1.1.2 Minimum spanning tree problem with a single budget con-
straint (d = 1)

Yamada et al. [82] propose a Branch-and-Bound algorithm to solve the maximization
version of the problem and propose a heuristic, based on Lagrangian relaxation and local
search to accelerate the computation. The algorithm is tested on plane and complete graphs
with correlated (easy instances) and uncorrelated (difficult instances) ¢! and ¢? functions.
The numerical experimentation shows that the algorithm is able to solve easy instances
with up to 1000 nodes but difficult instances with only up to 100 nodes. Unfortunately, no
implementation details are given in the paper. The authors suggested that the investigation
of a polyhedral approach may improve the running time.

Agra et al. |2] investigate strengthening the Miller-Tucker-Zemlin (MTZ) formulation
[53] by adding valid inequalities. The latter correspond to a generalization of the cover
inequalities that combine the information from the spanning tree and knapsack polytopes.
The authors claim that interesting results are obtained by incorporating these inequalities
in a Branch-and-Cut algorithm. However, we carried an in-depth experimental study and
showed the strengthened formulation has a comparable performance to the standard MTZ
formulation. Notice also that their formulation requires strictly positive weights to be valid.
Agra et al. extended this family of inequalities to problems where solutions correspond
to basis of a matroid subject to a knapsack constraint [3]. They also discuss about lift-
ing procedures enhancing the inequalities. Although those inequalities seem theoretically
relevant, they appeared to be not very useful in practice on our instances.

Hong et al. [40] propose an exact pseudo-polynomial algorithm to solve the problem
based on a two-variable extension of the matrix-tree theorem. This technique could be
generalized to a constant number of d > 2 of budget constraints.

Ravi and Goemans [65] give an approximation algorithm for the problem based on the
Lagrangian relaxation technique. The algorithm exploits the combinatorial property that
two adjacent spanning trees on the spanning tree polytope differ by exactly two edges. The
algorithm can be implemented in parallel by using the technique of Megiddo [51]. Hassin
and Levin [37] provide a faster approximation algorithm by combining the idea of Goemans
and Ravi [65] with matroid intersection algorithm. An approximate solution is computed
by solving a polynomial number of matroid intersection problems instead of solving a
budgeted spanning tree problem. Several works [66, 67, [60] combine Lagrangian heuristics
with local-search techniques to efficiently compute a solution as close as possible to an
optimal solution. Although those algorithms do not improve the guaranty of performance
given by the Lagrangian heuristics, experimental results, given by the authors, show that
those algorithms appear to be effective in practice.
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1.1.3 Minimum spanning tree problem with multiple budget con-
straints (d > 2)

Shogan [71] presents an exact algorithm for the minimum spanning tree with several budget
constraints and flow requirements. Notice that the MdBSTP is a special case of the latter
problem in which every demand is equal to 1. Shogan proposes a Branch-and-Bound
algorithm where the lower and upper bounds are computed via Lagrangian relaxation.
Computational experiments are presented, with instances up to 50 nodes and 5 budget
constraints.

MdBSTP generalizes several well-known combinatorial optimization problems such as
the degree-constrained minimum spanning tree introduced by Narula and Ho [56]. The
problem consists in finding a spanning tree such that the degree of every vertex v € V' is at
most d, € N. The problem can be formulated as a |V|BSTP, with a degree constraint for
every vertex. Goemans [30], Andrade et al. [6] give approximation algorithms for the min-
imum bounded spanning tree based on a Lagrangian relaxation. Kumar and Singamsetty
[45] consider a variant where the spanning tree is subject to degree constraints and budget
constraints. The authors also give an exact algorithm based on pattern recognition.

Samer and Urrutia [68] study the spanning tree problem with several conflict constraints,
a special case of the dBSTP where a budget constraint is associated with each conflict
constraint. The authors introduce several valid inequalities for the problem and propose
a Branch-and-Cut algorithm. They conduct computational experiments with instances up
to 300 nodes and 14985 conflict constraints.

Olver and Zenklusen [57] considered the chain-constrained spanning tree problem with
several budget constraints on sets ) € S; € -+ € Sy C E. They propose an approximation
algorithm based on matroid intersection.

Other budgeted network problems are studied in the literature such as the arborescence
[35], the shortest path 28], the matching [I0] and assignment problems [80].

1.2 Owur works

The difficulty of the dBSTP stems from the arbitrary nature of the cost and weight values.
With the exception of well-known classes of valid inequalities, such as the cover inequalities,
it is not easy identify other classes. By solving spanning tree interdiction subproblems,
we managed to generate cover inequalities that appear to be more efficient than the idea
of Agra et al. [2]. However, these families of inequalities remain weak in some cases.
The challenge is to identify strong valid inequalities that exploit both the combinatorial
structure of the spanning tree and knapsack polytope. Building on the work of Hassin
and Levin [37] and Balas [8], we propose an exact extended formulation of the problem,
in the case d = 1, mixing disjunctive programming and matroids intersection results. In
theory, it is possible to obtain all the facets characterizing the convex hull via projection.
However, the number of generators is exponentially large. By carefully selecting rays of the
projection cone that exploit the spanning tree and knapsack polytopes, we generate deep
cuts. The Lagrangian relaxation technique is used indirectly to generate these "good" rays
and compute the tightest right-hand side of the induced valid inequalities.
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We imbed the projection technique in the framework of a Branch-and-Cut algorithm.
In order to improve the running time, we propose a fast algorithm to solve the Lagrangian
relaxation problem, and efficient separation routines. We conducted a through experimen-
tal study and we generated different classes of instances. We show that our algorithm
outperforms existing algorithms and benchmark Branch-and-cut algorithm implemented
on Gurobi, one of the best solver. In order to find effectively an optimal solution, the later
adds cuts and runs sophisticated branching strategies. Gurobi also has heuristics that can
aid finding a good initial solution. Furthermore, it includes a sophisticated preprocessing
system. These results led to a paper submitted to the INFORMS Journal on Computing.

Adding more budget constraints makes the problem hard to solve. We adapt and ex-
tend our algorithm to handle more budget constraints. Our algorithm also dominates, in
this case, the default Branch-and-Cut algorithms.

The thesis is organized as follows. In Chapter 2, we give basic notions about combi-
natorial optimization, polyhedral theory and key definitions for the entire document. In
Chapter 3, we give several integer formulations for the MdBSTP and investigate its related
polytope. We also study a special case of the problem. In Chapter 4, 5, 6 and 7 we focus
on the special case where d = 1. In Chapter 4, we investigate the linear and Lagrangian
relaxation of the problem. We propose an efficient algorithm to solve the Lagrangian re-
laxation. In Chapter 5 we present an exact extended formulation for the M1BSTP. We
also give an exact pseudo-polynomial size extended formulation for the d-budgeted case
when the graph is a cactus graph. In Chapter 6, we give efficient separation algorithms
for spanning tree and cover inequalities. We then discuss the projection of our extended
formulation to the original variable space. This formulation is exploited in order to gen-
erate several valid inequalities and cutting plane algorithm for the problem. In Chapter
7 we devise a Branch-and-Cut algorithm that takes advantage of the results of the pre-
vious chapters. We present computation experiments in order to show its efficiency. In
Chapter 8 we generalize every ideas of the previous chapters to devise a Branch-and-Cut
algorithm for the minimum d-budgeted spanning tree problem. We also give computation
experiments.
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1.3 Notations

In this section, the reader can find the signification of several notations that will be used
in the entire document. Those notations will also be defined later in the document.

deN Number of budget constraints considered in the problem,

B'eN Budgets of the i = 1,...,d resource constraints,

G=(V,E) Undirected simple connected graph,

c: B — R Cost function,

w' :E— N Weight functions related to resource i = 1,...,d,
Without loss of generality, all weights and costs can be
assumed to be positive (by adding a fixed positive value
to the weights or cost to all edges, and adapting the
related budgets, the optimal solutions remain unchanged
as all solutions have the same cardinality),

MdBSTP Minimum d-Budgeted Spanning Tree Problem,

STP Spanning Tree Problem,

KP Knapsack Problem,

MTZ Miller-Tucker-Zemlin,

Psr Spanning tree polytope,

Py Subtour formulation polytope,

conv(S) Convex hull of S, where S is a set of solutions,

Hor Set of incidence vectors of the STP,

H Set of incidence vectors of the dBSTP,

P P = conv(H), polytope of the dBSTP,

P; P; = conv({x € {0, 1}1FI | 2 € Pypp, 3 .cp wize < B'}),

d(P) Dimension of the polytope P,

EY Forbidden edge set, EC ={e € E | z. =0, Vo € H},

E} Necessary edge set,El ={e € E | z. =1, Vo € H},

q Number of induced subgraphs of G separated by
articulation vertices,

G* = (V,E*) Subgraph of G = (V, E) where E* = {e € E' | zX > 0} and
z € [0; 1]181,

branches Edge set removed by Algorithm ,

L(z), >0  Piece-wise linear function associated with the Lagrangian
relaxation,

z* z—coordinate of the maximum of the Lagrangian
function L(z),

T< = (V,F<) Feasible solution obtained by rounding an
optimal solution of the
linear relaxation,

T> = (V,F~) Infeasible solution obtained by rounding
an optimal solution of the
linear relaxation,

E° Ey={e€ E|c =0},

E! Ey={e€ E|c =1},
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H° Edge set of a forest minimizing lexicographically
(—=|H°|, 3, c o we) in the subgraph G° = (V, E°),

H! Edge set of the forest minimizing lexicographically
(—=|H"|, > e we) in the subgraph G' = (V, E'),

k Number of distinct weight values,

P, P, = {y € RIEI | Ay’ < b"}, h € N¥, matroid

intersection polytope of the graphic and
partition matroids related to h,

Q" Set of vectors h € N¥ satisfying Constraints 1, 2 and 3
such that the related polytope P, is feasible,
Py, Ph:{l'EPh| 26€E$62|V|—1},h€Q*,

P’ Polytope of the extended formulation li{}

based on matroid intersection and disjunction,

C Polyhedral cone of the projection of P’ onto the
x-space,
r Ray of the polyhedral cone C,

_ hi .h hig*| M|
T_(TcardyrEarymT177ﬂy37"'777ﬂ‘Ql,Tyo )7

Gext = (Vewt, Aext) Extended graph based on dynamic programming,

K, K' Upper bounds on the total number of valid
inequalities added during the cutting phase,

a, B h € Qv Dual variables,

Grid Instances with a grid graph structure,

Geom Instances with a random geometric structure inspired by [42],

Rand Instances with a random dense structure,

1 Conflicted instances,

R Uncorrelated instances,

RTx Total resolution time of strategy X, given in seconds,

STy Total separation time of strategy X, given in seconds,

NCx Total number of valid inequalities separated, added to
strategy X during the resolution,

NNx Total number of nodes in the branching tree of strategy X,

Gapx Gap between the best integer solution found and the best

lower bound at the end of the resolution of strategy X,
given in percent, a +oo signifies that no feasible
solution has been found,

ST Subtour formulation, Algorithm ,

Alg2g Algorithm [28] for the M1BSTP,

MTZ MTZ based formulation — with inequalities ,
Vary, Vary Variants of Algorithm ,

Alg37] Algorithm [B7| for the MdBSTP.

23



Chapter 2

Basic notions

In this chapter we present basic notions and definitions about structures and approaches
that will be used in this thesis.

2.1 Combinatorial optimization

Combinatorial optimization is a subfield of operations research, situated at the intersection
of computer science and applied mathematics. The objective is to find an optimal solution
among a finite set of solutions. Let £ = {ey,...,e,}, n € N* be a finite set. Let ¢, be
a cost associated with e;, for ¢ = 1,...,n. Let F be a family of subsets of E, the cost
of any I € F corresponds to ¢(F) = >, _pc.,. The problem that consists in finding an
element F* € F such that ¢(F*) = max(or min){c(F) | F € F} is called a combinatorial
optimization problem.

The term combinatorial refers to the finite set of solutions F and optimization as we are
searching for one of the best elements. One can find an optimal solution by enumerating
every solution F' € F, computing every related ¢(F') and selecting an element maximizing
the total cost. In practice, this is not tractable as the size of F is exponential in most of
the combinatorial optimization problems.

The interest of combinatorial optimization is closely related to real life applications.
It appears in several fields where efficiency is vital or essential such as telecommunica-
tion, logistic, supply chain, scheduling or transport. Resulting from all those needs, sev-
eral approaches have been developed in order to quickly solve combinatorial optimization
problems. Most of them are based on graph theory or polyhedral approaches. Since the
20th century, many results, techniques and technological innovations have made these ap-
proaches very effective in order to solve real-world problems.

2.2 Computational complexity
Computational complexity theory is a field in theoretical computer science, classifying

problems depending on the quantity of resources, usually time and storage, required to
solve the problem. Since the formalization of Turing machine by Alan Turing, several
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studies have been made in order to characterize what is a "good" algorithm. An algo-
rithm is a sequence of elementary operations used to solve a given instance of a problem.
An instance of a problem corresponds to the data and parameters in which we solve the
problem. An algorithm is said to be polynomial if the number of elementary operations
required to solve any instance of size nm in the worst case is bounded by a polynomial
function in n. Moreover, an algorithm is said to be pseudo-polynomial if the number of
elementary operations required to solve any instance of size n in the worst case is bounded
by a polynomial function in n and in the magnitude of the data and parameters of the
input. Such algorithms have an exponential behavior in function of their input size, and
are then not considered as polynomial algorithms.

A decision problem is a question such that the answer can be only "yes" or "no". P
is the class of all decision problems that can be solved using a polynomial algorithm. NP
(Nondeterministic Polynomial) is the class of all decision problems such that given an in-
stance the "yes" answer can be verified using a polynomial algorithm. By definition, we
have P C NP. The question "Does P = NP 7" is still a major unsolved problem and
belongs to the Millennium Prize Problems. Although there exists no proof indicating the
contrary, it is very unlikely that P = NP. A decision problem is said to be NP-complete
if it belongs to NP and every problem of the NP class admits a polynomial reduction to
it. A reduction consists of transforming an instance of a given problem to an equivalent
instance of another problem. A reduction is polynomial when the number of modifications
can be bounded by a polynomial function. A NP complete problem is weakly-NP com-
plete if there is an algorithm solving any instance of the problem in pseudo-polynomial
time. Every combinatorial optimization problem is associated with a decision problem. If
the related decision problem is NP-complete (respectively weakly NP-complete), then the
combinatorial optimization problem is said to be NP-hard (respectively weakly NP-hard).

Given two functions f(n) and g(n), the function f is bounded by the function g using
the big O notation; and we write f(n) = O(g(n)) if there exist constants ng and C' such
that for all n > ng, f(n) < Cg(n).

For more details on computational complexity, the reader can see [22].

2.3 Polyhedral approach

Polyhedral theory is a subfield of discrete geometry, studying the structure of convex sets
of solutions described by a system of inequalities. Given a set of points z!,...,2™ €
R™, n,m € N*, z € R" is a convex combination of z',... a™ if & = > Ny, A\; > 0 for
i=1,...,mand Y ", \; = 1. The convex hull of a set of points S = {z,..., 2™} € R™™,
denoted by conv(S), is the set of all points x € R™ that are convex combinations of
AN

A polyhedron is the set of solutions satisfying a system of inequalities Az < b, where
A e R™" and b € R™. A polytope is a bounded polyhedron. A solution is an extreme
point of a polyhedron P if and only if it cannot be obtained by a convex combination of

at least two solutions of P.
A subset C' of R" is called a cone if C' # () and \x + puy € C for all z,y € C and
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A i€ Ry A cone C'is polyhedral if there is a matrix A such that C' = {z € R" | Az < 0}.
A non zero vector r € C'is an extreme ray of C' if there do not exist linearly independent
x,y € C' and positive scalars A\, u such that r = Az + uy.

A polyhedron (respectively a polytope) can be described by its extreme points and ex-
treme rays (respectively by its extreme points). Figure illustrates the above definition.

— Extreme point

Figure 2.1: A polytope.

The points o', ..., 2™ € R" are affinely independent if the following system > ;" | Nz =
0,> ", A\ = 0 has a unique solution A\; = Ay = --- = \,, = 0. The dimension of a polyhe-
dron P is the maximum number of affinely independent solutions in P minus 1. We denote
the dimension of P by d(P). Moreover, if P C R™, then d(P) < n. If dim(P) = n then P is
said to be full dimensional. Consider a polyhedron P = {x € R"| Az < b, Bx = d} where
B contains all equations satisfied by all solutions of P, if P # (), then d(P) = n—rank(B).

Given a polyhedron P, an inequality az < b is said to be valid for P if ax < b for every
x € P, hence P C {x € R"| ax < b}. Given a valid inequality ax < b of P, the set of
solutions F' = {z € P| ax = b} is called a face of P induced by ax < b. A face F of P is
said to be proper if F' # () and F # P. Moreover, a face F' of P is called a facet of P if F
is proper and d(F) = d(P) — 1. In order to describe a polyhedron by a linear inequality
system, one needs to determine its facets. Any inequality az < b which does not define a
facet of P (P # () is redundant in the system describing P.

Figure illustrates the above definitions.
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Proper face

Non proper face

Facet

Figure 2.2: Faces and facets.

2.4 Combinatorial optimization and linear programming

Polyhedral theory appears to be very effective in order to solve combinatorial optimization
problems. Any combinatorial optimization problem can be associated with a polyhedron.
Given a combinatorial optimization problem with a family F of subsets of E = {ey, ..., e,},
we represent each solution of F by a 0-1 vector. Given any solution F' € F, let z¥ be
the vector such that a:f: =1ife € F, :)351 = 0 otherwise, i = 1,...,n. 2% is called the
incidence vector of F. The convex hull conv({z*|F € F}) is the polyhedron describing the
associated combinatorial optimization problem. Determining an optimal solution of the
combinatorial problem reduces to find F* € F such that ¢(F*) = max(or min){cz? | F' €
F} = max(ormin){cz? | z € conv({z" | F € F})}. The problem can be reduced to the
linear program:

max cx
s.t. Ar <b,
1
0<z<1=|":
1

When all the facets of the polyhedron are known, solving the combinatorial optimization
problem is equivalent to solving the related linear program. In the opposite case, when the
full linear description is not known, integrality constraints are required for formulating the
problem:
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max cx
s.t. Az <b,
x € {0,1}".

Adding integrality constraints leads to an integer linear problem. The resulting problem
is harder than its relaxed version.

{z eR"| Az <b,0<z <1}

Integer solution

Figure 2.3: Relaxed description of an integer linear problem. FEvery point represents a
feasible integer solution.

A compact formulation is a (integer) linear program such that the number of con-
straints and variables is bounded by a polynomial function. Any linear program with a
compact formulation can be solved in polynomial time using the elipsoid method. Several
combinatorial optimization problems admit a description with an exponential number of
constraints. In this case, the linear program can be solved in polynomial time using a
cutting plane algorithm. Given a polyhedron P and a point x* of R”, the cutting plane
method is based on the separation problem, consisting of verifying if x* € P, and if this
is not the case, to find an inequality ax < b, valid for P and violated by z*. A linear
program with an exponential number of constraints can be solved in polynomial time if
and only if the associated separation problem can be solved in polynomial time. Indeed, by
alternating the resolution of the enhanced linear program and separation procedure, it is
possible to solve the whole linear program in polynomial time if the separation procedure
is polynomial [33]. Cutting plane algorithm can be described as follows.
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Algorithm 1: A cutting plane algorithm

Data: A linear program LP and its system of inequalities Ax < b

Result: Optimal solution of LP

Consider a linear program LP’ with a reasonable number of inequalities among
Ax < b;

do

[uny

2
3 Solve LP" and let * be an optimal solution;
4 Solve the separation problem associated with Az < b and x*;
5 if an inequality ax < « is violated then

6 ‘ Add ax < a to LP’;
7 end
8 while inequalities can be added to LFP’;

An integer linear program cannot be solved by considering the related relaxed problem,
several fractional variables may arise, the obtained solution leads to an upper bound (lower
for a minimization problem) on the optimal solution. In most of the cases, rounding
the fractional solution to an integer solution is not enough in order to find the optimal
integer solution. The Branch-and-Bound approach explore several subproblems in order
to converge to the optimal solution. This procedure builds a resolution tree such that
every node corresponds to a subproblem. The initial problem, situated at the root is
LPy = max{cz | Az < b,0 < z < 1}. The linear problem LPF; is solved, let zf be the
optimal solution of LF,. If zj is integral, then it is optimal, the algorithm stops. Otherwise,
if a3 is fractional, the algorithm applies a branching procedure. A fractional variable x!
is selected and two nodes P, and P, are added to the tree. The vertex P; (respectively
P,) is associated with the linear subproblem LP; = max{cz | Az < b,2' =0,0 <z <1}
(respectively LP, = max{cx | Az < b,z' = 1,0 < z < 1}). The linear problem LP,
(LP,) is then solved. If the optimal solution of LP; is integral, the node P is pruned
and becomes a leaf of the tree. In the other case, a fractional variable is selected and two
subproblems of LP; are created. At every step, the procedure chooses a subproblem that
is not a leaf with an upper bound (lower for a minimization problem) higher than the best
integer solution found (if any) until every node is pruned or has a bound lower than the
best feasible solution found.

A Branch-and-Cut algorithm combines the exploration of a Branch-and-Bound with
cutting plane procedures on the nodes of the tree. This enable to compute better bounds
and then reduce the computational time of the problem.

For more details on polyhedral theory, the reader can see |70, [79].

2.5 Extended linear formulations

Several combinatorial optimization problems can only be described by an exponential size
formulation in the incidence vectors space. Additional variables allows one to add struc-
ture in order to find formulations with more properties like compact or integer description.
Consider a polyhedron P = {z € R" | Az < b} for a given combinatorial optimization
problem. An ezxtended formulation, considering further variables y € RP, for the problem
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is given by @ = {(z,y) € R* x R? | Bx 4+ Cy < d}.

Extended formulations have interest in both theory and practice. A better description
of the convex hull of the incidence vectors in the original variable space can be obtained
by projecting @) onto the z-space. We denote by Proj,(Q) = {z € R" | 3(z,y) € Q} the
projection of @ onto the x-space. The projection cone of @ is given by C = {v € R™ | vC =
0,v > 0}, where m is the number of rows of B and C. The projection of @) can be obtained
by exploiting the projection cone C as Proj,(Q) = {z € R" | (vB)x < vd,v € extr(C)}.
Where extr(C) is the set of extreme rays of C. Each extreme ray of C satisfies with equality
p — 1 linearly independent inequalities of the system vC' = 0,v > 0. For more details on
extended formulations and projections, the reader can see [19].

2.6 Disjunctive programming

Disjunctive programming deals with optimization problems on disjunctive sets of solutions,
that is disjunctions of polyhedra. Although every polyhedron is convex, the union of
several polyhedra may not be convex. Let P, = {z € R" | Az < b'}, i = 1,...,q be
a finite number of non-empty polyhedra. Balas has introduced a formulation related to
the disjunction of all polyhedra P, h € {1,...,¢}. In this extended formulation, new
variables y" and y h € {1,...,q} are introduced. Variables 3" are copies of the original
variables x for each polyhedron P,. Variables y2 take value 1 if the solution belongs to the
polyhedron Py, 0 otherwise. The description is given below:

min ¢’z (2.1)
q
T — Z y" =0 (2.2)
h=1
Ay — byl <0 Vh=1,...,q (2.3)
q
Sy =1 (2.4)
h=1
yo >0 Vh=1,...,q (2.5)

The extreme points of the polyhedron ([2.2))-(2.5) coincide with extreme points of every
polyhedron P, = {x € R"| Az < b'}, i = 1,...,q. For more details on disjunctive
programming, the reader can see [§].

2.7 Graph theory

Graph theory is a field of discrete mathematics and Computer science, dealing with struc-
tures describing pairwise relations between elements. An undirected graph is a pair G =
(V, E) where V is a set of elements called vertices and E' is a set of pairs of vertices called
edges. If {u,v} € E' is an edge with endnodes u and v, we will also write uv to denote the
edge. A directed graph is a pair G = (V, A) where V is a set of elements called vertices and
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A is a set of ordered pairs of vertices called arcs. If (u,v) € A is an arc from u to v, we will
also write uv to denote the arc. A graph G is said to be simple if it does not have more
than one edge between any couple of vertices, and it has no edge that starts and ends at
the same vertex. Otherwise, G is called a multigraph.

A subgraph G' = (S, H) of a graph G = (V| F) is a graph such that S C V and H C F.
An induced subgraph G[S],S C V of a graph G = (V, E) is the graph such that its edge
set, denoted by E[S], corresponds to |, ez uespestit, v}

A path is a sequence of successive edges (ujug, ugug, ..., u_1u;). We denote the path
from wu; to u; by uy — w;— path. A cycle is a non-empty path such that u; = u;. A graph
GG is said to be connected if there exists a path between every couple of vertices of G.
Otherwise, G' contains several connected components. A forest is a graph that contains no
cycle. A spanning tree is a connected graph with no cycle.

A bridge is an edge whose deletion increases the number of connected components by
one. An articulation verter is a vertex whose deletion increases the number of connected
components. Several uv-paths are node-disjoint if every vertices of V\{u,v} is visited
by at most one path. A graph is said to be k-node connected if it contains at least k
node-disjoint wv-paths for every pair (u,v) € V x V. By construction, a graph with no
articulation vertex is 2-node connected. Let W C V, the cut induced by W, denoted by
d(W), corresponds to uwv € E | w € W,v € V\IW}. Given an edge uwv € E, contracting uv
involves deleting the edge uv, merging the two vertices u and v into a unique vertex and
keeping the neighbors, creating potentially multiple edges.

Given an oriented graph G = (V, A), a directed path is a sequence of successive directed
arcs (ujus, ugug, ..., u_1u;). The incoming arcs of a vertex v € V, denoted by d~(v),
correspond to the set {uv € A | u € V'}. The outgoing arcs of a vertex v € V, denoted by
5t (v),correspond to the set {vu € A | u € V}.

For more details on graph theory, the reader can see [12].

2.8 Matroids

Matroids are structures that abstract fundamental properties of dependence commons to
graphs and vector spaces. The theory of matroids has many applications in combinatorial
optimization. Let S be a finite set and I be a family of subsets of S, M = (S,]) is a
matroid if the following axioms are satisfied:

1. 0el
2. If JCJand J eI, then J €1

3. Let J,J" € I and J’ has more elements than J, then there exists € J'\J such that
Ju{z} el
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The first two properties define an independent system. Moreover, subsets of maximum
cardinality of I are called basis.

The following matroids are well known in the literature. Let S be a finite set and
ke N, M = (S,I), where J € I if and only if J C S and |J| < k, is a uniform matroid
of rank k. Let M; = (S;,1;), i = 1,...,p be uniform matroids of rank k; on disjoint
sets S;, @ = 1,...,p. M = (U, Si,I), where J € [ if and only if J C J/_, S; and
|JNS;| < kiyi = 1,...,p, is a partition matroid (A partition of a set E is a familly of
subsets By, ... E,, of E such that E; N E; = 0,Vi,j =1,...,m,i # j and |-, E; = E).
Given a graph G = (V. E), M = (E, F), where H € F if and only if H C F and H is the
edge set of a forest, is the graphic matroid of G.

The matroid polytope of a matroid M = (S, I) is the convex hull of the set {z* | i is a
basis of M}. Moreover, the independence matroid polytope P(M) is the convex hull of the
set {z'| i € I}. Given two matroids M; = (S, 1) and M, = (S, I), Edmonds [24] showed
that the matroid intersection polytope P(M; N Ms) = P(M;) N P(M,) is the convex hull
of the set {x'| i € [; N I, }.

For more details on matroid theory, the reader can see [5§].
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The minimum d-budgeted spanning tree
problem and polyhedra

In this chapter we give several formulations for the MdBSTP. We investigate the dBST
polytope and present conditions under which some inequalities are facet-defining.

3.1 Formulations

Let us denote by Psy the Spanning Tree polytope. An integer programming formulation
for the d-budgeted version is given by:

min Z Cee (3.1)

ecE

s.t. x € Psr, (3.2)
> wiz. < B Vi=1,...,d, (3.3)
eck
r. € {0,1}, Ve € E. (3.4)

The constraints represent the budget constraints, with a binary knapsack con-
straint structure. The constraints are the integrality constraints. Note that there are
as many formulations — as there exist formulations for the STP. In the following,
we study some of them in order to find a tight formulation for the d-budgeted case.

Several LP and ILP formulations for the MSTP are introduced in the literature. They
all have their own benefits and drawbacks, some of them are integer like the subtour, mul-
ticut, multi-flow and Martin’s formulations [49], and others are compact but not integer
like the flow and Miller-Tucker-Zemlin [53] formulations. We selected among those formu-
lations the ones that seem to be more relevant in both theory and practice, this choice
appears to be correlated to their number of variables, constraints and their theoretical
properties. For more details on those formulations, the reader can see [48].
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3.1.1 Subtour elimination formulation

One of the most famous formulations for the MSTP is based on the so-called subtour
elimination inequalities. A subtour corresponds to cycles in induced subgraphs. The
formulation given below, will be denoted by Py:

min Z Cee (3.5)

eck

s.t. ze <|S]—1, VS cV.2<|S|<|V]-1, (3.6)
e€E|[S]
Y we=|V|-1, (3.7)
eckl
0<z <1, Ve € E. (3.8)

Constraints are the subtour elimination inequalities, they ensure that there is
no cycles in any solution. There is an exponential number of these inequalities, but the
related separation problem can be solved in polynomial time. Constraint expresses
the fact that every spanning tree has exactly |[V| — 1 edges. Inequalities (3.8) are the
trivial constraints. The following result allows one to relax the integrality constraints of
the design variables. Let us denote by Hgr the set of incidence vectors of the spanning
trees of G.

Proposition 1. [25] conv(Hsr) is given by inequalities (3.6)-(3.5).

Proposition [I] illustrates the strength of formulation P,,,. As the separation problem
for inequalities (3.6) can be solved in polynomial time, the MSTP can also be solved in
polynomial time by using a cutting plane procedure.

3.1.2 Cut formulation

Another famous formulation of the MSTP, given below, is based on the connectivity con-
straints, exploiting the tree structure as a connected subgraph. This formulation will be
denoted by P.:

min Z CelTe (3.9)

ecE

sty me>1, VS cV,1< |8 < |V]-2, (3.10)
e€d(S)
S e =|V|-1, (3.11)
ecE
z. € {0,1}, Ve € L. (3.12)

The family of constraints (3.10)) ensure that for every cut of G, at least one edge in this
cut belongs to the solution. These inequalities are called cut inequalities. There exists an
exponential number of cut inequalities but they can be separated in polynomial time. The

34



Chapter 3 The minimum d-budgeted spanning tree problem and polyhedra

related separation problem reduces to the minimum cut problem. Constraints are
the integrality constraints. In contrast of the P;,; formulation, solving the linear relaxation
of P,.,; can lead to fractional solutions. A branching procedure is required in order to solve
the problem. Moreover we have the following property.

Proposition 2. Let S, and S..: be respectively the set of solutions related to Py, and
P.yi. Then Sgp C Seuwr and in general the inclusion is strict.

The cut formulation is theoretically less stronger than the subtour formulation but the
separation problem of inequalities is faster to solve than the one of . Note that
in contrast of the famous Travelling Salesman Problem [7], the cut inequalities are
not equivalent to the subtour ones (3.6). This difference is justified by the 1-connectivity
of the spanning tree.

A generalization of the cut formulation, presented above, is the multicut formulation
obtained by replacing constraints (3.10]) by

Z . > k — 1 for all partitions Vi,...,V; of V. (3.13)

{uv}EBuEV; wEV; it ]

By construction, we have S,,cut C Seur, Where Sy, is the set of feasible solutions of
the multicut formulation, moreover S,,cut = Ssup = conv(Hsr). The number of partition
constraints is huge, even compared to the number of subtour constraints, but the separation
problem for these inequalities can be solved in polynomial time [21], [9].

3.1.3 Miller-Tucker-Zemlin formulation

The Miller-Tucker-Zemlin (MTZ) formulation [53] is a compact extended formulation for
the MSTP. Additional variables allow one to characterize the acyclic property with a
polynomial number of constraints. In this formulation, we consider the directed graph
G4 = (V, A) obtained from G = (V, E) by considering two arcs ij and ji for every edge
ij € E. The created arcs share the same cost as the original edge in E. Also with every
vertex v of GG, it is associated a variable u,, representing the number of edges from v to
a root vertex r € V, arbitrarily chosen, in the unique r — v—path of the spanning tree
solution. The MTZ formulation is given by:

min Z Ci jTij (314)

ijeA

st Y my=1, Vi e V\{r}, (3.15)
i€6~ ()
w; —uj + |Vi]w; <|V]—1, Vije A, j #, (3.16)
u < V| -1, Vi e V\{r}, (3.17)
u; > 1, Vi e V\{r}, (3.18)
u, =0, (3.19)
z;; € {0,1}, VieV,jeV\{ir}. (3.20)
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Constraints ensure that every vertex (except the root r) is visited. Inequalities
- ensure that the feasible solutions do not contain cycles. Due to the use of
several big-M in constraints , this formulation has a huge gap between the related
relaxation value and the optimal one. But since this formulation is compact, it may be of
interest in practice for solving small-sized instances.

3.2 Polyhedral analysis

Let H be the set of incidence vectors of the feasible solutions of the MdBSTP. In this
section, we give several properties of the d-budgeted spanning tree polytope P = conv(H).
We start by discussing its dimension and then some facet-defining inequalities.

3.2.1 Dimension

Let E={e€ E|z.=0,Yr € H}and E. = {e € E | z. = 1,Vx € H} denote respectively
the forbidden and necessary edge sets. Every forbidden (respectively necessary) edge e
induces an equation x. = 0 (respectively x. = 1) in the description of P. Hence, the
dimension of P is bounded by |E| — |EY| — |EL|.

The topology of the graph may also be exploited to obtain tighter bounds. Consider
the following example:

Example 1
Consider the graph G = (V, E) given by Figure 3.1]

® @ @
O-©® @

Figure 3.1: A graph with several articulation vertices.

The graph G has 4 articulation vertices: F,H,I and J. We can decomposed the
graph into 6 induced subgraphs G[V;], j = 1,...,6 where V; = {A,B,C,D,E}, V5 =
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{E,F,G,H}, Vs ={H, I}, V, = {I,J}, Vs = {J,O,P,L,K} and Vs = {J,Q,R, M, N}.
Figure [3.2) illustrates those induced subgraphs.

Figure 3.2: Graph decomposition by articulation vertices. Every induced subgraph is
circled.

By construction, every spanning tree 7' = (V, F') of G covers G[V;], j =1,...,6 with
EV;]NF = |V;] — 1 edges. Indeed, 4 edges are required to cover G[V1], G[V5] and G[Vg], 3
edges to cover G[V] and exactly one for G[V3] and G[V,].

In the general case, given any graph G = (V, E), G can be decomposed into several
connected induced subgraphs G[V;],j = 1,...,¢ by articulation vertices (also called one-
node-cutsets). The resulting induced subgraphs are either 2-node connected graphs or
bridges. By construction, every induced subgraph G[V;], j = 1,...,q induces the equation
ZeeE[vj] ze = |V;|—1, j=1,...,q in the description of P. All these equalities are linearly
independent, and the cardinality equality ) .z 2. = [V| — 1 becomes redundant. The
dimension of P is then also bounded by |E| — ¢q. The following Proposition exploits both
the topology of the graph and the forbidden and necessary edge sets to obtain a tighter
bound.

Proposition 3. d(P) < |E|—q¢ —|E%|—|EL|, where ¢ = |{j € {1,...,q} such that E[V}]\
(E2U E,) # 0},

Proof. As pointed out, we have d(P) < |E| — q and d(P) < |E| — |E?| — |EL|. Moreover,
some induced subgraphs G[V;], j = 1,...,¢ may contain only edges in E? U E}, such as

x
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bridges or 2-node connected subgraphs containing several edges with high weight values.
In this case the related equalities > cpyj@e = [Vj| — 1 are redundant with equalities
related to EO and E!. ¢’ corresponds to the number of induced subgraphs such that the
equality > c gz e = [V;| — 1 is not redundant with respect to equations related to EY

and E!. O

In the following, we give a sufficient condition on the budget values of an instance in
order to guarantee d(P) = |E| — q. Notice that P cannot be full-dimensional as there is
at least the cardinality equation ) _px. = |V|— 1. Usually, dimension’s proofs consist of
enumerating a maximum number of affinely independent incidence vectors. This enumer-
ation may be difficult to obtain given the graph structure and weights. Our approach is
based on showing that there are no further equalities than the ones related to the pieces
of the graph.

Let T% = (V, F™) be a feasible spanning tree for the dBSTP, and let w* = max(}_, pu
w?, w") where v = max{d_, wl+wj, —wh | h € E\F*, f € F*,(V,F*U{h}\{f}) is a
spanning tree}, 1 = 1,...,d. The thresholds w*" are computed in such a way that every
swap of an edge f € [’ with an edge h € F\F" leads to a feasible solution.

Proposition 4. If B' > w* Vi=1,...,d, then d(P) = |E| — q.

Proof. Since each induced subgraph G[V}], j =1,..., ¢ induces an equality > . By Te =
|V;| — 1 in the description of P, d(P) < |E| — q. Now assume that there is a further
equation ) _pact. = b in the description of P, with b,a. € R,Ve € E, non-redundant
with respect to the cardinality equations. We have the following Lemma:

Lemma 1. Every subgraph G[Vj]|, j =1,...,q verifies a. = ay,Ve, f € E[V}].

Proof. Given any subgraph G[V;], j =1,..., ¢, assume by contradiction that there are two
edges e; and ey € E[V}] such that a., # a.,. Consider the unique path uy, us, us, uy, ...,
in ' N E[V;] such that wyus = €; if ey € F™, otherwise if e; ¢ F* let ujuy be an edge of
C\{e1}, where C is the unique cycle created by adding e; to T%. Similarly, let u;_ju; = eg
if eo € F, otherwise if eo ¢ F™, let u;_ju; be an edge in C"\{ey}, where C’ is the unique
cycle created by adding e; to T". An example of such a u; — u;—path is given in Figure

3.3l

u1 O O Qus

€9

|
I
l
I
| 61
|
|
|
|
N ) e
u2 O @ Qs
Uus

Figure 3.3: Construction of a u; —w,—path in G[V}]. Edges in F are represented in black
and edges in E[V;]\F" are dashed.
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We will prove by induction that the r, » =1,...,1 — 1, first edges of the u; — u;—path
have the same coefficient a. The first edge of the u; — w;—path is ujus and it has a unique
coefficient a,,,,. Now assume that the r first edges of the u; — u;—path have the same
coefficient and consider the r-th and r + 1-th edges of the path; u,u, 1 and u, 1u,1o. As
G[Vj] is 2-node connected, by removing vertex u,; there is still at least one path p in the
induced subgraph G[V;\{u,+1}] from u, to u,+2. Removing u,; from T" creates several
connected components. By construction u, and u, s are in different components but the
path p contains edges linking those connected components.

Figure 3.4: Connected components created by removing w,,; from 7. Each component
is represented with a dashed ellipse. The path p is represented in bold. Dashed edges are
incident edges of u,,,. Zigzags represent subpaths.

If there exists an edge e € E[V;] between the connected component containing u, and
the connected component containing w,s, as represented in Figure [3.4] by adding e to
T" we create a cycle C formed by the edges in p, u,u,+1 and ., 1u,12. By hypothesis,
by swapping any edge of C'\{e} with e, we obtain a feasible dBST solution. Hence a; =
ag,Vf,g € C and u,u,11 and u,41u,12 have the same coefficient.

If not, the path p comes through at least one connected component that does not contain
U, NOr Upy9, see Figure 3.5 Let CCy,CCy,...,CCy be the ordered visited connected
components by p, where C'CY is the connected component containing u, and CC} is the
connected component containing u,,o. Notice that there exists a path p that goes through
each component at most once, otherwise there should exist a cycle formed by p and edges
of a given component CCy, t' € {1,...,t} and here we can modify p in such a way that it
goes at most once through each component.
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oo}

Figure 3.5: Connected components created by removing u,,;. Each component is rep-
resented with a dashed ellipse. The path p is represented in bold. Zigzags represent
subpaths.

Consider three consecutive components CCy,CCyyq and CCyyqg for t/ =1,...,t — 2,
and let e (respectively f) be the edge in p connecting CCy and CCy .y (respectively CCy iy
and CCy o). By adding e to T", we create a cycle C, that contains e and two edges in
d(ur41). By swapping any edge of C.\{e} with e, we obtain a feasible solution. Hence
ap = ag,Vh,g € C.. Moreover, by adding f to 1™, we create a cycle Cy that contains f
and two edges in d(u,11). By swapping any edge of Cr\{f} with f, we obtain a feasible
solution. Hence aj, = a4, Vh, g € Cy. Furthermore, as both cycles share a common edge in
0(ty+1), linking u, 1 to CCypq, we deduce that a, = a4, Vh,g € C. U C;. By iterating on
triplets of consecutive components, we obtain @y, u,., = Gu,  u,.o-

In consequence, we obtain that every edge of the u; —u;—path has the same coefficient.
Moreover ay, ., = e, (respectively a,, ., = a.,) as either uyus = ey (respectively w_qu; =
ey) or swap ujup with ey (respectively swap u;_ju; with ey) leads to a feasible solution.
Hence, a., = a.,, contradicting our Lemma’s assumption.

[]

Considering the result of Lemma [I] every equation in the description of P has the
following structure » 7_, a;z(E[Vj]) = b with b,a; € R,Vj = 1,...,¢. Which is redundant
with respect to the cardinality equalities related to the subgraphs G[V;],j =1,...,¢q. O

The condition on 7" for Proposition [] is not restrictive in practice, especially if the
instance has a reasonable size. For the special case where d = 1, the best choice for T is
a spanning tree that minimizes ) . . w!. Notice that the condition given in Proposition
is only a sufficient condition. The converse might not be true. Figure [3.6] shows a
counterexample with weights on the edges and a budget of 28:
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Figure 3.6: Counterexample.

For the instance given by Figure 3.6, d(P) = |E[—1 with a budget of 28, although our
threshold is w*! = 30.

3.2.2 Facial aspect

The study of the dimension is a crucial point in order to obtain conditions on facet-
defining inequalities. Facet-defining inequalities belong to the tightest descriptions of P.
Incorporate those inequalities in a branching algorithm may improve its running time.
We prove that several inequalities of the subtour formulation define facets for the dBST
polytope P. First, we consider the trivial inequalities:

Proposition 5. Let e € E, then the inequality x. > 0 is facet-defining if:

1. Every component G|V;] = (V;, E[V;]\{e}), j =1,...,q is either a bridge or 2-node
connected subgraph,

2. There exits a feasible solution T* = (V, F") such that e ¢ F" and
B > max{d_ e g w}, max{d" ;e wh +wj, —w, | h € E\F*,g € F*,(V,F* U
{h}\{g}) is a spanning tree}}, i =1,...,d.

Proof. First, we show that {z € P | z. =0} # 0. As e ¢ ', then the incidence vector
of T% belongs to {x € P | z. = 0}. Next, we show that {xr € P | x. = 0} # P. By
adding e to T", we create a cycle. We can swap e with any edge of the created cycle in
order to get a feasible solution not in {z € P | z. = 0}. Now, we show that the dimension
of {x € P | z. = 0} is equal to d(P) — 1. By construction of T and Proposition [4]
the polytope related to the instance verifies d(P) = |E| — ¢q. By applying Lemma (1] to
G' = (V,E\{e}) and T", we have a, = a;,, Vg,h € E[V;]\{e} for every induced subgraph
GV, = (V;, E[Vj]\{e}), j = 1,...,q. Thisimplies that there is no equation non-redundant
with respect to z, = 0 and ZfGE[Vj]\{e} xy = |Vj| =1, Vj =1,...,¢ in the description of
{z € P | z. = 0}. Then the dimension of {x € P | . = 0} is equal to d(P) — 1. O

Proposition 6. Let e € E, then the inequality x. < 1 is facet-defining if:
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1. Every component G|V;] = (V;, E|V;]), 7 =1,...,q where e ¢ E[V}] is either a bridge
or a 2-node connected subgraph,

2. The component G /e obtained by contracting e in G[V;] = (V;, E[V}]) with e € E[V}]
s either a bridge with multi-edges or a 2-node connected subgraph,

3. There exists a feasible solution T = (V, F*) such thate € F* and B* > max{}_ ;. pu
wh,max{) e whtw,—wy | h € E\F*, g € F*,(V, F*U{h}\{g}) is a spanning tree
Hi=1,...,d

Proof. First, we show that {z € P | z. = 1} # 0. As e € F™, then the incidence vector
of T" belongs to {x € P | x. = 1}. Next, we show that {z € P | z. = 1} # P. By
hypothesis, we can swap e with any edge in the empty cut induced by removing e from
T*. Such an edge exists as the component G/e is either a bridge with multi-edges or a
2-node connected subgraph. Now, we show that the dimension of {z € P | z. = 1} is
equal to d(P) — 1. By construction of 7% and Proposition , the polytope related to the
instance verifies d(P) = |E| — ¢. Any connected component G[V;| j =1,...,q with e ¢ E
verifies ay, = ap,Vg,h € E[V;] by Lemma [I] G/e may contains multi-edges but several
multi-edges cant belong to T, otherwise there will be a cycle with e. Hence, the proof of
Lemma [I] remains valid for G/e and we have a, = aj,, Vg, h € E[V;]\{e} for the component
G|V;] with e € E[V;]. This implies that there is no equation non-redundant with respect
to z. =1 and ZfeE[Vj} zy=|V;| —1,¥j =1,...,¢ in the description of {z € P | z. = 1}.
Therefore the dimension of {z € P | z. = 1} is equal to d(P) — 1. O

Now we discuss the facial aspect of the subtour inequalities.
Proposition 7. Let S C V, then the inequality x(E[S]) < |S| — 1 is facet-defining if:
1. The subgraph G[S] is 2-node connected,

2. Every subgraph G[V;] = (V;,E[V}]), j=1,...,q where SNV; =0 is either a bridge

or a 2-node connected graph,

3. The subgraph G/S obtained by contracting E[S] in G[V;] = (V;, E[V;]) where S C V;

is either a bridge with multi-edges or a 2-node connected component,

4. There exists a feasible solution T* = (V, F") such that |F"” N E[S]| = |S| — 1 and
B > max{} ;e pu wh, max{d_ o po wh + wj —wy | b€ E\F*,g € F* (V,F"U
{h}\{g}) is a spanning tree}}, i =1,...,d.

Proof. First, we show that {z € P | 3 cpg e = [S] — 1} # 0. By hypothesis, 7% is a
feasible solution, then the incidence vector of T belongs to {z € P | 3_ (g Te = [S]—1}.
Next, we show that {z € P | 3 cpg ze = |S] — 1} # P. Indeed, by swapping an edge
e € F N E[S] with an edge f ¢ S in the empty cut induced by removing e from T,
such an edge exists as GG/S is either a bridge with multi-edges or a 2-node connected
subgraph. Now, we show that the dimension of {z € P [ 3_ s @e = [S| — 1} is equal to
d(P) — 1. By construction of 7% and Proposition , the polytope related to the instance
verifies d(P) = |E| — ¢q. Assume that there is an equation non-redundant with respect to
> eens) Te = [S| = 1and 3 cpy e = [Vj| = 1, Vj=1,...,q. We show that:
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1. af = a4, Vf,g € E; for every subgraph G|V;] = (V,E[V}]), 7 = 1,...,q where
VinS =190,

2. ay =ay, Vf,g€ E[S],
3. af = a4, Yf,g € E;\E[S] for the subgraph G[V;] = (V, E[V;]) where S C V.

The first statement comes from Lemma[I} For the second one, we consider the induced
graph G[S] = (5, E[S]) and we apply Lemma again |I{on G[S]. For the third statement, we
consider the graph G/S. G/S may contains multi-edges but several multi-edges cant belong
to T, otherwise there will be a cycle with E[S]NF"™. Hence, the proof of Lemma|l] remains
valid for G/S. The three statements imply that there is no equation non-redundant with
respect t0 3 ¢ gy Te = [S|—1land 3 cppy e = [Vj|—1, Vj = 1,..., ¢ in the description of
{z € P| Xicpis Te = [S] = 1}. Therefore the dimension of {z € P | 3 pg ze = [S]— 1}
is equal to d(P) — 1. O

In the case d = 1, the spanning tree 7" in the hypothesis of Propositions [5] [6] and
can be obtained by computing and adapting a minimum weight spanning tree.

Also the subtour inequalities may be facet-defining, the subtour formulation may be
efficient for solving the MdBSTP by Branch-and-Cut.

3.3 Special cases of the d-budgeted spanning tree prob-
lem

The MdBSTP lies at the intersection of the STP and the KP. By adding more structure
to the knapsack part of the problem it may be possible to exploit it in order to solve the
MdBSTP in polynomial time. A first special case, is given below:

Proposition 8. If d = 1 and w! € {0,1}, Ve € E, then the polytope described by the

following inequalities - is integral.

> oz <8 -1, VS cV,2<|S| <|V|-1, (3.21)
e€E|[S]

Y we=|V|-1, (3.22)
ecE

> wire < B, (3.23)
eck
0<z <1, Ve € E. (3.24)

Proof. Assume that x* is a fractional extreme point of -. The subtour polytope
(3-21] B.22] 3.24)) is integer, then z* must satisfy at equality the budget constraint ([3.23)).
Moreover, by the adjacency of the basis of the extreme points in the spanning tree polytope,
x* is a convex combination of two incidence vectors ! and x? associated with two spanning
trees Tt = (V, F') and T? = (V, F?) that differ by exactly one edge. We deduce that
Bl =Y cpmwe < > cpwe = B+ 1. Since B' € N, then z* does not satisfy the
constraint (3.23)), a contradiction. n
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In this special case, the problem can then be solved in polynomial time. Proposition
can be generalized to a family of special cases; a knapsack constraint where the coefficients
are binary corresponds to a matroid M; = (E,I;) such that I; is a collection of subsets
of E with at most B! edges among {¢ € F | w, = 1}. Another well-known matroid is
the graphic matroid My = (E, I3), where every element of I, is a forest of E. Every basis
of the graphic matroid corresponds to a spanning tree of G. The intersection I; N I is
the collection of forests that satisfy the budget constraint associated with M;. Moreover,
the independence polytope P(M; N Ms) is integer and corresponds to P, N P, where P
(respectively P,) is the independence matroid polytope of M (respectively M) [24]. The
following Proposition generalizes the previous special case:

Proposition 9. If the budget inequality defines a matroid, then the following linear pro-
gram 1is integer:

min Z Celle (3.25)

eck

s.t. z. < |S| -1, VS cV,2< |5 <|V]-1, (3.26)
e€E[S]
Yz =|V|-1, (3.27)
eck
> wlr. < B, (3.28)
ecl
0<z <1, Ve € E. (3.29)

Proof. The polytope P(MgN Mg) described by inequalities (3.26)),(3.28)) and (3.29)) corre-
sponds to the matroid intersection polytope related to the graphic matroid Mg and the ma-

troid Mp associated with the budget inequality Hence, the polyhedron P(MgN Mpg)

is integer. The polytope Py, described by inequalities (3.26]) — (3.29) is a proper face of
P(M¢g N Mpg) then it is also integral. O

Every extreme point of the polytope — corresponds to a spanning tree that
satisfies the budget constraint [3.28 The budget structure can be seen as a matroid in some
particular cases. Some algorithms have been developed to identify if a specific knapsack
constraint defines a matroid [4], [14]. In [I4], the authors have devised a polynomial
algorithm, based on Wolsey’s necessary and sufficient conditions for a knapsack constraint
to be a matroid [78].
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Linear and Lagrangian relaxations for
the minimum 1-budgeted spanning tree
problem

The following chapters will be devoted to the special case of the d-budgeted problem where
d = 1. Denoting by P; = conv({z € {0; 1}/F! | 2 € Py, > cpwize < B'}) fori=1,....d
the integer 1BST polytopes related to each resource constraint, we have P C ﬂz’zl,...,d P;.
Hence, every valid inequality for a given polytope P; is also valid for the d-budgeted poly-
tope P. We hope that strong valid inequalities for every P; will be also effective for the
general case. Among the most successful methods for solving integer programs, there are
the linear programming based Branch-and-Bound algorithms when the underlying linear
programs are strengthened by cutting planes. In some cases, deep cuts could be obtained
by solving the linear program relaxation of the problem. Therefore, it is crucial to solve ef-
ficiently the linear program relaxation. In the previous chapter, several formulations of the
problem were discussed. In the sequel, we focus on the subtour elimination linear program
as it is one of the tightest formulations. The number of constraints is exponentially large.
However, there exists a polynomial time separation oracle requiring O(|V|) maximum flow
problems [59]. We provide computational experiments showing that this algorithm is time
consuming even for medium sized instances. Goemans and Ravi [65] present a combina-
torial algorithm to solve in strongly polynomial time the linear relaxation of the problem.
Their algorithm is based on the Lagrangian relaxation technique and Megiddo’s paramet-
ric search technique [51]. By using an O(|E|log(|F|)) algorithm to sort the edge costs, an
optimal solution could be computed by solving O(|E|log(|E|)) minimum spanning trees
problems. A faster algorithm could be obtained by using a more sophisticated sorting al-
gorithms. However, these parallel algorithms require several cores being implemented. We
present a practical efficient algorithm based on a simple binary search algorithm combined
with a pruning technique that allows one to substantially reduce the size of the problem.

4.1 Linear programming relaxation

The linear programming relaxation of the subtour elimination formulation of the 1BSTP
is obtained by dropping all the integrality constraints.
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min Z Cee (4.1)

eclk

s.t. e <|S|—1, VS cV,2<|S|<|V|-1, (4.2)
e€E|[S]
Y we=|V|-1, (4.3)
eclk
> wex. < B, (4.4)
eck
0<z <1, Ve € E. (4.5)

Adding the budget constraint breaks the combinatorial structure of the spanning
tree polytope , and . A known result in linear programming [I1] states that
in this case, every extreme point of (4.2))-(4.5)) is either an extreme point of the spanning
tree polyhedron, i.e., the incidence vector of a spanning tree, or a convex combination of
two adjacent extreme points of the spanning tree polytope. The latter case is illustrated
in Figure 4.1}

Figure 4.1: Impact of a budget constraint to the spanning tree polytope. The gray area
represents the set of solutions satisfying both the spanning tree and the budget constraints.

The concept of adjacent spanning trees is useful in our context. Two spanning trees are
said to be adjacent if both share all but an edge [76]. As a consequence, every fractional
extreme point of the linear relaxation (4.2)-(4.5) has exactly |V| variables with strictly
positive values and exactly two fractional variables. Moreover, given a fractional optimal

solution z* of the problem (4.1))-(4.5)), the support graph G* = (V, E*) where E* = {e €
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E | ¥ > 0} is a spanning tree augmented with an edge. In the unique cycle, two edges
have fractional values.

Let x* be an optimal solution of the problem —. If x* is integer, then it is an
optimal solution of the 1BSTP. Otherwise it is a combination of the incidence vector of
T< = (V,F<) a spanning tree satisfying the knapsack constraint and T- = (V, F~)
a spanning tree violating the knapsack constraint. Moreover, we have the following:

Z Ce < Zcexz < Zcex'e < Z Ces (4.6)

ecF> eckE eckl e€F<

where 7’ is an optimal solution of arg min {}° _pccze | 2 € {0,1}F!, x satisfies
(4.2) — (4.4)}. As both spanning trees have one edge difference, the following is satisfied:

Z Ce — Z ce <max{c. | e € E} —min{c. | e € F}. (4.7)
ecF'< ecF>
In the literature, it is well known that 7'< is a 2-approximate solution. By computing
and rounding the linear relaxation optimal solution, one can get a feasible solution with a
cost value close to the optimal one. This rounded solution can be used as a MIP Start in
order to speed up the problem resolution.

Corollary 1. In the particular case where the costs c. € {0,1}, Ve € E, the incidence
vector of T< is an optimal solution of arg min {3, cewe | @ € {0, 1}EI z satisfies (4.2)—

(T

The LP relaxation — can be solved in polynomial time as the subtour elim-
ination constraints can be separated in polynomial time. Even though the linear
program can be solved in polynomial time, this separation algorithm can be time con-
suming. Given a fractional solution x*, the separation algorithm needs to find a set
S CV,2< |5 <|V|]-1such that 3  cpga: > [S] — 1 if such a set exists. The
following algorithm either finds violated subtour constraints associated with connected
component or calls the separation algorithm [59)].
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Algorithm 2: Separation of subtour inequalities

Data: G = (V, E), z* € [0 : 1]/
1 Consider the support graph G* = (V, E*) where E* = {e € E | 2*(e) > 0};
2 if x* is integer then

3 if there are p > 1 connected components in G* then
4 for every connected component G*[V;], i =1,...,p do
5 if component G*[V;] contains more than |V;| — 1 edges then
6 Add the subtour constraint > gy ze < [Vi| — 1;
7 end
8 end
9 end
10 else
11 if there are p > 1 connected components in G* then
12 for every connected component G*[V;], i = 1,...,p do
13 if > cppy e > [Vi| — 1 then
14 ‘ Add the subtour constraint »_ . gy ze < [Vi| — 1;
15 end
16 end
17 else
18 Run Algorithm (G*);
19 Run separation algorithm from [59];
20 end
21 end

Algorithm [2| considers several cases. First, if 2* € {0,1}/¥l| then by the cardinality
constraint , G* contains exactly |[V| — 1 edges. If it contains only one connected
component, then z* is a spanning tree (no violated subtour inequality). Otherwise (G* has
two or more connected components), using Breadth-First Search, the algorithm detects
all the connected components and adds a violated subtour inequality associated with each
connected component having a cycle. In contrast, if x* is fractional and G* has two or
more connected components, the algorithm checks all the connected components in G* and
outputs the violated associated subtour constraints. If G* contains exactly one connected
component, the algorithm calls the separation procedure of Padberg and Wolsey [59]. Note
that the bridges of G* cannot belong to any cycle. Therefore, one could apply Algorithm
in order to reduce the size of the support graph as well as the running time of the algorithm
[59]. Algorithm (3| removes recursively edges of degree 1 in the graph, we will denote the
resulting deleted edge set by branches. Algorithm [3]is very fast in practice and requires
O(|V|?) times. This step is particularly helpful in the case where the separation algorithm
[59] is executed as its complexity is O(|V|*).
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Algorithm 3: Deletion of all branches of a graph
Data: G* = (V, E*)
1 for every vertex v in V do
while v has exactly one neighbor v in G* do
Delete the edge {u,v} from E*;
v u
end

(=2 T NN C I )

end

Figure gives an example of a connected support graph. Applying Algorithm [3] to
the resulting support graph removes the branches {AB, BC, BD ,BE, FH, LN, LO} from
E*.

Figure 4.2: Example of a connected support graph associated with a infeasible fractional
solution z*. A dashed edge e corresponds to a fractional variable with value z} = % and
a bold edge e corresponds to an integer variable with value 7 = 1. Edges IJ and JK
are bridges but they do not belong to a branch as they are between two 2-node induced

subgraphs.

Nevertheless, despite the improvement provided by those heuristics, solving the LP
relaxation — may be still time consuming as several calls of the separation algo-
rithm may be necessary. The next section discusses a faster algorithm based on Lagrangian
relaxation.

4.2 Lagrangian relaxation

The Lagrangian relaxation is a standard technique well suited for problems where the set
of constraints can be divided into 2 sets:

e "good" constraints for which the problem is easily solvable (like the subtour formu-
lation of the STP),

e "bad" constraints that make the problem hard (like the budget constraint).
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The main idea is to relax the problem by removing the "bad" constraints and putting
them in the objective function with an assigned weight. The latter represents a penalty of
not satisfying the constraints. Consider the following problem:

max L(z) = minz Cee + Z<Z Wer, — B) (4.8)

220

ecE eclR
> <81, VS cV,2<|S|<|V]-1, (4.9)
e€E|S]
(LR) > . =|V|-1, (4.10)
eck
0<z, <1, Ve e E. (4.11)

Since the spanning tree polytope — is integral, the optimal objective function
value of the Lagrangian problem (4.8)-(4.11]) equals the optimal objective value function of
the linear program (4.1)-(.5)) [79]. The composite cost Y . ce 4+ 2(3°, cp we — B) for any
spanning tree 7' = (V, F') is a linear function of z with an intercept ) .. c. and a slope
(> cer we — B). In Figure , we have plotted each of these spanning tree composite costs.
Note that for any specific value of the Lagrangian multiplier z, L(z) can be computed by
evaluating each composite cost function (line) and identifying the one with the minimum
cost. Therefore, the Lagrangian multiplier function L(z) is the lower envelope of the
composite lines and the highest point of this envelope at z* corresponds to the optimal
solution of the Lagrangian problem.

L(z)

Figure 4.3: Composite cost functions of spanning trees and Lagrangian relaxation. The
lower envelope of the composite lines, corresponding to optimal solutions of L(z), z > 0,
is represented in bold.
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By construction, a spanning tree satisfying the budget constraint is associated with
a non-increasing linear composite cost function and a spanning tree violating the budget
constraint is associated with a non-decreasing linear composite cost function. Due to the
concavity of L(z), any spanning tree T,, optimal solution for L(z) with z € [0; 2*[, does not
satisfy the budget constraint. Moreover, any optimal solution T, for L(z) with z €]z*; 400
satisfies the budget constraint. The two spanning trees T2 and T such that their related
composite cost functions intersect at z*, are optimal solutions of the Lagrangian relaxation
at z*.

4.2.1 Solving efficiently the Lagrangian relaxation

In order to solve efficiently the Lagrangian relaxation, we use, as in [65], the parametric
search algorithm of Megiddo [51]. The key point of this approach is to compute an optimal
spanning tree for the edge composite cost ¢, + 2*w, at the unknown optimal value z*. As
the composite cost of any spanning tree corresponds to the sum of all its edge’s composite
cost functions. To this end, it is necessary to be able to order these edge composite costs.
However, the difficulty is that the edge composite costs ¢, + zw., when z varies in R, are
partially ordered. See Figure [4.4

Figure 4.4: Edge composite cost functions. Dashed lines represent z-coordinates corre-
sponding to the intersections of edge composite cost functions. Each created interval
represents a unique permutation of E, sorted in a non-decreasing order of ¢, + zw, value.
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Given two edges e and f, Megiddo’s algorithm can determine if ¢, + 2*w. = ¢ + 2" wy,
Ce + Z*we > ¢y + 2*wy or ¢, + 2*w. < ¢y + z*wy for the unknown z* value. For this
purpose, the algorithm computes two particular minimum spanning trees for the edge
composite costs ¢, + z.rwp, where z.; denotes the intersection point of the lines c. + 2w,
and ¢y + zwy as a function of z. More precisely, among all the minimum spanning trees,
the algorithm picks the one with the minimum slope Tsz = (V, szf) and the maximum
slope T7, = (V, inf). See Figure . This can be done, for instance, by computing two
minimum spanning trees for edge composite costs ¢, + (zef + €)wy, and ¢, + (2ef — €)wy,
where 0 < € << 1.

¢y + zwp

Cf+ Zefwy =

Ce + ZefWe /

Figure 4.5: Comparing e and f at z.;. The edge composite cost functions related to e and
f are represented in bold.

If Y, cp< wp > B (respectively >, > wy, < B) then z.5 < 2* (respectively z.; > 2*)
Zef Zef

and z.; = z* otherwise. By using an algorithm which makes O(|E|log(|E|)) compar-
isons to sort the edge composite costs ¢, + zwy, the optimal value z* can be obtained
by solving O(|E|log(]E|)) minimum spanning tree problems. A faster algorithm could be
obtained by using a more sophisticated sorting algorithm. If a parallel algorithm which
takes O(log(|E|)) rounds is used instead, then only O(log?(]E|)) minimum spanning trees
need to be solved. Unfortunately, this algorithm requires several cores to be implemented.
An O(log(|E])) factor could be saved by exploiting more the geometry of the problem. If
all the intersection points of the edge composite costs ¢y, + zwy, are known, then the optimal
value z* could be computed by performing a binary search over these points and solving
0(log(|E|)) minimum spanning trees. However, computing all the intersection points re-
quires O(| E]?) time. Instead of explicitly computing them, one could compute the median’s
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intersection point z and check if 7 < 2*, Z > 2z* or Z = 2*. Note that from a geometri-
cal point of view, determining the median intersection point is equivalent to finding the
line associated with the edge composite costs ¢, + zwy, with the median slope [62]. An
O(|Ellog(|E])) algorithm given in [I8] could be used for this purpose. The total running
time is O(log(|E|)(|E|log(|E|) + t(MST))) time, where ¢(M ST) is the running time of a
minimum spanning tree algorithm. In practice, it is sufficient to perform a binary search
over an interval containing the unknown z* value. The later is a breakpoint of the concave
function defined by the intersection of two lines associated spanning trees 75 = (V, F<)
and T2 = (V, F~). Therefore, z* satisfies:

Ce + 2 W, = Ce + 25w, (4.12)
> >

ecF< ecF>

which implies:

o — Decr> Ce = Deer< Ce < Z o — Z Co, (4.13)

ZGEF< we - ZE€F> we ec Fmazc

where T = (V, F™%¢) (respectively T™"¢ = (V, F™"¢)) is a spanning tree of G
Maximizing » .. pmaze Ce (respectively minimizing » . pmine Cc). In a first approximation,
Algorithm [ starts with interval [lby; ubo], such that lby = 0 and uby = > . pmase Ce —
Y ecpmine Ce, and reduces it iteratively. When its size reaches a predefined error precision
€ , a procedure determines z*. By choosing e sufficiently small, the task will not be time
consuming. In the extreme case, if € is smaller than the distance separating two consecutive
breakpoints, then the Lagrangian multiplier function has only one breakpoint over this tiny
interval namely the one corresponding to z*. By , this distance is at least

eeFminc

_ — ZeET1 Ce — ZeET2 Ce - ZeET2 Ce — ZeET3 Ce 4.14
21 — 22| = | | (4.14)
ZEGTQ We — ZeeTl We ZeET3 We — ZeET2 We

1

(ZeeFmamw we - ZeEFmincw we)Q

where T™Mew = (V, F™ma®w) (respectively T™"™ = (V, F™"™)) is a spanning tree of
G maximizing ) . pmaew We (respectively minimizing ). pminw we). There exist several
known algorithms to compute the Lagrangian multiplier function over an interval [Ib; ub.
Gusfield [36] and Yamada et al. [82] propose such algorithms.

(4.15)

|Zl — ZQl >

Algorithm [4] is divided into two parts. First, a binary search exploits the concavity of
L(z) to find a small interval such that z* € [lb;ub] (lines 1-2). Then the coordinate z*
is founded by exploring the breakpoints of L(z) in [lb; ub] and a feasible solution is found
among all optimal solutions for L(z*) (lines 3-4).
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Algorithm 4: Optimization procedure for the Lagrangian relaxation

Data: G = (V,E), c € RIF w e NIZI B € N, [Ib; ub], b, ub, e € R,
1 # binary search
2 [b, ub + Algorithm (G, ¢, w, B, [lb;ubl, €);
3 # find z* and a tight feasible solution
4 2*,T>,T< < Algorithm @(G, c,w, B, [lb;ub]);
5 Return z*,7~,T<;

The binary search is developed in the following Algorithm [5}

Algorithm 5: Binary search

Data: G = (V,E), c € RF w e NIZI B € N, [Ib; ub], b, ub, ¢ € R,
while ub — (b > € do

=

2 | oz« Die
3 Compute the minimum lexicographic spanning tree "= (V| F') on
(ZeeF Ce + 2We, ZeEF _w6);

4 if > . pwe < B then

5 ub <+ z;

6 else

7 Compute the minimum lexicographic spanning tree 7' = (V, F') on

(Dcer Ce  2We, Do eep We);

8 if ) .pwe.> B then

9 ‘ b+ z;

10 else

11 ‘ Return z, z;

12 end

13 end
14 end

15 Return (b, ub;

Algorithm [5| proceeds binary search as long as the gap between ub and b is higher
than a given € or until z* is found during the procedure (line 11), in this case the interval
[2*, 2*] is returned. At each loop, the research interval is reduced by half. The spanning
tree T is computed using a lexicographic order, the latter considers the total composite
cost and the total weight. Given two spanning trees 77 = (V, Fy) and Ty = (V, Fy), T}
has a smaller value than T5 (3 .cp e + 2We, D pep, We) < (Deem, Ce + 2Wes D pep, We)) if
and only if ZeeFl Ce + 2w, < Zeng Ce + zw, or ZeeFl Ce + 2w, = ZeeF2 Ce + 2w, and
Y e P We < Y e 7, We.  The binary search of Algorithm |5 is illustrated in Figure ,
starting the search with [lby; uby]. Let lb; (respectively ub;) be the i-th value of the lower
(respectively upper) bound of the research interval.
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L(z)

1h Iby 1by uby uby b

Figure 4.6: binary search of Algorithm [5] The lower envelope of the composite lines,
corresponding to optimal solutions of L(z), z > 0, is represented in bold. In the first
iteration of the binary search, the upper bound is updated to ub;. Then, in the second
iteration the lower bound is updated to [b;. In the third iteration, the search interval is
[lb1; uby] and in the fourth iteration, the interval is updated to [lby; ubs).

After proceeding Algorithm , we have a restricted interval such that z* € [Ib; ub], it
remains to find z*.

Proposition 10. Given 2’ € [lb; 2*[, the closest z-coordinate of a breakpoint zess- in the
e

piece-wise linear function L(z) such that 2/ < zep is given by zesp = min{;jeffwf e €
F.f ¢ F,e in the cycle created by adding f to T, L=< > 2'} where T = (V,F) is a

We—wW§
spanning tree minimizing (Y. p Ce + 2'We, D oe p We).

Proof. By construction, 7' is a spanning tree with minimum total weight among all optimal
spanning trees of L(z’). Hence, T is an optimal solution of L(z) for z € [/; 2/+¢], 0 < e <<
1. Assume that there exists z”, the minimum z-coordinate of a breakpoint of L(z) such
that 2/ < 2" < zesp«. Let T = (V, F"") be the spanning tree such that the composite cost
functions related to 7" and 1" intersect themselves at z”. By hypothesis T" and 7" are both
minimum spanning trees of L(z”). By exploiting properties of minimum spanning trees,
we can obtain 7" from T by performing a series of swaps of couple of edges with the same
edge composite cost values at z”. Let h € F and g € F” be the first swap from T to 7",
the edge composite cost functions related to h and ¢ intersect themselves at z”. Moreover
2> min{ﬁ | e € F,f ¢ F, ein the cycle created by adding f to T, % > 2} =

Zew g+, contradicting the minimality of 2”. O

Figure [4.7] illustrates the relation between z’, ze«p« and 2”.
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Te* f*
T//

Figure 4.7: Composite cost functions of 7" and T”. The dashed lines associated with
ze«p« and 2" represent the z-coordinates of the intersections of the related spanning tree
composite cost functions with the composite cost function of 7. T is an optimal solution
of L(z) for 2/ < z < 2y« and T/ is an optimal solution of L(z) for z.«p« < z < 2*.

Notice that z* corresponds to the first encountered breakpoint such that the spanning
tree T' = (V, F') lexicographically minimizing () . Ce+2We, Y o p We) satisfies ) . pwe <
B. By successively iterating z-coordinates computed using Proposition we are able to
find 2*, as illustrated in Figure 4.8

L(z)

Figure 4.8: Iterating on successive breakpoints of L(z) in [Ib; ub]. The two arrows represents
the two iterations that computes the successive breakpoints until converging to z*.

56



Chapter 4 Linear and Lagrangian relaxations for the minimum 1-budgeted spanning tree
problem

Notice that z* can be determined by iterating on successive breakpoints of L(z) starting
with z = 0. This way, z* can be found by computing a minimum of one spanning tree.
But this procedure can be time consuming in practice as computing the next breakpoint
requires O(|V'||E|) operations. In Algorithm [6] this procedure is done only few times as
the interval [Ib; ub], obtained after the binary search, is small.

There are at least two optimal solutions of L(z*), a spanning tree T *¢ satisfying the
budget constraint and a spanning tree 77 ~¢ that violates the budget constraint. Further-
more, there may be a high number of optimal solutions of L(z*) as illustrated in Figure .
In the following, we give a heuristic that computes among the feasible optimal solutions of
L(z*), a solution with a small total cost.

TI

Tz*—i—e

Figure 4.9: Several composite costs functions intersecting at (z*, L(z*)). Spanning trees
T,T', T ~¢ and T* *¢ are optimal solutions of L(z*). T and 7% ~¢ are infeasible solutions
and T" and T* *¢ are feasible solutions. Among both feasible solutions optimal at L(z*),
T" minimizes the total cost.

Algorithm [f] is called after the binary search Algorithm [], it finds the coordinate z*
iterating on successive breakpoints (lines 2-7) and computes a feasible solution with a
small total cost among all the feasible optimal solutions at L(z*) (lines 9-15). In the latter
procedure, starting with 7% ~¢ we heuristically perform swaps of edges with the same edge
composite cost values at z* such that at each iteration the decrease in total weight is
minimum.
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Algorithm 6: Computation of z* and a tight feasible solution

Data: G = (V,E), c € RF . w e NIZI, B € N, [Ib; ub], b, ub € R,
7+ iteratively compute the next breakpoint until finding 2*
Compute a minimum lexicographic spanning tree 7' = (V, F') on

(D eer Ce + lbwe, 3 g we);
while } " _,w. > B do

4 | e fr e argmin{ﬁ lee F,f ¢
F, e in the cycle created by adding f to T, ﬁ > b},

N =

w

5 Ib —;f::;e;* :
6 Compute a minimum lexicographic spanning tree 7= (V, F') on

(ZeGF Ce + lbw, ZeeF wf:);

7 end
# computing a tight feasible solution
Compute a minimum lexicographic spanning tree T< = (V, F<) on
(ZeEF< Ce + lbwe? ZeEF< _we)Q
10 77 =V, F7) <« (V,0);
11 while ) .. w. > B do
12 e, f* < argmin{w, —wy |e € F<, f ¢
F<,e in the cycle created by adding f to T'<,
13 F~ + F<;
14 | T Fru{f\{e};
15 end
16 Return [b,T~,T<;

©

S = b, we —wy > 0}

We—w§

Algorithm [4] has a complexity of O(log(|E|)|E|log(|V]) + |E]}|V|). The |E|* factor
corresponds to the upper bound |E|? on the number of breakpoints in L(z). In practice as
Algorithm [5| reduces the search interval, we require few swaps to converge to z*.

In the following, we introduce a preprocessing procedure allowing one to reduce the
resolution time of Algorithm The latter computes several minimum spanning trees.
Although those spanning trees can be solved in O(|E|log(]V])), several calls may be time
consuming. By exploiting the geometry of the edge’s composite cost functions, we can
reduce the size of the instance and then the computational time. Let b < z*, ub > z*,
and Ty, = (V, Ey) (respectively T, = (V, E)) be a minimum spanning tree with respect

to L(lb) (respectively L(ub)). Let 2/ = 2cery, " ey, b

ZeEEub we—ZeGElb We
intersection of the linear cost composite functions associated with Ty, and 1.

be the z-coordinate of the

Proposition 11. Any edge e € E satisfying the three conditions:
o c.+ 2w, > max{cs+ Zws | f € EpUEy},
o ¢+ lbw, > max{cs + lbws | f € Ep},
e ¢, + ubw, > max{c; +ubw; | f € Ep},

cannot belongs to any optimal solution of the Lagrangian relaxation.
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Proof. Assume that an edge e satisfying the three conditions belongs to an optimal solution
T* of the Lagrangian relaxation. First, if z* € [lb; 2], by hypothesis, ¢, + zw. > ¢f +
2wp,Vf € Eyp,Vz € [Ib; 2'], then by swapping e from 7™ with an edge in the induced cut and
in F,;, we obtain a spanning tree with a smaller objective value than 7™, a contradiction.
Now, if z* € [2/;ub]. By hypothesis, ¢, + zwe > ¢ + 2wy, Vf € Ey,Vz € [2/;ub], then by
swapping e from 7™ with an edge in the induced cut and in E,;, we obtain a spanning tree
with a smaller objective value than 7™, a contradiction. n

Figure illustrates the proof of Proposition [I1}

b Z ub

Figure 4.10: Composite costs of Ty, T\, and T™.

We deduce the following algorithm from Proposition [11}
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Algorithm 7: Preprocessing - Deletion of edges that cannot belong to a optimal
solution of the Lagrangian relaxation

Data: Graph G = (V,E), c € RIF! w e NIEI [Ib; ub), 1b, ub € R,
1 Let Tj, = (V, Ej) be the lexicographically minimum spanning tree with respect to

(ZeeElb Ce + lbwe’ ZEGElb we)7

N

Let 2/ =

e€Eyp, CE_ZeGEub Ce |

w

© o N O ;R

end

=
o

end

=
[

ZSEEub we—ZeéElb we’
Let y,» = max{c. + 2w, | e € EyU Ew};
Let yi, = max{c. + lbw, | e € Ep};
Let yup = max{ce + ubw, | e € Ep};
for e € E\(Elb U Eub) do
if ¢, + 2w, > y, and c. + lbw. >y and ¢, + ubw. > y,, then
‘ Remove e from F

Let Typ = (V, Eup) be the lexicographically minimum spanning tree with respect to
(ZeeEub Ce + ubw, ZeeEub —We);

Algorithm [7] can be called multiple times during the binary phase. In the following,
we run Algorithm [7] a first time when ub — Ib < 1 and a second time when ub — b < 1073
during the binary search part. Table records the running time of the cutting plane
method for solving the linear program — and our implementations of Megiddo’s
approach on random dense graphs with strongly uncorrelated costs and weights.

|V| | Resolution Time (s) | Resolution Time (s) | Resolution Time (s)
Separation Alg. Algorithm Algorithm {f +
100 0.348 0.021 0.017
200 6.767 0.112 0.088
300 60.082 1.023 0.347
400 228.420 2.731 0.819
200 657.672 4.235 1.217
600 3600.000 6.014 1.893
700 3600.000 9.002 2.782
800 3600.000 11.315 3.967
900 3600.000 14.539 4.852
1000 3600.000 18.223 5.671
1500 3600.000 40.003 13.044
2000 3600.000 73.440 23.180

Table 4.1: Time comparison between the linear and the Lagrangian relaxations

These computational experiments show that the Lagrangian relaxation technique is
much faster than the cutting plane method. Furthermore, the preprocessing improves the
running time. The results of the linear relaxation can be explained by the high number
of calls to the subtour separation algorithm. After many separation iterations, the linear
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program contains a huge number of subtour constraints and becomes time consuming to
solve. The resolution of Algorithm |4 can be improved by exploiting the structure of the
data, starting with a small input search interval [lb;ub] and a preprocessing procedure.
Moreover, we used Prim’s algorithm for all minimum spanning tree computations as it
appears to be the most effective in practice.

4.2.2 Special case of the Lagrangian relaxation

After focusing on the linear relaxation in the general case, we consider the special case
such that every edge e € E has a binary cost ¢, € {0,1}. In this special case, rounding
the linear relaxation leads to an optimal solution for the integer problem, see Corollary
[[] The latter can then be solved in polynomial time. Similarly to the previous sections,
we exploit the Lagrangian relaxation in order to efficiently compute the linear relaxation.
Notice that we consider the maximization version of the problem as we solve such problems
in following chapters. Consider the following linear program:

max Z Celle (4.16)

eckE

sty x < [S] -1, VS cV,2<|S|<|V|-1, (4.17)
e€E[S]
d oz =V]-1, (4.18)
eck
> wer. < B, (4.19)
ecE
0<x <1, Ve € E. (4.20)

Similarly to the general case, by dualizing the budget constraint (4.19)), we obtain the
following problem:

max min » —c.x, — 2(B — Z WeLe) (4.21)
eckE eckE
> we <8 -1, VS cV,2<|S|<|V|-1, (4.22)
e€E[S]
(LR) > w.=|V|-1, (4.23)
eckE
0<z <1, Ve € I. (4.24)

We solve problem — using geometry. The edge set E can be partitioned
into two sets E° and E!, such that F* = {e € E | ¢, = i}, i = 0,1. By construction, all
composite cost functions of edges belonging to E° (respectively E') intersect themselves at
(0,0) (respectively at (0, —1)). Moreover, every intersection of two composite cost functions
at z > 0 implies an edge in E° and an edge in E'. Figure illustrates the geometry of
this special case.
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Ce + ZW,

Figure 4.11: Edge composite costs functions of the special case where the costs are binary.
Composite cost functions of edges in E? are represented in gray and functions of edges in
E' are represented in black.

The particular geometry of this special case can be exploited to reduce the instance size
in a preprocessing phase. Let G® and G be subgraphs of G such that G* = (V, E?), i = 0,1
and let I = (V, H"), i = 0, 1 be forests of G' minimizing lexicographically (—|H'|, Y i we).

Proposition 12. There exists an optimal solution T = (V, H) of - such that
HC H°UH!.

Proof. Assume that there is no optimal solution of ({.21])-(4.24)) with an edge set in HOUH*.
Consider an optimal solution T* = (V, H*) of (1.21)-(4.24), T* contains at least one edge in
E\(H°UH"). Consider any edge ¢ € H*\(H°UH?"), by adding e to F* we create a cycle C
(by minimality of —|H|) such that w. > wy, Vf € C\{e} (by minimality of }_ .. we).
As ¢y = c., we deduce that ¢, + zw, > ¢f + zwy, Yz > 0. By swapping e with any edge
in C'\{e} and in the cut induced by deleting e from T, we obtain a spanning tree 7"
such that ¢(T") 4+ zw(T") < ¢(T*) + 2w(T*), z > 0. By repeating this operation for every
remaining edge in H*\(H° U H' U {e}), we obtain a feasible optimal solution 7' with only
edges in H°UH" and such that ¢(T)+ zw(T) < ¢(TH\HUHDI=1) Lo (TIHFNHPUHDI-TY <

s < e(Th) + 2w(TY) < o(T*) + zw(T*), z > 0, a contradiction. O

In the following, we adapt Algorithm [4]in order to efficiently solve the Lagrangian relax-
ation —. Algorithm [§] is divided into three parts. First we run a preprocessing
phase (lines 2-6) in order to reduce the size of the problem to at most (2|V| — 2) edges.
Then we perform a binary search (line 8) to reduce the search interval [[b; ub] containing
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z* and we compute the best objective value of (4.16)-(4.20)) (line 10).

Algorithm 8: Optimization procedure for problem (4.21])-(4.24)

© 00 N O Utk W N =

=
= o

Data: Graph G = (V,E), c € R w e NI¥I, B € N, [ib; ub], Ib, ub, ¢ € R,
7+ preprocessing
S <+ H UH!;
Compute a spanning tree 7' = (V, F') minimizing ) ., —c. on G’ = (V. 5);
if ZeeF w, < B then
| Return [F N HY;
end
7# binary search
b, ub < Algorithm [9] (G' = (V. S), c,w, B, [Ib; ub], €);
# finding an optimal solution
sol «— Algorithm [0 G’ = (V, S), H°, H', c,w, B, [Ib; ub]);

Return sol;

Algorithm [9] adapts the binary search Algorithm [f to the special case.

Algorithm 9: Binary search

[uny

N O o w

© o

10
11
12
13
14
15

Data: G = (V,E), c € RIF! w e NIZI, B € N, [Ib; ub], b, ub, ¢ € R,
while ub — b > € do

2 B
Compute the minimum lexicographic spanning tree 7~ = (V, F~) on
(ZeEF> —Ce Tt 2ZWe, ZeEF> _we)3
if > p> we < B then
ub <+ z;
else
Compute the minimum lexicographic spanning tree T< = (V, F<) on
(ZeeF< —Ce T 2We, ZeEF< we);
if ) p<we > B then
‘ b+ z;
else
‘ Return z, z;
end
end
end
Return (b, ub;

Algorithm [10] adapts Algorithm [6] First, z* is found by iterating on successive break-

points. Then an optimal solution to the integer problem (4.16)-(4.20) is computed by
performing swaps. In the binary case, every swap at z* between an edge in e € H; and
an edge f € Hj decreases the total weight of the solution by the same value w, — wy. By
performing swaps until we get a feasible solution, we obtain an optimal solution for the
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integer version of the problem (4.16))-(4.20)).

Algorithm 10: Computation of z* and an integer optimal solution

Data: Graph G = (V,E),H*, H* C E, ce R¥ w e NI, Be N,
[1b; ub), b, ub € R,
1 # iteratively compute the next breakpoint until finding z*
2 Compute the minimum lexicographic spanning tree 7' = (V| F') on
(Dcer —Ce + 1bwe, 3 cp we);
3 while ) _.w. > B do
4 e*, f* « argmax{w; —w, | e € FNH', f €
HO\F, e in the cycle created by adding f to T, —~— > Ib};

W§—We —
1

W px —We* ?

6 Compute the minimum lexicographic spanning tree 7= (V, F') on
(ZeEF —Ce + lbw, ZeeF We);

5 lb <+

7 end

8 7+ computing an optimal solution

9 Compute the minimum lexicographic spanning tree T< = (V, F'<) on
(ZeEF< —Ce + lbwe? ZeEF< _we);

10 17 =(V,F~) < (V,0);

11 while ) .. w. > B do

12 Let e € F<N H' and f € H°\ F'< such that e belongs to the cycle created by

adding f to T< and wfiwe = [b;

13 F> «— F<;

O

15 end

16 Return |[H' N F<|;

The following proposition, used in Algorithm [10, adapts Proposition [1(] for the binary
case.

Proposition 13. Given 2’ € [lb; 2*|, the closest breakpoint ze« g« in the piece-wise linear
function L(z) such that 2’ < ze«p« is given by ze«p- = min{—1 ec FNHy, fe€ Hy\F,e

W —We
, wfiwe > '} where T = (V, F) is a spanning tree

mangmizing (D ,cp Ce + 2'Wey D e We)-

in the cycle created by adding f to T

Proof. By construction, T' is a spanning tree with a minimum total weight among all
optimal spanning trees for L(z’). Then T is an optimal solution of L(z) for z € [2/;2' +
€], 0 < € << 1. Assume that 2” is the minimum z-coordinate of a breakpoint of L(z)
such that 2/ < 2 < zeps. Let T” = (V, F") be the spanning tree such that the cost
composite functions related to 7" and T” intersect at z”. By hypothesis 7' and T" are
both minimum solutions of L(z”). By exploiting properties of minimum spanning trees,
we can obtain 7" from T by performing a series of swaps of couple of edges with the
same edge composite costs at z”. Let h € F'N H and g € F” N H° be the first swap
from T to T"”, the edge composite cost functions related to h and ¢ intersect at z”. Hence
2" >min{—L— | e € FNH;, f € Hy\F, e in the cycle created by adding f to T, —

W —We Wp—We —
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problem

2'} = Zex g+, contradicting the minimality of 2”. O
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Chapter 5

Extended formulations for the
1-budgeted spanning tree problem

We propose in this chapter an exact extended formulation that builds upon the work of
Hassin and Levin [37]. The authors designed an approximation algorithm for the M1BSTP
using Lagrangian relaxation technique, a linear characterization of the spanning tree poly-
tope, and matroid intersection. Depending on the error precision, the algorithm partitions
the set of edges F into subsets Fi, ..., Ey and computes a number of spanning trees with
n; edges from set F; for ¢ = 1,..., k. This task is performed by solving matroid intersec-
tion problems: the graphic matroid and the partition matroid. Extended formulations are
important in integer programming in both theory and practice. Martin et al. [50] pro-
pose an exact extended formulation for the knapsack problem (KP) based on the dynamic
programming algorithm. By adding the spanning tree basic inequalities, Martin et al.’s
formulation can be generalized to our problem. However, its projection yields loose valid
inequalities.

In contrast to Martin et al. [50] formulation, our formulation is exponentially large
that is prohibitive to solve. However, it allows us to gain some insights on the structural
properties of the problem. Due to the spanning tree constraints, our problem seems to
be more difficult than the KP. Surprisingly, our formulation shows that, like the KP,
the difficulty of the problem lies also in the number of distinct coefficient values in the
budget constraint and not the magnitude of formulation’s parameters. Using dynamic
programming, the KP can be solved in polynomial time if the number of distinct coefficients
in the constraint is a constant.

In the particular case where the graph is a cactus, we also propose an exact extended
formulation for the dBSTP based on dynamic programming. The size of this formulation
is pseudo-polynomially bounded.

5.1 Extended formulation based on matroid intersection

Before introducing our integer extended formulation, we will first define the required sub-
structures. Consider a partition of the edge set E into the sets E; = {e € E | w, =
w;}, @ = 1,...,k where wy,...w; denote the distinct weight values among all the edges
in F. Our extended formulation is based on enumerating all the possible integer vectors
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h = (h',... h¥) € N¥ satisfying:

k
d W= V|-1, (5.1)
=1

' <|E, Vi=1,... k, (5.2)
k
> wih' < B. (5.3)
i=1
For each such vector h = (h',... h*), consider the following matroid intersection poly-
hedron Py:
> w8 -1, VS CV,2< 1S, (5.4)
e€FE|[S]
D> x < H, i=1,...,k (5.5)
eckE;
0<z. <1, Ve € E. (5.6)

Constraints and describe the graphical matroid polytope, and constraints
and correspond to a partition matroid. By Edmond’s theorem [24], the poly-
hedron P, is integral. For any vector h satisfying —, the set of extreme points
of P, coincides with the set of forests of G satisfying constraints (5.5)) related to h. In
order to focus on spanning tree solutions, we consider the polyhedron P, = {z € R¥ | z €

Pho Yoepre= V] -1},
Proposition 14. P, is integral.

Proof. Py, is a proper face of the integral polyhedron P, then it is also integral. O

Let Q* = {h = (h',..., h¥) satisfying (5.1)) — (5.3)) | Pn # 0}. Q* contains an exponen-
tially large number of vectors. The set of feasible solutions of the 1BSTP, denoted by H,
lies in the union of polyhedra UheQ* Ph.

Example 2

Consider the graph G = (V, E) given by Figure with weights on the edges and a budget
of 5.

Figure 5.1: An instance of the 1BSTP.
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By partitioning the set of edges according to their weights, we obtain 3 sets: F; =
{AB,CD}, E, = {AC,BC,BD} and E3; = {AD}. Enumerating all possible vectors
h = (h',h? h3) € N? belonging to Q* we obtain the three vectors (2,1,0), (2,0,1) and
(1,2,0). The associated polyhedron P, 1 ) is given by:

TAB +TAp +ZBp < 2,

rpc +xpp +xep < 2,

rap + Tac + Tpo < 2,

Tac +xap +Tep < 2,

rap +Tac+Tap + Tpoc + Tpp + Top = 3,
rap+ zcp < 2,

Tac +Zpc +xpp < 1,

zap <0,

0 S LAB,TAC; TAD,YBC, TBD, XCD S 1.

P(2,1,0) is integral and its extreme points correspond to the set of spanning trees in G
satisfying the matroid partition constraints (5.5]) related to (2, 1,0).

Balas [8] provides an extended formulation to model the union of polyhedra UhEQ* Pp.
In the latter formulation, every polyhedron P, is associated with variables y; and with
a binary variable y2 indicating whether the vector x belongs to polyhedron Pj,. Note
that variables 4" denote a copy of the original vector of design variables. Let Ay" < b"
corresponds to the set of constraints related to —. Notice that the left-hand matrix
A is the same for every Py, h € Q*. Balas [8] shows that x € RF belongs to the union of
polyhedra P, for h € Q* if and only if

Te — Z yh =0, Ve € E, (5.7)
he@*
dw=1, (5.8)
he@*
Ay" =g <0, Vh e Q" (5.9)
Syl = (VI-1)yh =0, Vh e QF, (5.10)
ecE
uo € {0,1}, Vh e Q. (5.11)

Balas [8] showed that the convex hull of the solutions of ((5.7]) — (5.11)) is obtained by
relaxing the integrality constraints of variables yf.
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-y y=o, Ve € E, (5.12)
heQ*
=1, (5.13)
heQ@*
Ayl — vy <0, Vh € Q*, (5.14)
Sy = (VI-1)yh =0, Vh e Q, (5.15)
eckE
Yo >0, Vh € Q*. (5.16)

Since polyhedra P}, in the disjunction are integral, by Edmond’s theorem [24] the above
formulation is hence integral.

Proposition 15. conv(H) = {z € Rl such that there exists (y",yf) € RUFIFVIQ] where

(2.5 48) is a solution of (5:12) — (5.16)}-

The next result presents an extended formulation obtained by removing the cardinality
constraint from the disjunction part. It provides a structural property satisfied by all the
facets of the convex hull of the solutions in H.

min Z CeTe (5.17)

eceE
Yz =|V|-1, (5.18)
eceE
- > =0, Ve € E, (5.19)
he@*
2_w=1, (5-20)
heQ*
Ayl — byl <0, Vh € Q, (5.21)
yh >0, Vh € Q*. (5.22)

Proposition 16. conv(H) = {z € Rl such that there exists (y",y#) € RUFHDIQ™ where

(z,y",yh) is a solution of (5.18) — (5.22)} = BSTP*(G).

Proof. We first show that conv(H) € BSTP*(G). Any z* € conv(H) is a convex com-
bination of a finite number of incidence vectors x!,..., 2! of feasible spanning trees. By
construction, every vector 2,4 = 1, ...,[ belongs to at least one polytope {z € RI*l | Az <
b"}, h € Q*. z* can then be written as a convex combinations of at most |Q*| points py,
each from a different {x € RIEl | Az < b}, h € Q* (if several incidence vectors belong
to the same polytope, pj, corresponds to their own convex combination). Each point pj
satisfies the cardinality constraint ([5.18)). We then have z = ZheQ* Anpr, Wwhere scalars
A > 0,Vh € QF satisfy ZhEQ* An = 1. For each point p,, h € Q*, we can find the associ-
ated vector (2, y’,yl) with o’ = pp, y' =pp for i = h, y* =0 for i # h, y, = 1 for i = h,
and y) = 0 for ¢ # h. The point z* can be associated with the vector (2, y’,yS), where
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=2 y" = pp)\y and yi = A\, Vh € Q*. All the vectors satisfy the constraints of the
disjunctive formulation — and the cardinality constraint . This proves the
first part.

Now assume that there exists a solution (z*,y*,y;) in the polyhedron (5.18)-(5.22)
such that * ¢ conv(H). (z*,y*,y3) is a convex combination of extreme points (z',y', y}),
o (@Yt yl) of (5.18)-(5.22). Note that — correspond to the disjunction of
polyhedra {y" € RII | Ay" < b}, h € Q*, where {y" € RIFI | Ay" < b}, h € Q* is the
intersection of both the graphic matroid and the partition matroid related to h. Therefore
polyhedron — is integral by Balas [8] and every extreme point is associated with
a forest that satisfies the budget constraint. Since the polyhedron — is a proper
face of polyhedron (5.19)-(5.22)), (5.18)-(5.22) is integral and (z!, 4!, 48), ..., (2!, ¢, y}) are
extreme points. Therefore, the set of solutions ', ..., 2! are spanning trees that satisfy
the budget constraint. Consequently, 2!, ..., z! belong to H and z* € conv(H). This leads
to a contradiction and proves the second part.

]

Let P’ be the polyhedron given by —. The constraints matrix of the ex-
tended formulation is almost block diagonal as illustrated in Figure The first three
rows represent constraints , (5.19) and , respectively. Note that by construc-
tion, only constraints and have a non-zero right-hand side. Each polyhedron
Py, h € Q" in the disjunction is associated with a block corresponding to constraints
and . Let | be the number of rows of the matrix A (I is exponentially large due to
the subtour constraint).

11,|E| 017|E‘ “ e “ e “ .. 01,|E‘ 0 g |V| _ 1
Iy
Id\p)—1d g 0jpjp —1dg Ol - - —Idjg Opg)a . = 01
Ong Og 1 Oy 1 - - Oyg 1 ’ = 1
T|E|
01,1 A > 01,1
0 yh <
01,1 y(; <
2
0 yh <
Yo’ <
0 <
yMer|
A —phiex . <
Q|
Y
O Onep 00 Oy O o oo (Og —1 0 < 0

Figure 5.2: Constraints matrix of P’.

Large magnitude of the coefficients of the objective function and the budget constraint
poses a challenge for the dynamic programming algorithm for the KP and the pseudo-
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polynomial algorithm [50] for the M1BSTP. Surprisingly, our extended formulation shows
that the difficulty of the M1IBSTP lies in the number of distinct coefficient values in the
budget contraint. Indeed, in the special case where the number k£ of distinct weights
wq, ..., wg in the budget constraint is a constant, the size of the set @* is bounded by
|[V|*¥, so does the number of polyhedra in the disjunction. The number of columns of
the extended formulation - is then polynomially bounded, and as the subtour
separation problem can be solved in polynomial time, we get the following result:

Proposition 17. If the number of distinct weights wy, ..., wy in the budget constraint
1s a constant, then the MIBSTP can be solved in polynomial time by solving extended

formulation -.

In the general case, even though formulation — is well structured, the expo-
nential number of variables and constraints poses a challenge. Although the block diagonal
structure of the matrix seems suitable for a decomposition method, the pricing problem
related to any P, h € Q* is NP-hard.

Proposition 18. The pricing problem of {y" € RIFI | Ayt <"}, h € Q* is at least as
hard as solving a MBSTP.

Proof. Proof The pricing problem is to find a vector h = (h',..., h*¥) € Q* such that
the reduced cost of a solution in the related polyhedron P, is non-positive. Consider the
following problem, where 7, denotes the reduced cost of variable 3", e € E and Psr the
spanning tree polytope.

min Z eyl (5.23)

eckE
k
sty W =V[-1, (5.24)
=1
h' < |Eyl, Vi=1,...,k, (5.25)
k
> wh' < B, (5.26)
=1
> k<, Vi=1,... k, (5.27)
ecE;
y" € Psr, (5.28)
h' € N, (5.29)
yr € {0, 1}, Ve € E. (5.30)

Constraints ([5.24))-(5.26|) correspond to conditions (5.1))-(5.3)) and Constraints (5.27)-

(5.28)) ensure that the vector h = (h', ..., h*) belongs to Q*. Therefore, the pricing problem
corresponds to a spanning tree problem with multiple budget constraints, which at least
as hard as MBSTP. O
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Example 3

Consider the graph of Example[2] In what follows, we give the description of the three poly-
hedra in the disjunction. Several trivial or subtour inequalities redundant with constraints
(5.5]), written in bold, are removed.

(a5 + zcp < 2 (a5 + zcp < 2
Tac +xpc +xpp <1 Tac +xpc +xp <0
xap <0 rap <1
0<xap 0 <aup
rap <1 zap <1
P10 =0 < zac P01y =40 <240
0<zap 0<zap
0<zpc 0 <uzpc
0<xp 0<xp
0 <=xcp 0<=xcp
(Zeop <1 (Zcp <1
([ xap +xcp <1
Tac +Tpc +Tpp < 2
xap <0
rpp +rpc + Tep < 2
TAB +Tac +Tpe < 2
0<uxap
0<zac
Fazo = rac <1
0<zup
0 <zpc
rpo <1
0<xpp
rpp <1
L 0 < zcp

Then we detail all the inequalities of the related extended formulation (5.18])-(5.22)).
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min cApTap + cacTac + capTap + CBpTBD + CBCTBC + CcpTeD

TAB + TAc + Tap +Tpp +Tpc + xop = 3,

(2,1,0)
TAB — YR

(2,1,0)
TAC — Yac

(2,1,0)
TAD — Yap

(2,1,0)
IBD — YD

2,1,0
Ip %(90 :

1,0
e yé‘D ) —

2,1,0 2,0,1
D o

2,1,0
y(AB )-I—y

(2,1,0) + e

2,1,0
y1(4D ) < 07

— 210 <,

2,1,0
o0y

y(?,l,O) > O

20,1
y.(AB )—l—y

2,0,1
y.(Ac )—l-y

2,0,1 2,0,1
i e

y£20 ,1) < O,

2,0,1
oD _ fpon

y(2,0,1) > O

(1,2,0 (1,2,0)

Yap' )+Z/
(1,2,0

Yac )+Z/
y(120) <0,

1,2,0 1,2,0
?J;gD )+Z/( )

1,2,0
yﬁxB )—l-y

i y£1,2,0 < 07

1,2,0
20 420

y(()l 12,0) > 0.

(2,1,0)

(2,1,0)

(2,0,1)

(2,0,1)

(1,2,0)

(1,2,0)

(2,0,1)

(1,2,0)

—Yap  —Yap =0,
(20,1)  (1,2,0) _ 0
AC AC -
2,0,1 1,2,0
?J,(w )_y(AD ):07
(201)  (1,20) _ 0
BD BD - Y
2,0,1 1,2,0
yJ(BC )_%(Bc ):0,
2,0,1 1,2,0
(CD - yé‘D )= 0,
+y5?0 =1,
2y(2 1,0) <0,
Y 4 <0
Ve € {AB,AC,CD,BD, BC, AD},
<0, Ve € {AB,CD},
2y(2,0,1) S 0’
+ysat) <o,
<0,
Ve € {AB, AC,CD, BD, BC, AD},
<0, Ve € {AB,CD},
y(l ,2,0) <0,
(1,2,0) (1,2,0)
+ yBC 21/0 S 07
+yen” — 257" <0,
e = 20570 <0,
Ve € {AB, AC,CD,BD,BC, AD},
<0, Ve € {AC, BD, BC},
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5.2 Pseudo-polynomial size extended formulation for cac-
tus graphs

The MdBSTP lies at the intersection of the MSTP and the multi-KP. In Section [3.3]
we studied a special case of the dBSTP, adding more structure to the knapsack part of
the problem. Now, considering a class of graphs with a particular topology, we devise a
pseudo-polynomial algorithm for the MdBSTP. A graph G = (V, E) is a cactus graph if
any two cycles of G share at most one vertex. Figure illustrates an example of a cactus
graph.

Figure 5.3: A cactus graph.

A cactus graph can be decomposed into independent blocks of bridge or blocks of cycle.
By construction, every spanning tree solution contains all bridges and exactly |C|—1 edges
from every cycle C' in GG. Exploiting this independent structure, the dBSTP can be solved
using dynamic programming. To this end, we arbitrarily order the cycles Cf,...,C; of
G, and build an oriented graph Geyt = (Vegt, Aert) exploring every cycle of G one by one.
Vet contains a sink node s, a target node ¢ and several inner nodes (j,bl ..., b%) with
j=1,...,land b, € N, b, < B" =B =3 5 i o bidge Wer 0 = 1, d.

We add an arc from the vertex (j,b},,...,b%) to the vertex (j +1,b,...,b%) if there
exists S C Cji1,|S| = |Cjz1| — 1 such that b, = b}, + > gl for every i =1,...,d. We

%
e’

also add arcs from the source s to every node related to the cycle Cy, (1,0}, ...,b%) where
b, = > ees, wl, i=1,...,d,S; C Cy, |S1| =|C1|—1, and arcs from every node associated

with Cj to the sink node t. The construction of G, is illustrated in Figure [5.4}
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1 d
( 7b|‘/ext‘_2’. T b‘vemt|_2)

l
T <j7b11%+2r--a bfn—i—Q) . —
(17%,“.7 bg / / (l7 |[Vewt|—37" " *
/ ]7b71ﬂ+1,,b7dn+ - ...
(1’bi" B bili) / / <l7b|1Vezt\*4a- ..
\ . 'bl /
T

.. 4)(]7 m??ch’lrz)g)

O—

(l7b|1vm\757-

Figure 5.4: Example of an extended graph Ge, = (Viu, Aext). The figure illustrates
the structure of an extended graph Geyt = (Vir, Aest), representing all subproblems and
transitions of the dynamic programming approach for solving dBSTP when G is a cactus
graph.

The following propositions are implied by the construction of Ge.y:

Proposition 19. Fvery feasible solution T = (V, F) of the dBSTP can be associated with
a directed s — t—path.

Proof. Let S; = FNCj, j=1,...,1, by hypothesis those sets satisty |S;| = |C;| — 1 and

D el s w! < B", fori =1,...,d. By construction of G there is a s — t—path such
I

that every j-th arc is associated with S;, j =1,...,1. n

Proposition 20. FEvery directed s — t—path of G, can be associated with at least one
feasible solution for the dBSTP.

Proof. G, is a directed acyclic graph and every directed s —t—path contains exactly [+ 1
arcs. Any j-th arc, j =1,...,l, of a s —t—path is associated with a subset S; C C},|S;| =
|C;| — 1. Edges of S; cover all vertices of the cycle C;. Considering all the arcs of any
s — t—path, we obtain a forest F' = (V,U;—=;,;5;) that covers the vertices of every cycle
of G. Moreover, Zeeugzlsj w! < B fori=1,...,d, by adding every bridge of G to F, we
obtain a spanning tree satisfying the d budget constraints. O]

Notice that a directed s — t—path may be associated with several feasible solutions as
several subsets Sj,S7 C Cj, j € {1,...,1} satistying |S;| = |S}| = |Cj| — 1 may verify
D ees; We = ZEES; w,i=1,...,d.

The MdBSTP can be solved by computing a minimum cost s —t—path in G.,;. In this
sense, we propose a flow-based linear program. Additional variables y, € R, are introduced
for each arc a € A.;;. In order to link the variables y with the original variables z, for every
cycle C of G and every weight w € {w, € N | e € C}, we define ES = {e € C | w, = w}
and A = {(u,v) € Aeye |u=(j —L,b", ..., b%) 0=, 0" —w' + > owl, ..., b0 —w?+
> ecc Wl), 7 is associated with C'}. Finally, let F = {e € E | e is a bridge} be the set of
bridges in G.
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min Z Cee (5.31)

=
z(ES) = |ES| — y(A9), V cycle O, Vw € {w, € N* | e € C}, (5.32)
y(6~ (1) =1, (5.33)
§(6~(0) = 55+ (v)). Wo € Vi fs, £ (5.34)
T =1, Ve € F, (5.35)
0 < y,, Va € Aeut, (5.36)
0<z <1, Ve € E\F. (5.37)

Constraints link the design variables x to the variables y of the flow part. Indeed,
given an integer solution (z*,y*) satisfying (5.32)-(5.37)), constraints (5.33)), and
ensure that the set {y, € Aewt | Yy > 0} corresponds to a directed s —t—path. Every
j-th arc of the latter s — t—path implies that a set S; C Cj, |S;| = |C;| — 1 belongs to the
spanning tree solution related to z*. Constraints ensure that 27 = 1, e € S; and

x*Cj\Sj = 0.
Proposition 21. The system — 18 integer.

Proof. Assume that the system — has a fractional extreme point (z*, y*). First,
assume that y* is fractional, in this case, constraints (5.33)) and ((5.34) ensure that there
are several directed s — t—paths pi,...,p, in Gy such that all variables associated with
the arcs of p;, ¢ = 1,...,q have the same positive value. Consider two directed paths
pr and ps with 7,5 € {1,...,¢},r # s. There is at least one cycle C;, j = 1,...,[ such
that ) . 57 We # D e 5: We where ST (respectively S5) is the set related to the j-th arc of

the path p, (respectively p,). Constraints ([5.32]) ensure that there are at least two edges
C; C;
e € By and f € Ey}, where w, = decj wy — des; wy and wy = Egecj wy — desj- wy,
with fractional value.
Now, consider the solutions (z!,y') and (22, y?) such that:

o yl =1y +¢€Va€p\ps, Yyt =y —€,Va € p,\p, and y! = y* otherwise,

1 * 1 * Cj
e v, = gf —¢cand z; = x e for an edge e E and an edge
€ € ! f + g € dec]. wg*desJT Wg &
Cj - 1 _ *
f e Edecj T S where gesy W £ gess Yoy Vi=1,...,1 and x, =
otherwise,

o 2=y —¢€Va € p\ps, Y2 =y +¢,Va € p,\p, and y2 = y; otherwise,

2 * 2 * Cj
o ‘X =g € and 75 = z% — € for an edge e E and an edge
e e + f f g < decj wg—des]r Wg g
C; i
EZ where - W Wy, Vi =1,....1, and 2! = z*
/e oo, wo—Lyess W 2gess Wo F Dgess Wos V] ERRELL g g
otherwise.

(z',y") and (22, y?) are feasible solutions of (5.32)-(5.37). Furthermore, (z*,y*) = (2!, y')+

(2, y?). Hence (z*,y*) is not an extreme point.
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Now, assume that y* is integer and z* is fractional. The integrality of y* induces
a unique directed s — t—path with strictly positive value in G..;. Therefore every cycle
Ci, 1 =1,...,1is associated with a unique set S;, |S;| = |C;| —1. Constraints imply
that z. = 1 for every edge e € {f € Cj | wy # 3 cc, Wg— 2 e, Wet- We deduce that only
edges that belong to {f € Cj | wy =3 0wy — > s, Wy} may have fractional values.
Consider two fractional variables 7, and a7, € {f € Cj [ wy = 3 o wy — 3 s, Wy}
(notice that if [{f € Cj [ wy =3 cc. wy — 3 eq, wyt| < 2 there is no fractional variables,
contradicting our assumption). Let (2!, y") and (2%, y?) be feasible solutions of (5.32)-(5.37)
such that:

o ) =ua} +e€ xl, =1, — € 1) =, otherwise,

1 %
ey =Yy,
o 2 =af —e 22 =2af +¢€ 22 =2 otherwise
e1r — “er ) Yeg T Ves L )
o =y

We have that (z*,y*) = (2!, y') + 5(22,4?). Since (2!, y') # (27, y?), this contradicts the
fact that (z*,y*) is an extreme point. O

The number of cycles in a cactus graph is bounded by L%J Hence, the number of

nodes in V,,, is bounded by a pseudo-polynomial value in the order of O(|E| []%, B"%). By
construction, every vertex of G.,; may be adjacent to up to |E| outgoing arcs, then the
size of | Azt| is bounded by O(|E|? H?Zl B'"). Moreover, the number of constraints @I) is
bounded by |E|\|F|. Hence, an implementation of the linear program (5.31))-(5.37) solves
the MdBSTP on cactus graph in pseudo-polynomial time.

Example 4

Consider the 1BSTP instance given by Figure [5.5 with weights on the edges and a total
budget of 25.

Figure 5.5: An instance of the 1BSTP with a cactus topology.

As a preprocessing, we remove all bridges AB, GH, HI and HJ and update the budget
B’ = 25— 11 = 14. Figure [5.6| represents the extended graph Ge,s = (Vigt, Acg) related to
instance given by Figure [5.5]
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(2,14)

__—
C):::::Q&;zifglmaiiizi
/////

(2,12)

Figure 5.6: Extended graph Geyt = (Vert, Aear) related to instance .

Vertices (1,8) and (1,7) are related to the cycle BCDE. As wpe = wpg and wgp =
weg, every spanning tree consumes either 7 or 8 units of resource in order to cover the
cycle. Vertices (2,12), (2,13) and (2, 14) are associated with the cycle EFG. In this case,
every spanning tree consumes either 5, 6 or 7 units of resource. Notice that a solution
requiring 8 units of resource for the first cycle and 7 for the second is not feasible, the
resulting vertex (2, 15) does not belong to V.

The associated linear program is given by:

min E Cele

ecE

TBC + TpE = 2 — Ys,(1.8)5

TBp + TcE = 2 — Ys,(1,7),

rpg =1— Y(1,8),(2,13) — Y(1,7),(2,12)

ror =1— Y,8),(2,14) — Y(1,7),(2,13);

TEr = 1 — ya,7),2,14);

Y4t + Ye13)e T Yo = 1,

Ys,(1,8) = Y(1,8),(2,14) t Y(1,8),(2,13)

Ys,(1,7) = Y,7),(2,14) T Y(1,7),2,13) T Y(1,7),(2,12)

Y(1,8),(2,13) T Y(1,7),(2,13) = Y(2,13).t>
Y(1,7),(2,12) = Y(2,12),t5

0 < ¥a
TAB = 17
rau = 1,

xypr =1,
.CL’HJ:L
0<z. <1

(5.39)
(5.40)
(5.41)
(5.42)
(5.43)
(5.44)
(5.45)
(5.46)
Y(1,8),(2,14) T Y(1,7),(2,14) = Y(2,14).t> (5.47)
(5.48)
(5.49)
(5.50)
(5.51)
(5.52)
(5.53)
(5.54)
(5.55)

V(l € Aemt;

Ve € {BC,CE,BD,DE,EG,EF,GF}.
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Valid inequalities for the 1-budgeted
spanning tree problem

A key ingredient of modern algorithms to solve combinatorial optimization problems is the
use of strong valid inequalities, also known as cutting planes, to strengthen the continuous
relaxation of the problem. The convex hull H of the feasible solutions of the 1BSTP lies
at the intersection of the spanning tree and knapsack polyhedra. Any valid inequality
for the SPT or the KP is also a valid inequality for the 1BSTP. The convex hull of the
spanning trees is completely characterized. However, the KP is NP-hard and one strand
of the literature on cutting planes deals with its polytopes [44]. Generating cuts within a
Branch-and-Cut procedure is a delicate task. The challenge is to balance two conflicting
criteria: the separation running time and the benefits of the generated cuts. It is not
tractable to generate all the subtour inequalities to solve the problem. Even though the
separation problem of these inequalities is polynomially solvable [59], the separation pro-
cedure is expensive for large graphs. Therefore, we devise fast and efficient heuristics for
separating the spanning tree’s valid inequalities. Cover inequalities [44] are well known
valid inequalities for the knapsack polytope. Unfortunately, their separation problems are
NP-hard. Furthermore, experimental results show that only a few of these inequalities are
violated by the fractional solutions encountered during the course of our cutting plane pro-
cedure. In order to strengthen these inequalities, we consider the spanning tree polytope
in the definition of the cover inequalities.

In order to efficiently solve our problem, the major challenge is to efficiently generate
valid inequalities that exploit both structural properties of the knapsack and the spanning
tree polytopes. The convex hull H of the 1IBSTP is completely defined by the projection of
an exact but exponentially large formulation (see Proposition . In practice, computing
this projection is time consuming and only a small fraction of the resulting inequalities
define facets of the convex hull of the feasible solutions. The double description method
[55], is a popular generic algorithm to enumerate the extreme rays of a polyhedron. Un-
fortunately, its implementation requires as input all the data of the exponentially large
extended formulation. By carefully selecting rays of the projection cone, we generate valid
inequalities that are added a priori to strengthen the linear formulation of the problem.

Due to exponential size of the extended formulation, it is prohibitive to generate these
inequalities to cut off fractional solutions encountered during the course of the algorithm.
An interesting open question is how to exploit the exact formulation in order to efficiently
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generate valid inequalities. In order to circumvent this difficulty, we propose a new ex-
tended formulation based on a tractable number of polyhedra, that allows one to cut off
any fractional solution. However the price to pay is that the resulting valid inequality may
not be deep.

6.1 Separating efficiently spanning tree’s inequalities

When the subtour formulation is solved by a Branch-and-Cut algorithm, violated inequal-
ities must be identified dynamically in the course of the branching algorithm. The sepa-
ration of the most violated inequalities is usually performed by maximum flow algorithms
and requires a prohibitive O(|V[*) time [59]. We propose instead heuristic routines for
finding efficiently violated inequalities of the STP by a solution x*. In addition to subtour
inequalities, we consider also separating multicut and cut inequalities. We exploit the
structure of z* and its support graph G* = (V, E*) where E* = {e € F | 2} > 0}. In the
first nodes of the search tree, some computed solutions z* are integer but their support
graph is not connected. Therefore, at least one connected component contains a cycle.

Figure 6.1: Example of a support graph associated with an infeasible integer solution z*.

Figure illustrates the support graph of an integer solution x* that is not a spanning
tree. The subtour inequality xcp + 2pg + Ter + or + Tpa + Tau + THr + xqr < 6 cuts

*

T .

In practice, adding a subtour constraint associated with a given connected component
performs better than adding multiple subtour constraints associated with the cycles inside
it. Algorithm [11]implements the separation heuristic in O(|V|| E|) time when z* is integer.
The resulting inequality in G* is lifted by considering all the edges e in the original graph
that belong to the connected component but with z} = 0.
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Algorithm 11: Separation algorithm for an integer solution z*
Data: E, v* € {0,1}/Fl, G* = (V, E*) where E* = {e € E | 2*(e) > 0}

1 if there are p > 1 connected components in G* then

2 for every connected component G*[V;], i = 1,...,p do

3 if component G*[V;] contains more than |V;| — 1 edges then
4 ‘ Add the subtour constraint »_, g, pev; Tuo < [Vi| = 1;

5 end

6 end

7 end

After adding a number of valid inequalities, the computed solution z* becomes in
general fractional and its support graph G* contains 2 or more connected components
G*[Vi],...G*[V,]. The following result shows that a subtour constraint is violated in at
least one connected component.

Proposition 22. If p > 2, at least one connected component G*[V;], i = 1,...,p violates

the related subtour inequality ZuveE*W veV; Tuv < Vil — 1.

Proof. Assume by contradiction that every connected component satisfies the related sub-

tour inequality >, cp-|yvev; Tuw < Vil — 1. By summing all those inequalities we obtain

Deer Te = D i1 Dwverruwey; Tuw < [V —p. We have a contradiction as >° _p. ze =
V| —1andp>2. [
| p

The multicut inequality >, . ElueViweV; izj Luv > p—1 is redundant with all the subtour
inequalities ZquE\u,UEVi Ty < |Vi| =1, 0=1,...,pand ) _pz. = |V| — 1. However, z*
may satisfy some of these inequalities and thus, the solver may not add them. In order to
separate x* and strengthen the formulation of the problem, it is relevant to add only the
violated subtour inequalities ), - Eluwey; Tuv < Vi — 1 and the multicut inequality. In
this case, the latter inequality is relevant as illustrated in the following example.
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Figure 6.2: Example of a disconnected support graph associated with an infeasible frac-
tional solution z*. The branches of the support graph are formed by edges OP, PQ), AB
and BC.

Consider a fractional solution x* and its support graph given by Figure where the
dashed edges correspond to fractional variables =7 = % and the bold edges correspond to
integer variables 27 = 1. The solution z* violates the subtour constraints xpy + xy +
zyny < 2and vap+Tpec+Tep+Tpp+TEr+Tor+Toy+ 2o+ Xpy+Tpe+Tpr+ T+
Ty + 1 < 10 associated with the two connected components. Note that the multicut
inequality .o p s, Te = 2, where 6¢(S) ={uv € E | u e S,v ¢ S}, is not implied by
the above subtour constraints.

Bridges BC', F'I and OP induce violated cut inequalities. In contrast with the subtour
and multicut inequalities, the cut inequalities do not completely characterize the span-
ning tree polytope. However, they can be detected in linear time by considering only the
branches of G*, see Algorithm [3] In this case, we only consider the cuts induced by every
connected component after removing fractional edges that belong to a branch, BC and OP

in Figure . Hence we generate the inequalities Y 561z arny) Te = 1) 2o eesarro.py) Te =

L 2 eeseqop Te 2 1 Deesoiapy Te 2 1y Xeese(o,p,mr 10k Te 2 1

Algorithm [12| summarizes the separation of basic spanning tree inequalities in this case.
In practice, it is very effective and requires O(|V |?| E|) time. The resulting inequalities are
also lifted by considering all the edges in F.
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Algorithm 12: Separation algorithm for a fractional solution when G* is not
connected

Data: E, v* € [0: 1]/¥|,G* = (V, E*) where E* = {e € E|z*(e) > 0}

for every connected component G*[V;], i = 1,...,p do
if ZuveE*|u,vew ZTuy > |Vi] — 1 then

‘ Add the subtour constraint

1
2
3 weEF|u,veV; Luw S |‘/Z| - 17
4 end

5 Let S = {e € E*[V;] | e belongs to a branch and =} < 1};
6 Consider the subgraph G’ = (V;, E*[V;]\S);

7 for every connected component G'[V/], j=1,...,1 of G’ do
8 ‘ Add the cut constraint ZuveE\ueX/;j,v¢\/j T > 1;

end

©

10 end
11 Add the multicut constraint ZMGEWE% vev;izj Tuw = P — 15

After few calls of Algorithm [I2] the support graph G* associated with the computed
fractional solution z* becomes connected. In this case, we propose in Algorithm an
heuristic that separates, under some conditions, subtour and multicut inequalities. The
algorithm is very efficient in practice and requires O(|E|?) time in the worst case.

Algorithm 13: Heuristic - Separation algorithm for fractional solution when G*

is connected

Data: E, z* € [0: 1]/Fl, G* = (V, E*) where E* = {e € E | z*(e) > 0}, G*
connected

Compute T* = (V, F**) the spanning tree of G* maximizing the value ) . 27;

for e € E*\F* do

3 if the created cycle C' obtained by adding e to T™ violates a subtour
constraint then

N =

4 Add the associated subtour constraint »_, g o pevic) Tuv < [C] — 1 to the
formulation;

5 end

6 end

7 Let S = {e € E* | e belongs to a branch and =} < 1};

8 if |S| > 0 then

9 Consider the subgraph G’ = (V, E*\S) with |S| + 1 connected components
GV, i=1,...,|S|+ 1;

10 Add the multicut constraint Y ¢, e pjuersvev; izj Tuv = [S;

11 Let 8" = {e € E* | e belongs to a branch};

12 | Let V' ={v eV |wvisnot an isolated vertex in the

subgraph G” = (V, E*\5")};
13| Add the subtour constraint ., c g, ey Tuo < [V =[] = 1;
14 end

First, Algorithm (13| computes a spanning tree 7 = (V, F”*) maximizing ) _p. T5 to
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identify violated subtour constraints. The latter are generated by exploring every cycle

obtained by adding an edge in E*\ F"* to T*. Then, Algorithm removes every edge with a

fractional value that belongs to a branch of G*, if any, and generates a multicut constraint

with the created components. Finally, Algorithm [13] removes all edges that belong to a

branch of G* and adds a subtour inequality related to the remaining connected component.
The following example illustrates the implementation of Algorithm [13]

Figure 6.3: Example of a connected support graph associated with a infeasible fractional
solution z*. The branches of the support graph are formed by edges AB, BC, DE and JL.
A dashed edge e corresponds to a fractional variable with value x} = % and a bold edge e
corresponds to an integer variable with value z} = 1.

In Figure , an example of T* is given by F* = {AB, BC,CD,DE,DH, GH, FG,F1,
I1J,JK,JL}. By exploring the cycle in the neighborhood of 7%, Algorithm (13| generates
the subtour inequalities xcp + xpyg + oy < 2 and xpg + py + o < 2.

Then, it removes the edges BC and JL and adds the violated multicut inequality
ZeeéG({A,B})U(SG({L})uéG({C’,D,EF,G,H,I,J,K}) To > 2 to the model. After removing the edges
AB, BC, DE and JL that belong to branches, Algorithm [13|generates the violated subtour

inequality >,,.c pluveic.n FG.m.1.0K) Tuo < 7.

6.2 Separating efficiently cover inequalities

The KP is a fundamental problem in discrete optimization and appears as a subproblem
in general binary programs max{cz | Az < b, z € {0,1}"}, n € N. In our context,
it corresponds to complicating constraints added to the STP. There are many papers
dealing with valid inequalities for the knapsack polytope [44]. Most of these focus on cover
inequalities.

Definition 2. [44] A set S C E is a cover if ) _qw. > B. A cover is minimal if S\{e} is
not a cover for any e € S.

In general, the cover inequalities ) |__¢ . < |S|—1 can be enhanced by lifting procedure
[34]. Clearly, the cover inequalities are valid for our problem. However, they focus only on
the knapsack part. The following class of cover inequalities encompasses also the spanning
tree side.
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Proposition 23. [2] Given a forest S C E such that every extension of S is a spanning
tree violating the budget constraint. The inequality ) gz < |S| — 1 is also valid for the
M1BSTP.

In practice, few cover inequalities obtained by Proposition [23| cut fractional solution in
a Branch-and-Cut algorithm, especially if |S| is small. Hence, we only separate the case
where S is the edge set of a spanning tree. Given a fractional solution z*, an interesting
practical way to implement cover inequality separation is to compute max{> sz} | T =
(V,S) is a spanning tree in G*}. If }° o2t > [V| =2 and ) _qw. > B then the related
cover inequality cuts x*. This argument could be generalized to any infeasible spanning
tree T = (V,S) such that Y o2} > [V| -2 and ) _qw. > B. The resulting inequality
can be lifted using Algorithm in O(|E|?).

Algorithm 14: Lifting procedure for a valid inequality ) .o x. < |V|—2
Data: G = (V,E),w € NI, B N,G' = (V,S) a connected graph,

Y ecs Te < |V| =2 a valid inequality
Compute a spanning tree 7% = (V, ') minimizing ) . pw we on G’ = (V. .5);

[y

2 for e € F\S do
3 | Let f € argmax{w, | g € C\{e}} where C is the unique cycle created by
adding e to T,

4 if ZheF“’U{e}\{f} wy, > B then

5 S« Su{e};

6 if w. < wy then

p | e FrUfen sy

8 end

9 end
10 end

Algorithm starts with the edge set S and examines the edges in E\S in a given
order. It iteratively tries to add edges to S such that at each step min{} ., w. | T =
(V, F) is a spanning tree in G’ = (V,S)} > B. If the algorithm succeeds to augment, then
the initial cover inequality is strengthened. Changing the order of examining the edges
may yield a different valid inequality.

The next result illustrates an interesting particular class of edge sets S.

Proposition 24. Given S C E such that the graph G' = (V, S) is connected. The cover
inequality Y . g e < |V| — 2 is wvalid if and only if there is no feasible solution of the
1BSTP in the subgraph G' = (V,S).

Given a fractional solution z* such that its support graph G* = (V, E*), where E* =
{e € E | ¥ > 0}, is connected, one can verify the condition of Propositionby computing
a minimum weight spanning tree on G'.

A different idea to implement Proposition[24]is to remove carefully a set of edges R C E*
such that min{)_ _,w. | T' = (V, F) is a spanning tree in E*\R} > B and )z} < 1.
In this case, Proposition [24| could be applied to the set S = E*\ R. In order to compute the
desired set R, it is sufficient to solve the spanning tree interdiction problem. The goal is to
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find a subset of edges R C E* such that the weight of any spanning tree in G” = (V, E*\ R)
is higher than B. That is

min x; we > B,V T = (V, F) spanning tree in G” = (V, E*\R)}. 6.1
RcE*{;% \GEZF (V, F') spanning (V, E"\R)} (6.1)

If > .cg®i <1, then Proposition 24| could be applied to the set S = E*\R. Otherwise,
x* could not be cut by using Proposition 24 The spanning tree interdiction problem is
strongly NP-hard [27] and prohibitive to solve routinely. Instead, we consider an efficient
heuristic. Algorithm [I5] builds iteratively a set R C E* of edges belonging to the current
minimum weight spanning tree in G*. These edges are greedily selected at each step in such
a way that their removal generates a large increase of the value of the minimum spanning
tree value in the graph G” = (V, E*\R). Let T* = (V, F'") denote a minimum spanning
tree for the edge weights w, in the support graph G*. For any edge e € F'*, let §. denotes
the cut in G* induced by the two components in F*\{e}.

Algorithm 15: Heuristic - Spanning tree interdiction problem
Data: G = (V,E),w € N¥l c ¢ R'f‘,B € N, z* € [0;1]/F!

1 Let G* = (V, E*) such that E* ={e € F | 2} > 0};

2 Let T = (V, F') be the spanning tree minimizing ) .z we in G*;

3 R+ 0;

4 R+ 0;

5 while ) ., w. < B and zR <1 do

6 e*, f* « argmax,cpo 5,291 (1 — 2*(e))(wy — we) | f € argmin s {wy}};
7 R+ RU{e*};

8 TR < 2R + z}.;

o | P FrU{f"}\{e}
10 end

11 if Zeer w, > B and R < 1 then

12 Up-lift the inequality >_ g g Te < [V| — 2 using Algorithm |14 and add it to
the model;

13 end

Algorithm (15 requires O(|V||E|?) time in the worst case. However, in practice the
algorithm is quickly interrupted by the > .« < 1 condition of the while loop on line 5.

Example 5

Consider the graph G = (V, ) given by Figure with weights on the edges and a budget
of 10.
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3 1

1 2

Figure 6.4: An instance of the 1BSTP. The dashed edges correspond to edges with value

*

xr = %, double edges correspond to edges with value 27 = 1 and the simple edge has the

value z} = 0.

Given the fractional solution @% = zf, = zhy = 2hp = 1, 20 = 2%p = 3 and
zg e = 0, the resulting support graph is given by G* = (V,{AB, BC,CD, AD, DE,EF}).
Algorithm [15[starts by computing 7% = (V,{AB,CD,AD, DE, EF'}) with a total weight
of 9. Then, it performs a swap between AD and BC', increasing the total weight to
11. By deleting R = {AD} from E*, the minimum spanning tree in G” = (V, E*\R)
violates the budget constraint. Moreover, as Y % = 1 < 1, the valid inequality

2
Tap + o +Tcop +Tpr + xpr < 4 cuts z*.

6.3 Valid inequalities obtained via projection

We explore in this section how the projection technique can be exploited to generate
valid inequalities at the root of the search tree or during the course of the cutting plane
algorithm.

6.3.1 A priori valid inequalities

Due to the arbitrary values of the weights in the budget constraint and the resulting size
of our disjunctive formulation, the resolution of - is not tractable in practice.
However, by projecting — onto the space of the original variables, we manage
to generate valid inequalities for the 1BSTP. Let Proj,(P’) denote the projection of P’
onto the x variables. The following result is a consequence of Proposition [16]

Proposition 25. Proj,(P’) = P = conv(H)

The projection cone of P’ is the polyhedral cone C formed by the vectors r = (rcqra, 7B,
Tyos rhl,rgol, oy, rhen rZ(')Q*‘) satisfying the following system rD = 0, where D is the sub-
matrix of the extended formulation associated with variables 3" and 3%, h € Q*, in the

extended formulation (5.18)-(5.22)):
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T
TC(ZTd 01,‘E| P P c e 017‘E| O
"B —Idg O —Idig Oy - - —Idip Ojppa
Tyo One 1 Opg 1 - - Oyg 1
ri 01,1
r’ylol 0
ho 0 | = omxi@iiEs,
h
Ty 0
rhiex A —phiex
ryO‘Q | 01,\E| 0 01,\E| 0 01,\E| —1

where 7egra, 7y € R, 7 € RIFI P € RY and rh e Ry for h e Q*.

By construction, the components rg and r,, are associated with the block containing
identity submatrices for each polyhedron P,, h € Q* in the disjunction. Components 7"
and ’I“ZO, h € Q*, are associated with a unique block formed by the submatrix A, the vector
—b" and a coefficient —1. Due to the matrix structure, we obtain the following relations

between the components:

Proposition 26. Any ray r of the polyhedral cone C satisfies:

rg =1"A, Vh € Q7 (6.2)
Tyo = rho" + 7"20, Vh € Q,
ryo > 10", Vh € Q.

Proof. Equations 1) and 1' stem from the systems —rp + r"A = 01,5 and ry, —
ribh — 'r’go =0 for all h € QQ*. Inequalities 1) follow from 1} and the non negativity of

h
components 7, . ]

By exploiting the structure of matrix D, we deduce the following results:

Proposition 27. The matriz D of the projection cone has a full column rank.

Proof. In each polyhedron P, h € QQ*, of the disjunction, the non-negativity of variables
y" e € F and yf is imposed. Therefore the lines of the matrix cone D associated to each
polyhedron P, of the disjunction have the following form:
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0 0[-1 0 0 0]o0 0
0 —1 0 0
0 0
0 0 -1 0
0 0]0 O 0 =1, 0 0
N ~— S -’
y" Yo
This shows that no column of matrix D is in the space of all other columns. n

Note that the projection cone C is not pointed since it contains a line with direction
vector (1,0,...,0).

The particular structure of the projection cone influences the form of the resulting valid
inequalities obtained by projection. Using the Balas’s projection theorem [8], we obtain
the following description of Proj,(P’) that exploits the rays of C:

V-1
Ly 0
Proj,(P") ={z e R | r Id)g r<r ey (6.5)
O l * JE
(1+41)Q*|+1,|E| Osnior
where
Ly

O@+1)Q*|+1,/B]

is the submatrix related to the design variables in the extended formulation ([5.18))-

£29), and

Owryier|
is the right-hand side of the extended formulation (5.18)-(5.22]).

Proposition 28. Any ray r of the polyhedral cone C induces a valid inequality

TET < Ty, (6.6)
and is valid for the 1BSTP.
Proof. Exploiting with a ray r of the projection cone C, we obtain the inequality

(Teard +T7E)T < Tegra(|V]| = 1) + 1y As Y. cpxe = |V| — 1, we can simplify the inequality
to the desired form. ]
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Due to its exponential size, building a ray that is a generator of C is a problem that
does not belong to NP. Moreover, not all the generators of the projection cone induce
facets of Proj,(P’) [§]. Since computing generators is hard, we build particular rays that
combine both the spanning tree and the knapsack structures. Although one can fix any
vector rg € RIFI, the results of Proposition 29| reduce the good candidates to non-negative
vectors rg.

Given a ray r of C, we denote by S ={e € E | rg. >0} and S, ={e € E | rg. < 0}
the set of edges associated with a non negative or a non positive coefficient in rg, where
Tpe 1s the component of rgy associated with edge e. A particular case of vector rg occurs
when |S;F U S| = 1. In the latter case, if |S;"| = 1 (respectively |S, | = 1) and if the
related edge e is neither a forbidden or a necessary edge, the resulting inequality rpz < ry,
is redundant (or corresponds) with the trivial inequalities z. < 1 (respectively x. > 0).
The following proposition considers more complex rays.

Proposition 29. A necessary condition for a ray r such that |S; U S| > 1 of C to be a
generator is that rg € R‘fl.

Proof. Consider a ray r = (Teara, 7B, Tyo, ™™ 70, .., 7M@7 rh‘Q*‘) such that |S;FU S| > 1
and |S;7| > 0 and suppose that it is a generator of C. By ( ., re = r"A, Vh € Q.
particular, any component rg . satisfies rg. = rh A¢ where A€ is the column of matrix A
related to edge e. Recall that matrix A is associated with constraints —. Therefore,
each component of A° is either 0 or 1 except the one associated to the non negativity of
variable y”, i.e. —y" < 0, which is equal to -1. Consequently, rg, = Zl# rhAS — rh
where the summation is non negative since all the components 7 and A$ > 0, i # e. ThlS
implies

ree+ 1t > 0. (6.7)

. I (! / / ""hi .. k1
Consider a vector 1" = (70,4, T Tyos T 55 Tya s - -

copy of 7, except that 1, . = 0 for every ee€ S andr,

., ,r' hiq=| ry e ') corresponding to a
Ch=ph g rpe for every edge e € S,
and h € Q*, where the components 7" and r, " of vectors 7" and r’ * are the components
of vectors 7 and r" " associated with constraints —y” < 0 of the system Az < b", h € Q*.

Vector 1’ satisfies conditions (6.2)), (6.3]) and (6.4). Hence, 7’ is a ray of C. Moreover, by-

/ ; e _ (e e e e hi e h re hiox| € M@~
we have 7 > 0. Now, consider vectors r¢ = (7,4, 5, Ty, 7 "1, rg "y vy, 18 Q7 Tyo )
Ve € E, such that ¢ is a vector with zero components except for components rse = —1land

r¢h =1, h € Q*. Vectors r¢, e € E satisfy conditions and . hence they
correspond to rays of C. By constructlon we have r =1/ —|— Zee 5= ]rE,e\ r¢, contradicting
the extremality of r. m

Note that Proposition @ implies that every valid inequality rgz < r,, such that
|STUS | >1and rg ¢ ]R'f‘ is not a facet.

According to Propositions [28] and , it suffices to select a good candidate rgp € R‘f'
component and compute the tightest right-hand side r,,. By Proposition 25 only the

. . hio
choices of i and r, such that there exists aray r = (7carda, TE, Ty rh 7’201, e e 9T

of C are interesting. Starting from an arbitrary component rg € RL l, we give an associated

hio .
ray = (Teard, "B, Ty Thl,r;jol, ooy, M@t 97 that belongs to C and such that the valid

inequality rgpx < ry, defines a proper face of P. We assume that ||rg||;0 < +00.
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First, we compute the best coefficients 7", h € Q*. For every polyhedron P, = {z €
RIEl | Az <"}, h € Q* in the disjunction, consider the following linear program:

max {rpz | Az < b"}. (6.8)

Since h € ), the feasible domain is non empty and corresponds to the intersection of
the graphic and the partition matroids. Therefore, the above linear program has an integer
optimal solution. By ||rg||1e < 400, problem has a finite optimum. Therefore, the
dual problem is well defined and the component 7" is an optimal solution.

min {r"0" | 7" A =¥ rv > 0}. (6.9)

We now focus on the component 7,9 which will define the right-hand side of the valid in-
equality associated with our constructed ray r. By , Tyo = maxpeg-{r"b" | " optimal
solution of } The following proposition shows that the strongest inequality is ob-
tained by setting 7,0 = maxueg+{ r"b" | r" optimal solution of }

Proposition 30. The hyperplane {x € RI®l | rpx = r,} is a proper face of P, where
ryo = maxpeo- {r"0" | ' optimal solution of (6.9)}.

Proof. Consider h* € arg maxpcg-{r"b" | r" optimal solution of } and the linear pro-
gram associated with the polyhedron P« in the disjunction. By the strong duality theo-
rem, r" 6" = rpx(F*) where T* = (V, F'*) is an optimal spanning tree of the optimization
problem related to Py« By definition, we get rgz(F™*) = ry,. O

Finally, by setting 7 = r,, —"b", h € Q*, we complete the construction of our ray.
Computing the lowest right-hand side r,, requires handling explicitly all polyhedra in
Q*. Instead, one could solve the following 1BSTP and compute the tightest right-hand

side of the valid inequality. For this purpose, consider the program:

Z = max rgr (6.10)
Y e =|V|-1, (6.11)
ecE

> w8 -1, VS cV,2<|S|<|V|-1, (6.12)
e€E[S]

> were < B, (6.13)
eckE
z. € {0, 1}, Ve € E. (6.14)

We have the following result:
Proposition 31. Z = r,, = maxueq-{r"b" | 7" optimal solution of (6.9)}.

Proof. Consider h* € argmaxpcq+{r"0" | r" optimal solution of }, let 7" denotes
an optimal solution of the linear program associated with polyhedron P« in the
disjunction. Let 7™ denote an optimal solution of -. Since T" is a feasible
solution of — , we have Z > r""b"". Define b* the right-hand side vector of the

91



Chapter 6 Valid inequalities for the 1-budgeted spanning tree problem

matroid partitions in the polytope Py such that z(T*) € B,-. By definition, x(7™) is an
optimal solution of Py. This implies that Z = rgx(T*) = r*bb*, where the last equation
follows from the strong duality theorem applied to problems (6.8)) and . for b = b*.
The result follows since 0" < rh" v = r 4, where r" is an optimal solution of the dual
problem associated with P,«. This shows the claimed result. O

In the particular case where a ray of C has only binary coefficients, problem ((6.10J)-(6.14])
can be solved in polynomial time using Lagrangian relaxation technique as presented in

Section 4.2.2]

By combining Propositions and [31] l solving ([6.10] - ) for a given vector rg is
sufficient to generate the valid inequality rgpx < ry, assoc1ated with the exponential size

hios\ . : : .
ray 7 = (Teard; B> Tyos T Tty - et r, 197" without knowing all of its coefficients. In

the following, we explore different choices of vectors rg > 0 yielding effective classes of
valid inequalities.

A judicious choice of vector rg > 0 can be generated by exploiting the structure of
the polyhedra P,, h € Q* in the disjunction of the exact extended formulation ({5.18])-
(5.22). By construction, every ray r satisfies ry = r* A, Vh € Q*, hence one could choose a
vector rg that is a positive combination of the left-hand side of partition, subtour or trivial
inequalities in Py, h € Q*. Note that if the latter combination is obtained by only subtour
of trivial inequalities, the resulting valid inequality may be redundant with the subtour
formulation. More interesting valid inequalities are obtained by considering at least one
partition inequality in the combination.

Example 6
Consider the graph given by Figure [6.5] with a budget 5.

Figure 6.5: An instance of the 1BSTP.

The related disjunctive formulation has been given in Example [l The associated
projection cone C has 1864 generators (instead of 34167828 without removing the redundant
subtour and trivial inequalities). 950 generators lead to non-redundant inequalities with
the trivial inequalities and only 13 are associated with facet-defining inequalities.

An extreme point of the 1-budgeted subtour formulation is given by z45 = 0.5, x4c =
0, xap = 0.5, xrgc = 0, zgp = 1 and z¢p = 1. This solution is cut by the valid
inequality xap + xpp + o + xcp < 2 obtained by projecting the ray r, where rg =
(0,0,1,1,1,1), 750 = 2, Fegra = 0,719 = (0,1,1,0,0,1,0,0,0,0,1), i = 0,720 —
(0,1,1,0,0,1,0,0,0,0,1), nf,io” 0,129 = (0,0,1,1,0,0,0,0,0,0,0,0,0,0) and r{s>" =
0. The combinations rg = 7?29 A and rp = r@0YA are obtained with the partition
inequalities related to E2 = {AC,BC,BD}, E3 = {AD} and the trivial inequalities
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—z4c < 0 and zgp < 1 for Pq0) and P 1). The combination rp = r120) 4 is ob-
tained with the subtour constraint xgpc + xpp + rop < 2 and the partition inequality
xap < 0. The resulting inequality considers both the knapsack and the spanning tree
problems.

In chapter 7 we give an algorithm that generates efficient vectors rg exploiting the
geometry of the Lagrangian relaxation and partition inequalities. In the following, we
investigate classes of vectors rg that generate valid inequalities that dominate the cover
inequalities.

Let T'= (V, F') be an infeasible spanning tree. Algorithm [L6|builds a vector rg leading
to an inequality rgz < ry, that dominates the cover inequality > . z. < [V| —2. The
algorithm considers a subgraph G’ = (V,S) of G such that S contains all edges involved in
partitions Ej, ..., By with E;NF # 0, i =1,..., k. The algorithm removes edges in S\ F
such that at each iteration the increase in total weight of a MST in G’ is maximum until
there is no feasible solution in G’. The incidence vector of the last edge set of G’ defines
the vector rg. By computing the tightest value of 7,,, the resulting inequality may have a
better right-hand side than the cover inequality.

Algorithm 16: Generation of an inequality rgx < r,, that dominates a cover
inequality
Data: G = (V,E),w € N¥l c ¢ le‘, B € N,T = (V, F) an infeasible spanning
tree

1 Let G = (V,S) such that S ={e € £ | w. = wy, f € F};

2 Let T = (V, F') be the spanning tree minimizing ) . pw we in G';
3 R <+ 0;

4 while ) .., w. < B do

5 e*, f* € argmax e pu p{(wy —we | f € argmingeées\n{wg}};

6 R+ RU{e"};

T | P FUU{fi\{e);

8 end

9 Let g be the incidence vector of S\R;
10 Compute 7,, by solving — (6.14));

We denote 65\ = {uv € S\R | u € W,v € V\W} where W is the node set of one of
the two components created by removing e from 7%. Note that as F' C S\R, Algorithm
stops and r,, < |V| — 2 as there is no feasible solution in G'.

Proposition 32. The inequality rpx < ry,, where rg is obtained by Algorithm [16, domi-

nates the cover inequality >, pxe < |V|—2.

Proof. By construction, we have F' C S\R and by Proposition [24] r,, < [V| — 2. O

6.3.2 Cutting plane approach

Our integer extended formulation could also be used in order to derive valid inequalities
cutting off fractional solutions generated in the Branch-and-Cut algorithm. Consider a

93



Chapter 6 Valid inequalities for the 1-budgeted spanning tree problem

fractional solution z* ¢ P. Since z* € Proj,(P’), then the following linear program is
infeasible:

max 0y" (6.15)
>yt =ar, (6.16)
heQ*

Ay — byl <0, Vh € Q*, (6.17)
d =1, (6.18)
heQ*

"y >0, Vh e Q. (6.19)

The dual problem:

min z"a + v (6.20)
a+pBMA >0, Vh € Q*, (6.21)
— B+ >0, Vh € Q*, (6.22)
B >0, Vh € Q*. (6.23)

where

e a € Rl is the vector of dual variables associated with constraints (6.16]),

e A" € R is the vector of dual variables associated with constraints (6.17) for a given
h € Q*, and

e 7 € R is the dual variable associated with constraint (6.18]).

The dual problem has a feasible solution given by the zero vector, and thus it is un-
bounded. Let D’ denote the set of vectors (a, 3,7) satisfying constraints (6.21))-(6.23). By
using the same argument as in Proposition [27] one can show that the matrix of the system
- has a full rank. Therefore, the polyhedron defined by — has an
extreme ray (of, 8*,..., 8191 4*) such that a*z +v* < 0. Observe that any solution
(a, 8,7) defines a valid inequality ax > — for the convex hull of the disjoint (J,cq. Ph,
[8]. Consider now the following bounded linear program:

min z*a + 7y (6.24)
a+prA >0, Vh € Q*, (6.25)
— M+ >0, Vh € QF, (6.26)
a4y > —e, (6.27)
B >0, Vh € Q*. (6.28)

where € > 0 is a given scalar.

This linear program has an optimal extreme point solution. This optimal extreme
point is a point (a*, 8*,~*) € D’ such that the set of tight constraints except is of
|Q*|(|E|+1) — 1. Therefore, (a*, 5*,7*) is an extreme ray of D’. The following proposition
shows that it yields a valid inequality cutting off x*.
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Proposition 33. The inequality ax+~ > 0 is valid for Proj,.(P) and cuts off the fractional
solution x*.

Proof. The primal and dual problems (|6.15))-(6.19) and (6.20))-(6.23) associated with any

feasible solution T € Proj,(P) are feasible and have a zero optimal value. Observe that
(o, B, ..., 31971 ~*) satisfies constraints (6.21)-(6.22) of the dual problem associated

with 7. Therefore, o7 + v* > min g g4 satisfies GEz)-@Em) oT +v = 0. ]
The following construction shows that the vector (a*, 5*', ..., 197l 4*) corresponds to
a generator of the projection cone C. Let r € RIFIF2HQI0+1) guch that regrg = 0, 75 = —a*,

Ty = 71" = p*" and 7";‘0 = ~v* — B for h € Q*, we have a* = *"A VYh € Q* by
optimality of (a*, 5*1,..., 819l 4*) and v* = B + +* — p*"b", Yh € Q*. Therefore, r
is a ray of the projection cone C . Those inequalities contrast with the valid inequalities
discussed at the end of Section [6.3.1] that do not necessarily correspond to generators of C.
Recall that any facet of the convex hull of H is a generator of the projection cone C but
the converse is not true.

Due to the size of the extended formulation, it is not possible to exploit it within a
Branch-and-Cut algorithm. Based on the structure of a fractional solution x*, we propose
a new extended formulation based on the disjunction of a tractable number of polyhedra
P/, ..., P/. The price to pay is that the latter is not exact. The goal is to efficiently cut off
x* via projection. We propose next a general procedure to build the designed disjunction.
Given a fractional solution = ¢ P, the polyhedra P/, .-, P/ must satisfy the following
conditions:

o PC conv(Uiz1 P)),
o 1 & com(UL, Pl).

The second condition can be easily fulfilled by considering any valid inequality, for in-
stance a subtour or a cover inequality, violated by z* in all the polyhedra in the disjunction.

For instance, one could consider the following disjunction based on two polyhedra:

2(5) < [27(5)] z(E\S) < |27 (E\S)]
Pll: CIZESdl P2/: Czl'édg
x>0 x>0

where S = Uf: ;B a union of sets of the partition associated with the highest weights
wj,...,w; and where C'z < d;,i = 1,2 are 1BSTP’s inequalities. The disjunction is
illustrated in Figure [6.6]
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Figure 6.6: Disjunction of two polyhedra and a fractional solution x*. Every solution
belonging either in one of the two polytopes or in the gray area is a feasible solution of the
disjunctive problem.

The resulting valid inequalities obtained via projection may be strong. However, ex-
perimental results show that implementing this idea is time consuming. An interesting
line of research is to use the projection technique to cut off fractional solutions.
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Chapter 7

Branch-and-Cut for the minimum
1-budgeted spanning tree problem and
computational experiments

In this chapter, we present the essential components of a Branch-and-Cut algorithm and
analyse its performance. We begin with preprocessing and probing techniques. Different
basic techniques are discussed in the literature to improve the representation of an integer
program and fix binary variables [69]. We present new and simple algorithms that exploit
the combinatorial structure of the STP. Next, we summarize all cutting planes in the
algorithm, including at the root node. Most of the separation algorithms and heuristics
are described in detail in Chapter 6. However, implementing all the ideas discussed in
Chapter 6 is time consuming. We leave the practical investigations of the remaining valid
inequalities obtained by projection as a line of future research. There may be different
choices for executing each component of the algorithm and testing all of them would be
prohibitive. Instead, we describe for each of these components the best choice and present
computational experiments. Our goal is to demonstrate that our algorithm outperforms
generic Branch-and-Cut and existing algorithms. All the computational experiments were
performed on a Dell desktop Intel Core’™ i7, with 1.90GHz, 4 physical cores, 8 logical
processors and using up to 8 threads. All instances were solved using Gurobi solver. A
sufficient time limit of 3600 seconds was imposed on the resolution of each instance. The
MIP Gap precision has been set to 10~7. The source code was written in Julia 1.3.1, using
JuMP, Graphs and Gurobi as main libraries.

7.1 Problem classes

The difficulty of an instance of the 1BSTP depends on the topology of the graph (the
spanning tree part) and the structure of the costs and weights (the knapsack part). We
investigate 3 classes of graphs with increasing density:

e Grid: A rectangular p x g grid graph, where p = (\/%-‘ and ¢ = [/|V]].

e (GGeom: Random geometric instances based on the construction given by Johnson et
al. [42] for the prize collecting steiner tree problem. In these instances, |V| vertices
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are randomly distributed in a unit square. An edge is added for every pair of nodes

u and v if the Euclidian distance between them is less than

add edges with minimum distances to obtain a connected grap

L8 If necessary, we

3

e Rand: Random dense instances where an edge is added with a uniform probability
of 0.7 between any pair of nodes.

For all the 3 classes of graphs, we consider 2 classes of cost and weight values:

e R: For each edge e, both the weight w,. and the cost ¢, values are independently and
uniformly distributed over [0, 100].

e [: For each edge e, the weight w, is uniformly distributed over [0;100] and we set
the cost value to ¢, = 90 +a — [0.5 X /40000 — (w, — 200)2|, where a is a uniform
random value in [0, 10].

In instances R, the weights w, and the costs ¢, are uncorrelated. However, in real world
situations, the criteria corresponding to the cost and the weight functions are, in general,
conflicting. Instances I can be expected to be the most difficult. Moreover, the latter
are based on Pisinger’s circle instances [61]. The following picture illustrates the contrast
between the costs and the weights of the [ instances.

100
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60

40

20

§
&
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@
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For all these instances, we set the budget B = 30(|V| — 1).

7.2 Benchmark algorithms

In the experiment part, we will compare the resolution time of Algorithm with two
efficient algorithms. The first is a generic Branch-and-Cut Algorithm based on the
subtour formulation. Starting with an empty set of subtour constraints, the algorithm
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generates them dynamically using the separation algorithm [59]. The latter requires |V'|—2
flows computation in order to find a most violated inequality. In order to improve the
running time, the separation Algorithm [18 adds to the model all the violated inequality
encountered during the course of the flows. Computational experiments show that a good
upper bound on the total number on added subtour inequalities is around 40|V|. The
whole algorithm already outperforms most of the existing ones, see Appendices 2, 3 and 4.

Algorithm 17: Branch-and-Cut based on subtour formulation
Data: G = (V,E),w € NFl ¢ ¢ R'f‘,B eN
1 Build the Integer Linear Problem:

min{} . pCee | Yopep@e = V| = 1,Y.cpwezre < B,z € BIFI}
2 Solve the Branch-and-Cut algorithm with separation algorithm |18 ;

Algorithm 18: Separation of subtour inequalities
Data: G = (V,E),2* € [0: 1] K € N

1 Consider the support graph G* = (V, E*) where E* = {e € E | 2*(e) > 0};
2 if x* is integer then

3 if there are p > 1 connected components in G* then

4 for every connected component G*[V;], i =1,...,p do

5 if component G*[V;] contains more than |V;| — 1 edges then

6 Add the subtour constraint > gy ze < [Vi| — 1;

7 end

8 end

9 end

10 else

11 if the total number of added inequalities is lower than K then

12 if there are p > 1 connected components in G* then

13 for every connected component G*[V;], i = 1,...,p do

14 if >~ ey Te > [Vi| — 1 then

15 ‘ Add the subtour constraint > gy ze < [Vi| — 1

16 end

17 end

18 else

19 Run Algorithm (G*);

20 Run an adaptation of Padberg and Wolsey’s separation algorithm [59]
in which for every maximum flow computed, the obtained subtour
inequality is added to the model if it is violated;

21 end

22 end

23 end

Next, we consider a Branch-and-Bound algorithm based on the compact MTZ formu-
lation (3.14))-(3.20]). The latter is enhanced with the following family of valid inequalities,
which prohibits to use the same edge in the two directions:
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Tij + Tj; < 1, {Z,j} e k. (71)

This formulation appears to be the most efficient among the compact ones, see Ap-
pendix 5.

In all the experiments with the benchmark algorithms, we solved the problems with
the default solver’s parameter setting. In order to find effectively an optimal solution, the
solver implements sophisticated preprocessing techniques and adds cuts. In contrast, all
these options are disabled in the experimentation of Algorithm [28]

7.3 Preprocessing and probing procedures

A key component of the Branch-and-Cut algorithm is tightening the formulation so as
to make the difference in the objective function values between the linear program and
the integer program as small as possible. There are various ways to achieve this goal.
Probing techniques tentatively set a binary variable z. to either 0 or 1 and investigate
the consequences in terms of the feasibility of the problem. Constraint generation aims to
add valid inequalities either corresponding to inequalities of the STP or the KP or valid
inequalities obtained from the extended formulation of the 1IBSTP. All these routines are
implemented at the root node. In addition, we provide an initial feasible solution (MIP
Start) to the solver in order to reduce the overall solve time.

7.3.1 Local search method

We discussed in Chapter 4 an efficient algorithm based on the Lagrangian relaxation to
yield a 2-approximated solution. Although the computed solution is an optimal solution of
the Lagrangian relaxation -, it may be improved into a solution with a smaller
cost. Local search methods are heuristics exploring the neighborhood of a solution in order
to find better ones [52]. Considering the 1BSTP, Algorithm [19| performs swaps such that
at each iteration the increase in total weight is minimum. At the end of the algorithm, we
supply the solution to the solver as a MIP Start to potentially eliminate portions of the
search space and result in a smaller Branch-and-Cut tree.

Algorithm 19: Local search method

Data: G = (V,FE), c€ R‘fl,w € NI B e N, T = (V, F) a feasible spanning tree
1 do

N

e, f* < min{we —wy [ e € E\F, f € Fice <cp, D pepupep iy Wh <
B, f in the cycle created by adding e to T'};

if ¢* # () and f* # () then
| Fe FU{eR (s}

end

while e* # () and f* # 0;

Returns T' = (V, F);

N O ot W
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Tables and [7.2[ show the quality of the approximate solutions obtained by combining
Algorithm [4 and Algorithm We compare the combination of our algorithms with the
2-approximation algorithm of Yamada et al. [82] and with Algorithm . The latter is
the first phase of both other algorithms, we consider the feasible solution obtained at the

upper bound with € = 1073, All these algorithms start with the initial search interval
ZeeE cﬁwle
‘ZEEECEJC; .
the approximate solution and x* is an optimal solution.

[0; 1]. Gaps are computed by the formula — 1 where 2/ is the incidence vector of

Instance | [V| | Gap (%)  Time (s) | Gap (%) Time (s) | Gap (%)
Alg. Alg. Alg. [82] Alg. [82] | Alg.

Icria 1000 0.0200 0.074 0.0155 0.053 0.0421
Icria 1000 0.0378 0.223 0.0600 0.019 0.1423
Icria 1000 0.0223 0.084 0.0357 0.019 0.0713
Icria 1000 | 0.0067 0.035 0.0736 0.019 0.1895
Iowsg | 1000 | 0.0112 0.034 0.8296  0.013 | 1.9229
laria 1500 0.0236 0.311 0.0634 0.038 0.1460
Laria 1500 0.0044 0.143 0.0340 0.035 0.0577
Iaria 1500 0.0148 0.320 0.0251 0.033 0.0606
Icria 1500 0.0250 0.243 0.0367 0.033 0.0602
Ieria 1500 0.0074 0.159 0.0059 0.037 0.0222
IGeom 700 0.0345 0.198 0.0034 0.037 0.0896
IGeom 700 0.0069 0.097 0.0069 0.034 0.0138
Taeom 700 0.0035 0.133 0.0484 0.033 0.1037
Ioeom | 700 | 0.0414 0222 | 0.0380  0.034 | 0.0829
Iaeom 700 0.0242 0.181 0.0346 0.030 0.0795
IGeom 1300 0.0149 0.409 0.0149 0.157 0.0204
Iaeom 1300 0.0111 0.363 0.0334 0.097 0.0761
IGeom 1300 0.0093 0.298 0.0670 0.093 0.1209
Igeom 1300 | 0.0205 0.571 0.0560 0.099 0.1362
IGeom 1300 0.0280 0.636 0.0262 0.124 0.0598
Trama | 300 | 0 (opt) 1513 | 0.0448 0423 | 0.3136
Tnana | 300 | 0 (opt) 1178 | 0.0090 0464 | 0.0897
I Rand 300 0.0090 1.261 0.0090 0.421 0.0628
I rand 300 0 (opt) 0.748 0.0090 0.738 0.0807
I Rand 300 0.0090 1.383 2.6722 0.316 9.5768
Trema | 700 | O (opt) 1341 12751 3.670 | 4.4187
I Rand 700 0 (opt) 10.490 0.0231 3.297 0.1387
TRand 700 0 (opt) 8.692 0.1694 3.246 0.6431
Irana 700 0 (opt) 8.298 0.1925 3.274 0.8163
I Rand 700 0 (opt) 9.038 0.1155 3.204 0.4390

Table 7.1: Comparison of 2-approximation algorithms on conflicted instances

The results show that our algorithms find a better approximated solution in most of
the instances. We even manage to find optimal solutions for most of the instances with

101



Chapter 7 Branch-and-Cut for the minimum 1-budgeted spanning tree problem and
computational experiments

a Rand topology. The three algorithms are very fast and find solutions very close to an
optimal solution.

Instance | |V| | Gap (%) Time (s) | Gap (%) Time (s) | Gap (%)
Alg. [i419] Alg. [il{19] | Alg. [82] Alg. [82] | Alg. [§

Rearia 1000 0.0244 0.058 0.0122 0.021 0.0366
Reria 1000 | 0.0122 0.039 0.2455 0.014 0.3719
Raria 1000 0.0330 0.069 0.0203 0.027 0.1014
Rarig | 1000 | 0.0048 0.038 0.4006 0.016 0.6734
Rearia | 1000 | 0.0888 0.065 0.1037 0.020 0.1802
Rgria | 1500 | 0.0083 0.087 0.0083 0.045 0.0100
Reria 1500 0.0100 0.087 0.0100 0.042 0.0284
Rearia 1500 | 0.0807 0.112 0.1066 0.042 0.1356
Reria 1500 | 0.0344 0.137 0.0410 0.033 0.0655
Reria 1500 | 0.0287 0.111 0.0439 0.051 0.0490
ReGeom 700 0.0669 0.068 0.2090 0.032 0.3845
Raeom 700 0.0755 0.115 0.1283 0.033 0.1736
Rgeom 700 0.0356 0.063 0.0427 0.024 0.0783
Reaeom 700 0.0651 0.131 0.0732 0.030 0.1953
Reaeom 700 0.0644 0.093 0.0644 0.028 0.0967
Reaeom | 1300 0.0128 0.529 0.0043 0.095 0.0427
Rgeom | 1300 | 0.0541 0.321 0.1582 0.070 0.2540
Rgeom | 1300 | 0.1347 0.202 0.1738 0.069 0.3216
RGeom | 1300 | 0.0931 0.504 0.0931 0.091 0.2031
Rgeom | 1300 0.1893 0.190 0.1893 0.077 0.1893
RRand 300 0 (opt) 0.327 1.1364 0.384 6.8182
Rpana | 300 | 0 (opt) 0308 | 0 (opt) 0410 | 1.2500
Rrana | 300 | O (opt) 0.248 0 (opt) 0.426 | O (opt)
Rrana | 300 | 0 (opt) 0221 | 0 (opt) 0374 | 2.4691
RRand 300 0 (opt) 0.316 0.7407 0.412 2.2222
RRrana | 700 | O (opt) 2.046 0 (opt) 2.881 0 (opt)
Rrand 700 0 (opt) 1.854 0 (opt) 2.806 0 (opt)
RRrana | 700 | O (opt) 2.049 0 (opt) 2.855 | 0 (opt)
RRrana | 700 | O (opt) 1.882 0 (opt) 2.477 | 0 (opt)
RRana | 700 | 0O (opt) 2.288 0 (opt) 2.681 | O (opt)

Table 7.2: Comparison of 2-approximation algorithms on uncorrelated instances

7.3.2 Probing

The size of the problem has in general a large influence on the computational time. By
exploiting the combinatorial structure of a minimum spanning tree 7% = (V| F") for
the edge weights, we efficiently detect necessary and forbidden edges, where a necessary
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(respectively forbidden) edge is an edge that belongs to every (respectively none) feasible
solution.

Proposition 34. Let e € F", if e is a bridge or if dequ{f*}\{e} wy > B where f* €
argminyeswy\ (e} {wy} where W C 'V is the node set of one of the two created connected
components when e is removed to T". Then e is a necessary edge.

Proposition 35. Lete € E\F", if 37 puiqep () Wy > B where f* € argmaxyec, (e} {wys}
where C, 1s the cycle created by adding e to T". Then e is a forbidden edge.

The proofs follow immediately from the cycle and cut optimality conditions. Algorithms
and 20] implement these probing rules.

Algorithm 20: Preprocessing 1 - Fixing necessary edges
Data: G = (V,E), w € NI¥| B € N, spanning tree 7% = (V, F) minimizing
ZGEFU’ we

S+ 0,

[

2 for e € 'V do
3 Let f* € argmingsesmyej{wy} where W C V' is the node set of one of the two
created connected components when e is removed to T%;

a | if6(W)={e} orwp —we+ 3 cpwwy > B then

5 | S+ Su{eh

6 end

7 end

8 for e € S do

9 ‘ Add the inequality z., = 1 to the formulation;
10 end

Algorithm 21: Preprocessing 2 - Removing forbidden edges
Data: G = (V,E), w € N¥|, B € N, spanning tree 7% = (V, F") minimizing
ZeEF“’ We
1 S« (;
2 for e € E\F" do
3 Let f* € argmaxyec,\(}{wy} where C; is the cycle created by adding e to T;
4 if we —wpe + 3 cpwwy > B then
5 | S« Su{e};
6
7
8

end
end
Delete edges in S from E;

Algorithm [20] fixes a set of necessary edges. On the other hand, Algorithm 2I]only keeps
edges belonging to at least one feasible solution. Another preprocessing idea is based on
an extension of a pruning rule proposed by Tarjan [74] for the minimum spanning tree to
handle a budget constraint. Spanjaard and Sourd [72] used a similar procedure to remove
dominated edges.
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Proposition 36. Let T = (V, F) be a feasible solution for the 1BSTP. For any e € E\F,
if every edge f € F in the cycle created by adding e to the graph T wverifies ¢y < c. and
wy < we, then there exists an optimal solution of the 1BSTP that does not contain e.

The proof of this result is similar to the single objective case [74]. In practice, the MIP
Start solution is a good choice for the spanning tree 7' in Proposition [36] Algorithm
implements this idea.

Algorithm 22: Preprocessing 3 - Removing dominated edges
Data: G = (V,E), T = (V, F) a feasible solution, w € NI#I ¢ ¢ R‘P

1 for e € E\F do

2 Let C, be the cycle created by adding e to T7;
3 rem <— true;

4 | for f e C\{e} do

5 if w, < wy orc. < cy then
6 ‘ rem < false;

7 end

8 end

9 if rem then

10 ‘ Delete e from E;

11 end
12 end

Table|7.3|reports the running time of our probing procedure and the average percentage
of forbidden and necessary edges.

Edges removed or Edges removed or
Instance | |V| | fixed by Alg. , Time || Instance | |V| | fixed by Alg. , Time
and 22| (%) (s) and 22| (%) (s)
Icria 100 0 0.001 Reria 100 11.3 0.007
IGrid 400 0 0.007 Reria 400 10.3 0.009
Igrid 700 0 0.015 Reria 700 8.7 0.025
Igrid 1000 0 0.040 Rerig | 1000 8.9 0.402
Iceom 100 0 0.001 | Rgeom 100 36.9 0.001
Igeom 400 0.4 0.015 || Rgeom | 400 34.3 0.015
Igeom 700 0.3 0.051 || Rgeom | 700 33.1 0.044
Igeom | 1000 0.3 0.098 || Rgeom | 1000 33.0 0.105
1 Rand 100 0.2 0.017 ||  Rgand 100 39.9 0.008
TRand 400 0.2 0.354 | RRand 400 45.2 0.413
TRand 700 0.3 1.1539 || Rgand 700 6.3 1.679
ITrana | 1000 0.3 3.668 | Rpana | 1000 5.0 3.754

Table 7.3: Number of edges removed or fixed, and running time of the preprocessing
procedure

By construction of the conflicted instances, only few variables are fixed to 1 or removed

104




Chapter 7 Branch-and-Cut for the minimum 1-budgeted spanning tree problem and
computational experiments

by Algorithms [20} 21}, 221 On the contrary, the preprocessing step is effective for uncorre-
lated instances, with up to 45 percent of edges removed or fixed. The total preprocessing
running time is negligible, hence we keep this step in our final algorithm for both the
conflicted and the uncorrelated cases.

7.3.3 Cut generation

Cut generation techniques attempt to restrict the feasible region of the linear program
solved at the root of the Branch-and-Cut algorithm so that its solutions are closer to
integers. In our context, the subtour formulation has an exponential number of constraints.
In practice, it is prohibitive to generate all of them at the root. Instead, by exploiting the
structure of a basic optimal solution for the 1BST relaxed problem and the geometry of
the Lagrangian problem, we efficiently generate a number of these inequalities that have
proved their worth in practice. Recall that an optimal solution is a convex combination of
a feasible spanning tree T'< and an infeasible spanning tree T=. The latter has a small cost.
A good rule of thumb is to generate a number of subtour constraints formed by adding
edges to T'<. Let T = (V, F'<) be the solution returned by Algorithm [19|and z* be the
z-coordinate of an optimal solution of the Lagrangian relaxation. The following algorithm
generates some subtour constraints for the STP in the neighborhood of T'<.

Algorithm 23: Generation of subtour constraints
Data: G = (V,E), c€ R‘fl,w e NBl 2 ¢ R, T< = (V, F<)
1 M + max{c. + z*w, | e € F<};
2 for e € E\F< do
3 if ¢, + z*w, < M then

4 Add the subtour constraint > gy @e < [W| —1, where W C V' contains
all vertices of the created cycle by adding e to T'<;

5 end

6 end

The characterization of a basic optimal solution could also be exploited to generate a
lifted cover inequality. Observe that T~ = (V, F~) induces the cover inequality D p» 7 <
|V| — 2. In general the resulting cover inequality is rather weak but it can be lifted using
Algorithm [14]

Algorithm 24: Cover inequality induced by T~

Data: G = (V,E), ce RP w e RE T> = (V, F>)
1 Lift the inequality > _p- 2. < |V|—2 using Algorithm (14| and add it to the model;

eceF

This argument could be generalized for any minimum spanning tree 7% = (V, F'*) for
the composite edge costs c. + zw,, where 0 < z < z*. The following procedure is more
effective in practice.

The formulation of the problem could be further enhanced by adding valid inequalities
obtained by projecting the extended exact formulation discussed in Chapter 6. Given
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rp € RIEI we showed how to construct a ray (reard; 75, Ty, N e rZ(')Q*‘) of the
projection cone C such that the induced valid inequality rgz < r,, defines a proper face
of the convex hull of H. The right-hand side r,, is computed by solving problem ((6.10])-
. In addition, if rz € {0,1}/Zl, then the tightest r,, can be efficiently computed by
the Lagrangian relaxation technique, see Section Algorithm [25] exploits again the

Lagrangian function to generate a number of such inequalities.

Algorithm 25: Selection of a 7 and computation of 7%
Data: G = (V,E), w € N¥l c ¢ RLLE‘,Z* eR,,jeN
for:=1,...,7—1do

Compute the minimum spanning tree 7' = (V, F') of cost > cc + %,

N =

3 S« {eecF|w.=wysfeF}

4 Compute Z = max{) .z | * € conv(H)} using Algorithm
5 if Z <|V|—1 then

6 ‘ Add the inequality > . < Z to the formulation;

7 end

s end

Table [7.4] shows the efficiency of the MIP Start and of these valid inequalities added
at the root of the branching algorithm. We compare Algorithm the Branch-and-Cut
based on the subtour formulation, with an enhanced version of Algorithm [17] including a
MIP Start computed by Algorithm [ and [I9] and inequalities generated at the root node
by Algorithms and [25] The resolution time of a Branch-and-Cut algorithm based on
subtour formulation has systematically benefited from their adding at the root node. The
gap between an optimal solution of the root node subproblem z* and an optimal integer

solution 2’ values is also reduced by half for the Ig.;q and Igeon instances (computed by
ZeeEché . 1)

ZeeE Ceg
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Resolution time Root gap | Resolution time Root gap
Instance | |V/| Algo. Algo. enhanced enhanced
(s) (%) Algo. [17](s)  Algo. [17 (%)
Icria 1000 58.658 1.43 22.637 0.86
Icria 1000 135.695 1.41 9.389 0.66
Igria 1000 92.674 1.73 19.528 0.77
Iovia | 1000 113.167 2.04 104.830 0.91
Igria 1000 77.807 1.72 14.458 0.94
Igria 1500 1088.819 1.60 72.964 0.72
Igria 1500 1056.958 1.53 307.105 0.76
Igria 1500 847.664 1.31 53.973 0.76
Iovia | 1500 1521.135 1.31 140.467 0.66
Igria 1500 478.136 1.57 69.313 0.72
IGeom 700 50.618 1.58 18.312 0.83
IGeom 700 74.978 1.26 19.864 0.57
IGeom 700 110.060 1.38 33.624 0.73
Iceom 700 89.738 1.90 39.827 1.11
Iceom 700 79.195 1.26 27.321 0.72
Igeom | 1300 705.517 1.40 197.612 0.77
Igeom | 1300 2133.710 1.39 197.612 0.76
Igeom | 1300 889.249 1.40 641.977 0.89
Igeom | 1300 1400.741 1.41 288.309 0.75
Tgeom | 1300 977.231 1.51 1352.891 0.81
TRand 300 75.049 0.17 4.584 0.15
Trand | 300 114.250 0.14 1.051 0.12
TRand 300 68.479 0.13 1.608 0.12
TRand 300 44.519 0.15 1.596 0.13
TRana 300 67.871 0.11 22.857 0.10
TRand 500 3289.617 0.11 107.756 0.10
TRand 500 3285.771 0.11 20.482 0.09
TRand 500 3600.000 0.05 84.147 0.05
TRand 500 3600.000 0.10 157.316 0.08
TRand 500 3600.000 0.09 70.108 0.09

Table 7.4: Comparison of the subtour ILP formulations adding a MIP Start and inequalities
at the root

7.4 Cutting plane algorithm

Up to this point, a number of valid inequalities have been added at the root node. Despite
reduced integrality gap, solving the resulting integer program is still time consuming. In
order to reduce the size of the branching tree, we efficiently separate spanning tree’s in-
equalities as discussed in Section and inequalities of the KP as discussed in Section[6.2]
Due to the arbitrary values of the costs and weights, it is very challenging to define classes
of valid inequalities that separate any fractional solution. The extended formulation pro-
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vides a systematic separation procedure. However, its implementation is prohibitive. We
leave it as an open question to efficiency implement some of these ideas.

Algorithm [26] aggregates all algorithms separating spanning tree inequalities, where K
is an upper bound on the number of valid inequalities generated by Algorithm [I2] and [13]
we set K = 5|V]|.

Algorithm 26: Separation algorithm for spanning tree inequalities
Data: G = (V,E),z* € [0: 1]F. K e N

1 Consider the subgraph G* = (V, E*) where E* = {e € E | z*(e) > 0};

2 if #* is integer then

3 ‘ Run Algorithm (E, z*, G*);

4 else

5 if the total number of added inequalities is lower than K then

6

7

8

9

if G* is not a connected graph then
‘ Run Algorithm (E, z*, G*);
else
‘ Run Algorithm (E, z*, G*);

10 end

11 end
12 end

Table shows the efficiency of our separation Algorithm 26l We compare two
Branch-and-Cut algorithms beginning with the subproblem min{}_ ., c.we | Y cpve =
V| -1,Y cpwere < B,z € [0;1]/F1} one with the subtour inequalities separation Algo-
rithm [I8 and the other with separation Algorithm The branching algorithm with our
separation procedure outperforms the subtour based algorithm, its resolution and total
separation times are systematically smaller. Moreover, Algorithm [26] generates fewer valid
inequalities, but they are more effective in practice.
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Resolution Separation Total number | Resolution Separation Total number
Instance | |V time time of separated time time of separated
Alg. Alg. inequalities Alg. Alg. inequalities
(5 (5 Alg. (5 () Al.
Igria 1000 79.167 29.15 12366 6.841 2.65 2224
Igria 1000 56.571 22.62 11561 4.150 1.28 2587
Icrid 1000 86.393 33.85 14155 1.469 0.55 1718
Icrid 1000 | 115.593 33.87 14098 5.856 1.77 2752
Igrid 1000 94.631 37.40 16203 1.043 0.22 1475
Icrid 1500 | 456.321 116.41 30777 75.332 13.28 5607
Igria 1500 | 833.485 204.91 37822 17.386 4.69 4369
Igria 1500 | 543.075 131.23 28543 6.297 1.72 3434
Igria 1500 | 494.202 136.97 31119 3.064 0.75 2583
Icrid 1500 | 503.599 164.03 29638 11.322 3.10 3738
IGeom 700 113.678 26.49 12575 3.688 0.92 2158
Iceom 700 28.976 8.05 6959 1.932 0.40 2009
Igeom 700 94.812 21.80 12671 5.817 1.26 2777
Igeom 700 79.972 18.21 10733 4.257 0.87 2332
Tgeom 700 94.853 22.05 12681 3.433 0.74 2157
Igeom | 1300 | 1241.504 147.29 29397 34.816 5.68 5464
Igeom | 1300 | 543.402 75.40 23824 13.749 3.21 4089
Igeom | 1300 | 1155.248 157.51 39875 54.789 7.92 4889
Igeom | 1300 | 646.227 119.97 32960 105.899 12.82 7185
Igeom | 1300 | 1988.522 224.37 44153 44.385 7.03 5283
TRand 300 79.281 19.09 4007 3.668 2.07 572
TRand 300 79.342 19.53 3960 49.965 7.61 2493
TRand 300 108.968 22.89 3914 37.976 6.99 3128
TRand 300 54.472 18.81 3557 63.582 9.06 3344
TRand 300 257.568 35.56 6236 18.604 6.27 1632
TRand 700 | 3600.000 500.49 8395 3600.000 214.40 16387
TRand 700 | 3600.000 467.95 7532 425.909 79.38 638
IRand 700 | 3600.000 510.31 5663 1626.738 127.97 10018
TRand 700 | 3600.000 578.15 6899 749.095 80.78 5565
TRand 700 | 3600.000 505.71 8175 3600.000 1.17 13042

Table 7.5: Comparison of separation algorithms [1§| and
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The following Algorithm 27| aggregates the procedures separating inequalities combining
the spanning tree and the knapsack parts. We set K’ = 0.5|V].

Algorithm 27: Separation algorithm for cover inequalities
Data: G = (V,E), z* € [0: 1], w e NI¥l ¢ € R‘f',B,K’ eN
1 Consider the subgraph G* = (V, E*) where E* = {e € E' | 2*(e) > 0};
2 if x* is fractional and G* is connected then
3 Let T* = (V, F*) be a spanning tree maximizing ) | .. 77;
4
5

if > pwe>Band ) _p. 2, > |V|—2then
Lift the inequality ) . p. 2. < |V| -2 using Algorithm |14] and add it to the

model;
6 end
7 if the total number of added inequalities is lower than K’ then
8 ‘ Run Algorithm (G, w, ¢, B, x*);
9 end
10 end

7.5 Algorithm for the minimum 1-budgeted spanning
tree problem
Until this point, in this chapter we introduced several procedures that separately improve

the resolution time of the M1BSTP. In this Section, we present an algorithm combining
all of those procedures such that it will benefice from all improvements.
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Algorithm 28: Optimization procedure for M1BSTP
Data: G = (V,E),w e Nfl c e Rl BeN

Compute a spanning tree 7% = (V, F') minimizing » __pw We;
if > . pwwe > B then
‘ Stop, there is no feasible solution;
end
7## Calling preprocessing procedures
Run Algorithm [20 (G, w, B, T");
Run Algorithm 21| (G, w, B, T");
# Compute the Lagrangian relaxation
Run Algorithm , let T'< (respectively T7) be the feasible (respectively infeasible)
spanning tree obtained by rounding the Lagrangian relaxation and z* the
coordinate of the maximum;
10 7# Ending preprocessing procedure
11 T< < Algorithm (19| (G, ¢, w, B, T<);
12 Run Algorithm 22| (G, T<, w, ¢);
13 Build the Integer Linear Problem
min{}" . cete | 2(E) = V]| = 1,3, pwere < B, x € BIFI};
14 Set T'< as a MIP Start;
15 # Add subtour constraints to the root
16 Run Algorithm 23| (G, ¢, w, z*, T<);
17 # Add valid cover inequality
18 Run Algorithm 24| (G, ¢, w,T~);
19 #Add valid inequalities via the projection technique
20 Run Algorithm 25 (G, w, ¢, 2*, 6);
21 Solve the ILP by Branch-and-Cut, with the separation algorithm for subtour
inequalities [26] and the separation algorithm for cover inequalities [27] ;

© 00 N O bk W N =

We summarize in Algorithm 2§ the essential elements of the Branch-and-Cut algorithm.
It begins with the preprocessing and probing procedures (Section intended to reduce
the size of the formulation (lines 5-7 and 10-12). The algorithm also solves the Lagrangian
relaxation in advance of the start of the procedure in order to compute a MIP Start solution
(lines 8-9). This step is valuable to quickly allows the algorithm to get close to optimality.
Furthermore, the geometry of the Lagrangian function is exploited to efficiently generate
valid inequalities related to the spanning tree and the knapsack polytope (lines 15-18). The
formulation of the problem is further strengthened by adding valid inequalities obtained
via the projection technique (lines 19-20). After the presolve step, the Branch-and-Cut
algorithm continues to strengthen the LP relaxation during the search process. This is
accomplished by calling the separation algorithms [26| and [27] to generate cutting planes in
the nodes of the Branch-and-Bound tree. The efficiency of Algorithm [28] is illustrated in
the next section, comparing its resolution time with other formulations.
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7.6 Computational experiments

The results of the experiments are presented in the following Tables. In a search for
comparison, we used several metrics:

e RTx: total resolution time of strategy X, given in seconds,
e N Ny: total number of nodes in the branching tree of strategy X,

e Gapyx: gap in percent between the best integer solution found and the best lower
bound at the end of the resolution of strategy X. In the case where no feasible
solution has been found, we write +oo.

Where strategy X stands for:
e ST': Subtour formulation, Algorithm [I7]
o Alg28 Algorithm 28] and
o MTZ: MTZ formulation — with inequalities ((7.1)).

First, we consider conflicted instances. Then, we consider uncorrelated instances. Fi-
nally, we give additional statistics on separation algorithms and study variants of Algorithm

28

7.6.1 Conflicted instances

Table reports the performances of the three algorithms on instances Ig,.q.
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4 RTsr  NNsr Gapst | RTaugyg NNm Gapagyg | RTurz NNurz Gapurz

100 0.535 7 0 0.035 12 0 29.051 166842 0
100 0.074 1 0 0.037 33 0 0.228 972 0
100 0.132 80 0 0.058 63 0 0.507 1318 0
100 0.166 129 0 0.050 41 0 0.533 3413 0
100 0.154 87 0 0.036 37 0 0.805 5831 0
500 3.332 291 0 0.471 156 0 51.897 46261 0
500 3.361 315 0 0.312 124 0 3600.000 3280040  0.0178
500 10.109 339 0 0.499 227 0 78.907 98461 0
500 2.968 311 0 0.391 119 0 89.672 128648 0
200 3.101 347 0 0.346 103 0 274.296 562978 0
1000 | 98.478 298 0 3.527 755 0 3600.000 3793796  0.0729
1000 | 164.094 283 0 2.996 336 0 1121.181 633963 0
1000 | 67.403 425 0 0.571 125 0 2866.763 1721204 0
1000 | 59.941 479 0 0.641 122 0 3600.000 2398244  0.0155
1000 | 130.483 554 0 5.863 1009 0 3600.000 3051671 +00
1500 | 430.087 734 0 6.274 3609 0 3600.000 1572891  0.1377
1500 | 845.311 740 0 25.469 2129 0 3600.000 1496482  0.1057
1500 | 590.696 884 0 70.491 4835 0 3600.000 1660841 +oo
1500 | 402.476 830 0 128.777 7117 0 3600.000 1732946 +oo
1500 | 352.690 703 0 33.872 2667 0 3600.000 1856560 +o0
2000 | 2845.486 1083 0 21.105 1625 0 3600.000 788043 +oo
2000 | 3600.000 1916 +oo | 1234.588 17801 0 3600.000 864020 +oo
2000 | 3600.000 1618 +00 670.009 10376 0 3600.000 721558 +o0
2000 | 2387.236 1031 0 62.544 3081 0 3600.000 745501 +00
2000 | 3600.000 1045 0.0089 | 13.888 928 0 3600.000 786008 +00

2500 | 3600.000 1020 0.3221 | 136.787 3319 3600.000 498091 +00
2500 | 3600.000 1545 0.3608 | 3600.000 35182 0.0062 | 3600.000 485440 +0o0

e}

2500 | 3600.000 4296 +o00 67.084 2868 0 3600.000 521056 +o0
2500 | 3600.000 4101 +oo | 3578.085 50561 0 3600.000 464820 +oo
2500 | 3600.000 3709 +00 484.597 9517 0 3600.000 455711 +00

3000 | 3600.000 969 +oo | 3600.000 22746 0.0162 | 3600.000 375345 +oo
3000 | 3600.000 4822 +oo | 3600.000 22951 0.0015 | 3600.000 359462 +o0
3000 | 3600.000 1106 +oo | 1214.479 12258 0 3600.000 401046 +00
3000 | 3600.000 1045 +oo | 1319.695 13494 0 3600.000 384423 +0oo
3000 | 3600.000 4025 +oo | 3600.000 20765 0.0125 | 3600.000 376842 +o0

Table 7.6: Instances gy iq

We observe that our algorithm outperforms the subtour and MTZ formulations. The
latter strategy is the worst for this class of problem and times out after one hour (without
even finding a feasible solution) for moderate instances of even 1000 nodes. The subtour
formulation has a better performance and times out after one hour (without even finding a
feasible solution), when solving large instances with even 2500 nodes. Although Algorithm
times out for instances with 3000 nodes, the final gap is very small (< 0.02%). Using
a MIP Start in Algorithm [28] guarantees to find a feasible solution for higher instance sizes.
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Table |7.7] shows that Algorithm [28| also dominates the ST and MTZ strategies on
instances Igeom. Similarly to instances Ig,.;q4, the MTZ formulation performs poorly and
times out after one hour even for moderate sized graphs with 500 nodes. For large instances
with 2000 nodes, all algorithms time out after one hour. In contrast with ST and MTZ
strategies (which were not able to find a feasible solution), our algorithm succeed to solve
two instances, otherwise it has a very small final gap (< 0.0072%).

\4 RTst NNgsr Gapsr | RTagyg NNew Gapagg| Rlurz NNurz Gapurz
100 0.186 59 0 0.040 59 0 2.679 15523 0
100 0.153 28 0 0.081 47 0 0.129 1 0
100 0.379 59 0 0.112 1 0 1.701 3901 0
100 0.345 87 0 0.163 53 0 1.190 1235 0
100 0.199 7 0 0.160 1 0 34.302 120634 0
500 13.339 352 0 0.766 190 0 3081.545 1958908 0
500 18.623 505 0 4.650 517 0 3600.000 2776632  0.0289
500 11.376 358 0 4.025 634 0 3600.000 4958635  0.0629
500 17.590 429 0 1.859 323 0 3600.000 2489120  0.1017
500 22.512 467 0 11.964 1788 0 3600.000 2984276  0.3307
1000 | 334.600 517 0 103.484 3890 0 3600.000 1468427  0.1012
1000 161.114 809 0 33.893 2180 0 3600.000 1794150 +00
1000 273.269 905 0 135.620 6525 0 3600.000 1534070  0.1757
1000 487.522 735 0 155.229 6857 0 3600.000 1725068  0.0995
1000 376.945 696 0 12.477 1133 0 3600.000 1456834 400
1500 | 2816.989 1027 0 471.637 31005 0 3600.000 726849 +00
1500 | 1781.083 1141 0 1952.863 68101 0 3600.000 813840 400
1500 | 2513.186 1475 0 372.601 7494 0 3600.000 801773 +00
1500 | 1716.585 1027 0 289.540 4465 0 3600.000 763420 +00
1500 | 3600.000 1027  0.0016 | 336.866 5414 0 3600.000 771774 +00
2000 | 3600.000 2266 +00 3600.000 52392 0.0060 | 3600.000 314741 +00
2000 | 3600.000 5232 +00 2576.873 40340 0 3600.000 342338 +00
2000 | 3600.000 1301 +00 3600.000 48634 0.0024 | 3600.000 386501 +00
2000 | 3600.000 3887 +00 3600.000 58295 0.0072 | 3600.000 375011 400
2000 | 3600.000 4337 +00 1571.902 18433 0 3600.000 312730 +00

or Algorithm [28 strategies in moderate sized [gy,q instances.

Table 7.7: Instances Igeom

Table 7.8 does not show a clear dominance in terms of computational time of the MTZ
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\4 RTsr  NNsr Gapsr | RTaugg NNw Gapagg| RTurz  NNurz Gapurz
100 0.473 19 0 0.466 1 0 0.347 1 0
100 0.604 23 0 0.506 1 0 0.212 1 0
100 0.544 31 0 0.460 1 0 6.736 46435 0
100 0.495 87 0 0.259 1 0 0.328 1 0
100 0.241 59 0 0.074 1 0 379.216 210195 0
500 | 3600.000 2831 0.0054 9.017 1 0 9.264 1 0
500 | 3600.000 3832 0.0054 9.371 1 0 162.161 317049 0
500 | 3600.000 2319 0.0593 104.255 56296 0 32.915 1123 0
500 | 3600.000 3086  0.0477 10.805 1 0 15.410 13 0
500 | 3600.000 2638 0.0513 9.528 1 0 11.961 1 0
1000 | 3600.000 1422 +00 61.312 50 0 90.689 1 0
1000 | 3600.000 1673 +00 160.498 4242 0 91.285 1 0
1000 | 3600.000 1589 +00 244.048 1066 0 75.578 1 0
1000 | 3600.000 1660 +00 126.259 282 0 242 .288 1 0
1000 | 3600.000 1709 +00 119.720 206 0 113.155 1 0
1500 | 3600.000 730 +00 136.748 1 0 343.828 1 0
1500 | 3600.000 695 +00 97.252 1 0 354.614 35 0
1500 | 3600.000 801 +00 120.466 1 0 288.068 1 0
1500 | 3600.000 734 +00 3600.000 880874  0.0018 256.551 1 0
1500 | 3600.000 680 +00 156.070 9 0 293.806 1 0
2000 | 3600.000 599 +00 283.43 1 0 1501.518 413 0
2000 | 3600.000 578 +00 191.531 1 0 3600.000 2516 0.0032
2000 | 3600.000 612 400 3600.000 337741 0.0014 593.772 1 0
2000 | 3600.000 575 +00 201.176 1 0 456.621 1 0
2000 | 3600.000 580 +o00 231.799 1 0 680.354 1 0
2500 | 3600.000 523 +00 372.427 1 0 845.551 1 0
2500 | 3600.000 404 400 372.504 1 0 818.083 1 0
2500 | 3600.000 420 +00 473.371 1 0 1598.928 1 0
2500 | 3600.000 607 +00 3600.000 28647 0.0011 3600.000 318 0.0032
2500 | 3600.000 431 +00 46'7.149 1 0 781.916 1 0
3000 | 3600.000 181 +00 657.939 1 0 2291.782 2638 0
3000 | 3600.000 179 +00 663.416 1 0 938.007 1 0
3000 | 3600.000 206 +00 443.146 1 0 873.496 1 0
3000 | 3600.000 210 +00 3600.000 459 0.0072 1944.794 1 0
3000 | 3600.000 184 +00 594.435 1 0 3600.000 4348 0.0009

Table 7.8: Instances Irgng

The performance of both Algorithm [28 and the MTZ are highly volatile. They solve
most of the instances at the root node, otherwise they may be timed out after one hour.
Algorithm [28| benefits from the MIP Start which is very close to an optimal solution (see
Table , in this case our algorithm is the fastest. For the Rand topology, solvers exploit
the MTZ formulation with a set of preprocessing routines allowing one to solve quickly
the problem. Note that if the latter are disabled, the resulting formulation would have
the highest resolution time. The Table also demonstrates that the subtour formulation
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encounters difficulty in solving even small sized instances contrarily to the previous instance
classes.

7.6.2 Uncorrelated instances

Table|7.9[shows that the three algorithms solve instances R, of the same size as conflicted
instances (see Table [7.6)).

14 RTsr  NNsr Gapst | RTaugpyg NNm Gapagg | RTurz NNurz Gapurz

100 0.015 1 0 0.012 10 0 0.041 1 0
100 0.675 47 0 0.069 7 0 0.339 1268 0
100 0.070 1 0 0.026 1 0 0.325 2514 0
100 0.055 1 0 0.050 30 0 0.417 2514 0
100 0.090 8 0 0.040 1 0 0.368 3202 0
200 8.180 428 0 0.783 396 0 215.328 431151 0
200 6.738 480 0 0.743 323 0 140.803 213540 0
500 2.512 321 0 0.353 151 0 25.557 34685 0
500 4.882 278 0 0.554 329 0 29.707 52319 0
200 8.014 355 0 0.454 101 0 17.385 6661 0
1000 | 105.147 495 0 3.794 665 0 583.193 494067 0
1000 | 54.596 735 0 3.912 878 0 3600.000 2174463  0.0790
1000 | 37.540 838 0 1.401 386 0 3600.000 2499835  0.0289
1000 | 157.389 227 0 2.867 275 0 3600.000 2679277  0.2470
1000 | 97.608 457 0 2.159 424 0 3600.000 2689377  0.1196
1500 | 667.951 869 0 2.328 246 0 3600.000 1704460 +o0
1500 | 195.898 594 0 2.177 328 0 3600.000 1658874 +00
1500 | 847.460 1017 0 122.261 6551 0 3600.000 1419249 +00
1500 | 448.779 788 0 22.271 1946 0 3600.000 1598070  0.7017
1500 | 674.585 878 0 30.644 2735 0 3600.000 1504278 +o0
2000 | 1461.395 1042 0 186.058 5666 0 3600.000 897177 +0o0
2000 | 1056.126 1312 0 71.710 4030 0 3600.000 2823155  0.5496
2000 | 3600.000 1060  0.7995 | 79.635 26965 0 3600.000 926155 +o0
2000 | 3600.000 2400 +00 975.322 22430 0 3600.000 1145988 +0o0
2000 | 1827.709 963 0 42.820 2725 0 3600.000 941024 +00

3000 | 3600.000 799 +oo | 1593.351 27939 0 3600.000 1048253 +o0
3000 | 3600.000 769 +oo | 3600.000 32623 0.0032 | 3600.000 946081 +00
3000 | 3600.000 4810 +oo | 3600.000 22498  0.0309 | 3600.000 371146 +oo
3000 | 3600.000 756 +oo | 1033.676 11246 0 3600.000 453082 +oo
3000 | 3600.000 3902 +oo | 3600.000 27111 0.0151 | 3600.000 315088 +o0

4000 | 3600.000 5228 +oo | 3600.000 16934 0.0352 | 3600.000 277769 +oo
4000 | 3600.000 940 +oo | 3600.000 18608  0.0096 | 3600.000 301842 +oo
4000 | 3600.000 4221 +oo | 3600.000 20643 0.0194 | 3600.000 289433 +o0
4000 | 3600.000 825 +oo | 3600.000 17836  0.0346 | 3600.000 341776 +00
4000 | 3600.000 5108 +oo | 3600.000 17076  0.0659 | 3600.000 280636 +00

Table 7.9: Instances Ry iq
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The subtour formulation is systematically timed out (without even find a feasible solu-
tion) on large instances with 3000 nodes or more and the MTZ formulation is systematically
timed out (without even find a feasible solution) on moderate instances with 1000 nodes

or more. Our algorithm outperforms the subtour and MTZ strategies.

Table shows that the three algorithms succeed to solve instances of the same size
as conflicted instances (see Table [7.7)). Algorithm [2§ remains the best choice for instances

RGeom'
4 RTsr  NNsr Gapsr | RTagg NNw Gapagpg | Rlurz  NNyrz  Gapurz
100 0.217 185 0 0.044 31 0 6.669 40480 0
100 0.195 183 0 0.099 90 0 3600.000 35589899  1.0782
100 0.162 79 0 0.065 65 0 42.358 202084 0
100 0.161 107 0 0.046 22 0 3600.000 7248760  2.3602
100 0.242 271 0 0.074 61 0 5.112 43515 0
500 21.295 483 0 2.689 574 0 203.484 343445 0
500 8.659 506 0 1.199 377 0 3600.000 4083926  0.6395
500 | 10.304 384 0 11.711 812 0 3600.000 3651555  0.4180
500 7.851 353 0 1.607 450 0 3600.000 4410912  0.8912
500 12.604 406 0 1.082 287 0 3600.000 3531740  0.2341
1000 | 492.933 818 0 112.253 6564 0 3600.000 1855247  0.7759
1000 | 198.022 761 0 1483.203 135585 0 3600.000 1768854  0.7228
1000 | 259.415 604 0 345.594 21689 0 3600.000 1671701 0.2580
1000 | 232.163 697 0 10.818 947 0 3600.000 1722629  0.6541
1000 | 184.685 698 0 256.864 8353 0 3600.000 2091388 1.2306
1500 | 2848.403 1271 0 238.887 7420 0 3600.000 844034 +00
1500 | 3306.238 1088 0 616.578 20976 0 3600.000 699890 +00
1500 | 3600.000 998  1.4816 | 1152.348 23492 0 3600.000 745518 +00
1500 | 3600.000 1053 4.1198 | 3600.000 103740 0.1643 | 3600.000 779040 +00
1500 | 3600.000 1020 +o00 | 2451.702 79003 0 3600.000 812749 +00
2000 | 3600.000 2200 +o00 | 3600.000 154427 0.0794 | 3600.000 413602 +00
2000 | 3600.000 919 +o0o | 3600.000 64325  0.1337 | 3600.000 400798 +00
2000 | 3600.000 1189 400 | 3600.000 41268  0.1323 | 3600.000 638739 +00
2000 | 3600.000 1205 +o00 | 3600.000 37827  0.0225 | 3600.000 500189 +00
2000 | 3600.000 1403 400 | 3600.000 50107  0.1450 | 3600.000 487006 +00
Table 7.10: Instances Rgeom

Table illustrates the efficiency of our algorithm in instances Rgunq. The combi-

nation of the high density of the graph and the random generation of uncorrelated costs
and weights values favors the existence of a large numbers of feasible solutions with a very
good quality. Such solutions can be found quickly running Algorithms [ and[19] The latter
solution, used as a MIP Start, allows one to solve problems at the root of the Branch-and-
Cut algorithm. In contrast with the conflicted instances, the MT'Z strategy is slower than
our algorithm in uncorrelated instance.
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V]| RTst  NNsr Gapsr | RTagpgyg NNm Gapagg | RTurz  NNurz Gapurz
100 0.164 59 0 0.132 1 0 0.087 1 0
100 0.159 23 0 0.085 1 0 0.152 1 0
100 0.212 31 0 0.119 1 0 2.158 8163 0
100 0.169 39 0 0.142 7 0 7.256 103916 0
100 0.452 71 0 0.104 1 0 0.781 1470 0
500 3.776 57 0 1.859 1 0 3.576 1 0
500 4.405 36 0 1.170 1 0 2.066 1 0
500 1.095 1 0 2.007 1 0 3.317 1 0
500 5.135 36 0 2.284 1 0 3.467 1 0
500 1.450 1 0 2.608 1 0 3.452 1 0
1000 | 3600.000 1733 +0o0 16.579 1 0 42.008 1 0
1000 | 3600.000 1907 +00 13.348 1 0 36.779 1 0
1000 | 3600.000 2105 +00 29.403 7 0 46.283 1 0
1000 | 3600.000 1907 +00 2.896 1 0 64.314 1 0
1000 | 3600.000 1887 +00 5.146 1 0 40.898 1 0
2000 | 3600.000 669 +00 20.099 1 0 211.766 1 0
2000 | 3600.000 622 +00 19.699 1 0 201.575 1 0
2000 | 3600.000 702 +00 18.721 1 0 195.629 1 0
2000 | 3600.000 685 +00 21.746 1 0 257.610 1 0
2000 | 3600.000 690 +00 20.689 1 0 359.472 1 0
3000 | 3600.000 216 +00 256.258 1 0 1279.278 1 0
3000 | 3600.000 210 +00 207.036 1 0 1317.434 1 0
3000 | 3600.000 222 +00 196.612 1 0 916.191 1 0
3000 | 3600.000 198 +00 45.706 1 0 1085.403 1 0
3000 | 3600.000 223 +00 57.808 1 0 891.754 1 0

Table 7.11: Instances Rprand

7.6.3 Separation statistics and variants

In Table[7.12, we compare the three strategies with metrics related to the separation phase:
e ST: Total separation time of strategy X, given in seconds,
e NCx: Total number of valid inequalities separated of strategy X,

e N Ny: Total number of nodes in the branching tree of strategy X.

Table gives the average values of the above metrics. Note that for Algorithm 28]

we divide the separated inequalities in two categories; NC'(ST) related to spanning tree
inequalities, separated by Algorithm and NC(C) associated with cover inequalities
separated by Algorithm [27]
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Instances |V| STST NCST NNST STAZ NCA1<ST) NCAl(C) NNAl NNMTZ
Icria 100 0.03 117 15 0.01 195 15 58 1150
IGrid 500 3.38 3343 325 0.25 746 7 146 823278
Icria 1000 | 45.30 16215 528 2.07 1547 52 469 2319776
Igria 1500 | 137.71 26706 778 19.59 4137 48 4071 1663944
Igria 2000 | 564.45 66798 1339 33.01 2684 38 7092 781026
Icrid 2500 | 788.36 82113 2934 60.70 8991 49 15525 485024
Icria 3000 | 1097.04 83695 2393 | 131.20 14744 95 18443 379424
Iceom 100 0.22 349 147 0.01 164 2 38 10084
Igeom 500 6.88 4641 422 1.82 1472 59 690 2691009
TIceom 1000 | 112.91 29509 732 11.84 3706 51 2766 1156951
Iceom 1500 | 275.17 52789 1056 31.44 7285 129 23296 775531
TGeom 2000 | 667.58 81914 3956 51.57 100009 37 35705 346264
I Rand 100 0.23 212 79 0.02 68 1 1 1
TRand 500 | 430.10 18454 2941 4.57 841 0 11260 63411
I Rand 1000 | 634.42 14985 1611 82.30 3536 0 1169 1
I Rand 1500 | 689.89 11845 698 110.20 2693 0 176177 8
TRrana 2000 | 1020.30 9182 602 112.30 2694 0 67549 586
I Rand 2500 | 1522.77 8904 515 216.08 3064 0 57296 64
TRana 3000 | 1802.39 8042 437 475.78 3270 0 93 1398

Table 7.12: Comparison of separation times, number of separated inequalities and number
of nodes for the three algorithms

Table [7.12] shows that the subtour formulation has systematically more time spent in
separation phases and more separated inequalities. In practice, all those added inequalities
slow the computations of the subproblems, and therefore few nodes are explored compared
to Algorithm 28] and MTZ. The results show that most of the separated inequalities in Al-
gorithm [28| are spanning tree inequalities. Although the cover based inequalities are very
effective, our spanning tree interdiction heuristics generate valid inequalities only in few
cases, especially in the Rand topology. Table [7.12| also shows that the number of nodes in
the branching tree of the M'TZ formulation explodes in instances I, and Igeo,n compared
to the other strategies.

The following Tables compare our Algorithm [2§ with two other variants:
e Varl: Algorithm 28 without MIP Start (remove line 14),

e Var2: Algorithm 28 without MIP Start, constraints added at the root and separation
algorithm (remove lines 14-20 and modify line 21, it only remains preprocessing
and our spanning tree’s inequalities separation algorithm).

Tables and give the results in instances Ig.q and Rgrig. They do not show
a clear dominance among the three algorithms. The variant Varl appears to be more
efficient in average for instances with 3000 nodes or more.

119



Chapter 7

Branch-and-Cut for the minimum 1-budgeted spanning tree problem and
computational experiments

V| | RTaigeeg NNaggg Gapaygs| Rlvan  NNvai Gapyari | Rlvars  NNveo Gapvars
500 0.374 130 0 0.302 80 0 0.309 151 0
500 0.113 61 0 0.154 58 0 0.377 178 0
500 0.164 64 0 0.121 58 0 0.454 241 0
500 0.314 189 0 0.142 58 0 0.390 263 0
500 0.173 75 0 0.200 97 0 0.612 299 0
1000 5.211 985 0 2.511 621 0 4.314 1040 0
1000 2.565 662 0 1.646 499 0 1.978 454 0
1000 2.671 579 0 4.077 965 0 2.297 616 0
1000 1.710 396 0 1.620 551 0 1.731 475 0
1000 2.337 728 0 3.041 722 0 3.579 779 0
1500 6.597 916 0 9.704 1163 0 6.978 811 0
1500 | 12.873 1502 0 19.802 1808 0 13.804 1383 0
1500 | 105.881 5114 0 10.090 1088 0 248.243 6734 0
1500 | 23.340 2128 0 95.830 4914 0 10.270 962 0
1500 | 175.401 7462 0 2.708 1847 0 107.225 5405 0
2000 | 519.893 8962 0 1222.620 20301 0 1910.764 54524 0
2000 | 17.103 1913 0 17.594 1641 0 55.694 2956 0
2000 | 838.263 10696 0 874.137 20876 0 58.523 2453 0
2000 | 35.790 3104 0 61.554 3553 0 56.236 1880 0
2000 | 305.996 7246 0 54.155 2529 0 62.976 2808 0
2500 | 3600.000 56386 0.0018 162.093 5237 0 150.781 28839 0
2500 | 1976.952 20602 0 752.600 11202 0 854.005 12093 0
2500 | 848.978 12253 0 689.652 13169 0 278.648 6488 0
2500 | 1091.845 15948 0 420.771 7834 0 290.588 5643 0
2500 | 905.459 10323 0 88.178 3074 0 98.921 2604 0
3000 | 306.464 6837 0 184.814 4752 0 706.357 6532 0
3000 | 3600.000 18256 0.0030 574.872 27431 0 3600.000 33042 0.0045
3000 | 249.896 4773 0 213.572 4980 0 154.102 3598 0
3000 | 3600.000 25527 0.0050 1943.115 2370 0 3600.000 32511 0.002
3000 | 3600.000 26671 0.0030 420.658 6540 0 200.154 4935 0
3500 | 3600.000 19783 0.0070 3600.000 18274 0.0057 | 2596.669 15499 0
3500 | 3600.000 29750 0.0038 3600.000 32154 0.0032 | 3600.000 26233 0.0032
3500 | 3200.360 23608 0 3600.000 27108 0.0032 | 2932.924 35124 0
3500 | 1754.113 14705 0 222.746 4316 0 242.003 4662 0
3500 | 243.001 3764 0 403.789 6336 0 253.903 4443 0

Table 7.13: Comparison among Algorithm 28] Varl and Var2 on instances Ig.q
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V| | RTaggg NNawgy Gapaggg| BTvarr  NNvari Gapvarn | Rlyas  NNvers Gapyar
500 0.353 228 0 0.366 196 0 0.398 283 0
500 0.118 64 0 0.188 103 0 0.366 197 0
500 0.278 142 0 0.182 87 0 0.261 175 0
500 0.275 177 0 0.289 152 0 0.612 421 0
500 0.631 368 0 0.448 227 0 0.263 124 0
1000 0.466 100 0 1.149 350 0 2.085 602 0
1000 4.279 970 0 2.969 827 0 4.332 1336 0
1000 0.669 187 0 0.779 221 0 1.803 570 0
1000 4.710 927 0 4.091 830 0 3.242 752 0
1000 2.216 41 0 0.452 133 0 1.919 490 0
2000 | 1723.998 29095 0 66.191 2794 0 1003.092 16751 0
2000 | 629.789 16422 0 464.902 13632 0 1202.387 9503 0
2000 92.899 4274 0 49.548 2863 0 133.813 4425 0
2000 39.359 2524 0 6.262 632 0 11.794 952 0
2000 | 713.278 13038 0 505.745 12775 0 469.689 8772 0
3000 | 715.498 10180 0 1236.226 11474 0 379.247 5912 0
3000 | 1550.958 20833 0 999.211 7667 0 358.780 5889 0
3000 | 3600.000 34140 0.0301 3600.000 39436 0.0084 3600.000 32221 0.0150
3000 | 2010.185 19088 0 655.391 11914 0 1658.916 18541 0
3000 | 1448.394 12365 0 332.774 4931 0 486.446 7996 0
4000 | 3600.000 19031 0.0239 3600.000 28853 0.0104 3600.000 40321 0.0221
4000 | 3600.000 21294 0.0246 3600.000 23163 0.0208 3600.000 21376 0.0278
4000 | 3600.000 18839 0.0239 | 3600.000 19611 0.0239 | 3600.000 21079 0.0404
4000 | 3600.000 19169 0.0288 3600.000 23981 0.0213 | 3600.000 24772 0.0132
4000 | 3600.000 17197 0.0421 3600.000 17233 0.0294 3600.000 17057 0.0439

Table 7.14: Comparison among Algorithm 28 Varl and Var2 on instances Rgyiq

Tables and show that Var2 is the best algorithm on instances with a Geom

topology. Although the other algorithms are timed out after one hour for instances with

2000 nodes, the variant Var2 may solve these instances in minutes. The combination of

subtour, cut and multicut inequalities separated by our Algorithm [26| appears to be very
effective in this topology with several clusters. Surprisingly, although the MIP Start is

very close to the optimal solution, variant Varl is more effective than Algorithm 28]
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V| | RTaggg NNawgy Gapaggg| BTvarr  NNvari Gapvarn | Rlyas  NNvers Gapyar
500 1.367 359 0 0.981 213 0 1.644 411 0
500 5.341 880 0 2.995 545 0 1.197 273 0
500 0.873 158 0 0.992 272 0 0.590 149 0
500 1.162 247 0 2.066 396 0 1.102 308 0
200 0.484 64 0 1.242 203 0 1.432 346 0
1000 | 31.582 2375 0 37.526 1949 0 14.134 1132 0
1000 | 87.573 5732 0 138.934 4973 0 106.967 9366 0
1000 | 155.944 4795 0 24.998 1542 0 66.586 2757 0
1000 | 253.834 6592 0 218.981 4696 0 45.923 2239 0
1000 | 20.814 1618 0 209.993 8087 0 24.832 1644 0
1500 | 3600.000 76133 0.0097 3600.000 87502 0.0081 | 290.099 6511 0
1500 | 674.556 18060 0 163.593 2942 0 43.192 1993 0
1500 | 3600.000 116098 0.0064 3600.000 146095  0.0032 | 2579.880 123222 0
1500 | 835.824 19947 0 370.106 7963 0 130.060 17204 0
1500 | 242.783 4062 0 411.364 9251 0 69.951 2050 0
2000 | 3600.000 80084 0.0073 1379.353 58556 0 178.782 3020 0
2000 | 3600.000 51091 0.0109 3600.000 161770  0.0085 | 284.394 9016 0
2000 | 3600.000 83185 0.0061 | 1264.763 50473 0 1301.761 57303 0
2000 | 3600.000 41311 0.0048 3600.000 47187  0.0048 | 512.612 9244 0
2000 | 3600.000 35847 0.0096 3600.000 401760  0.0024 | 430.451 16907 0
3000 | 3600.000 34174 0.0058 3600.000 49138 0.0068 | 1279.622 59879 0
3000 | 3600.000 255362 0.0049 3600.000 62768 +00 711.230 7175 0
3000 | 3600.000 27174 0.0078 1717.618 154310 0 306.677 9380 0
3000 | 2622.563 21984 0 3600.000 50187  0.0029 | 3600.000 98891 0.0039
3000 | 3600.000 15984 0.0155 3600.000 90311 0.0097 | 3600.000 94137  0.0019

Table 7.15: Comparison among Algorithm 28 Varl and Var2 on instances Igeom
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|V| RTAlg NNAlg GapAlg RTVarl NNVarl GapVarl RTVarQ NNVarQ GapVarZ
500 2.735 745 0 1.179 368 0 0.767 233 0
500 0.954 328 0 0.759 214 0 1.038 362 0
500 2.879 874 0 1.505 391 0 0.900 311 0
500 4.405 1250 0 2.615 678 0 1.219 469 0
500 1.550 447 0 1.162 440 0 0.750 224 0
1000 | 97.490 5958 0 264.260 15650 0 54.465 3182 0
1000 | 242.477 15696 0 90.502 3652 0 19.139 1600 0
1000 | 82.940 5091 0 23.335 1582 0 4.903 576 0
1000 | 45.883 2454 0 51.924 3699 0 31.506 2220 0
1000 | 5.471 750 0 22.309 2028 0 55.911 197 0
1500 | 1578.051 12679 0 262.360 5668 0 66.672 2425 0
1500 | 2566.761 84510 0 1051.018 21326 0 91.374 4681 0
1500 | 3600.000 88810 0.0835 | 3600.000 90286 0.0508 5.864 4320 0
1500 | 2136.093 74305 0 753.173 13666 0 87.467 3038 0
1500 | 125.283 7293 0 29.285 1476 0 28.876 1276 0
2000 | 3600.000 44623 0.0764 | 1095.974 22731 0 1036.856 22995 0
2000 | 3600.000 43190 0.1132 | 3600.000 46120 0.1443 | 3600.000 166288  0.0877
2000 | 3600.000 38282 0.0721 | 3600.000 37543 0.0837 | 505.104 9443 0
2000 | 3600.000 56004 0.0427 | 3600.000 38349 0.0484 | 1937.068 45123 0
2000 | 3600.000 45701 0.0972 | 3600.000 53143 0.0353 | 2864.335 144020 0
Table 7.16: Comparison among Algorithm 28, Varl and Var2 on instances Rgeom
Tables and show that Algorithm 28 outperforms its variants in instances with
a Rand topology. Using a MIP Start, Algorithm solves several instances at the root
node. Moreover, in the few cases where the algorithm did not finish in one hour, it ends
with a solution with a very small gap. On those dense instances, basic spanning tree’s
inequalities seem not very effective compared to our inequalities combining both the SPT
and the KP.
|V| RTAlg NNAlg GapAlg RT'Var’l NNVarl Ga'p\/arl RTVa’rQ NNVa’/’Z GapVarQ
500 6.789 1 0 1959.928 29300 0 250.878 4581 0
500 | 10.659 37 0 3213.281 39004 0 713.327 38985 0
500 | 13.110 177 0 123.820 1643 0 1186.426 17760 0
500 | 11.602 1 0 67.352 653 0 3600.000 40847 +o00
500 | 56.952 2220 0 134.689 1761 0 202.142 4926 0
1000 | 43.544 3 0 118.957 327 0 3600.000 4332 +o00
1000 | 3600.000 675545 0.0027 | 759.024 2063 0 3600.000 4802 +00
1000 | 3600.000 411579 0.0027 | 153.987 503 0 3600.000 5335 +00
1000 | 314.165 5061 0 3600.000 7118 +00 3600.000 5864 +o0o
1000 | 43.043 1 0 3600.000 4547 +o00 3600.000 6627 +o00

Table 7.17: Comparison among Algorithm 28 Varl and Var2 on instances Irunq
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V| | RTaggyg NNawgy Gapawgs | RTvari  NNvai Gapvari | RTvars  NNvarz  Gapyars
500 1.982 1 0 2.122 1 0 1.191 15 0
500 1.349 1 0 2.234 3 0 0.766 3 0
500 1.726 1 0 2.971 7 0 1.513 19 0
500 1.666 1 0 2.114 7 0 1.503 35 0
500 1.890 1 0 19.579 95 0 3.496 140 0
1000 | 12.170 1 0 3600.000 6870 400 3600.000 6035 400
1000 | 11.370 1 0 3600.000 7923 400 3600.000 7923 400
1000 | 15.473 1 0 136.283 93 0 3600.000 2899 +o0
1000 | 13.712 1 0 378.178 245 0 308.207 716 0
1000 | 12.997 1 0 3600.000 7458 400 3600.000 7630 +00

Table 7.18: Comparison among Algorithm Varl and Var2 on instances Rgrunqg

All of these results show that, depending on the topology of the graph, one of the three
algorithms performs better. We observe that spanning tree inequalities are efficient for in-
stances with a low density such as Grid and Geom topologies. Inequalities combining both
spanning tree and knapsack problems are efficient for the Grid and Rand topologies. The
results show that using a MIP Start is very efficient only for Rand instances. Notice that
the three algorithms outperform the subtour and MTZ strategies for the Grid and Geom
topologies and the subtour formulation for the Rand instances. Algorithm 2§ appears to
be the more robust among the three algorithms as it is effective in the three topologies,
especially in the Rand instances. On the latter instances, Algorithm may solve the
problem faster than MTZ formulation, which is particularly effective on this topology.

Furthermore, Algorithm [28] guarantees a feasible solution at the end of the procedure.
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Many real world applications such as telecommunication or road network design require
more than a single budget constraint. Let us remember that the resulting generalization
of the 1-budgeted to d-budgeted problem is defined as follows:

min Z Cele (8.1)

ecE

sty w < [8] -1, VS CV,2<|9| < |V]-1, (8.2)
e€E[S]
S e =|V|-1, (8.3)
ecE
> wix. < B, Vi=1,...,d, (8.4)
eck
z. € {0, 1}, Ve € E. (8.5)

The dBSTP is a difficult occurrence of integer programming for several reasons. In
contrast with the 1-budgeted case and the multidimensional KP, checking the feasibility
is NP-hard for d > 2. For instance, x., = 0, Ve € E is a feasible solution for the KP.
Therefore, providing a good initial feasible solution to the Branch-and-Cut algorithm is
a challenging task. Furthermore, the case d > 2 imposes to consider in the disjunctive
program proposed for d = 1, the NP-hard problem of the intersection of d + 1 matroids.
In opposition to the case d = 1, the extended formulation discussed in Chapter 5 is not
anymore exact. The surrogate relaxation is a classical technique allowing one to replace d
budget constraints by one constraint obtained as a linear combination of the d constraints.
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min Z Cole (8.6)

ecl
sty m < [8] -1, VSCV,2<|S| < V-1,  (87)
e€E[S]
(B Yz =|V|-1, (8.8)
eclR
d d
>N Nuwlae <) NB (8.9)
ecFE 1=1 i=1
z. € {0, 1}, Ve € E. (8.10)

Any valid inequality for the surrogate problem (P,) is also a valid inequality for the
d-budgeted problem. It is not an easy task to fix a priori a value of A > 0 such that the
convex hull of P, is close to the one of the d-budgeted problem. Experimental tests show
that applying the techniques discussed in Chapter 6 to (Py) yields weak valid inequalities.

One of the key ingredients of the success of the algorithm for d = 1 is the exploitation
of the geometry of the Lagrangian relaxation problem to devise strong valid inequalities.
However, solving efficiently the Lagrangian relaxation problem for d > 2 is a challenging
task. We sacrifice the quality of the valid inequalities obtained by an exact algorithm for
the sake of the speed of a subgradient method.

We discuss in this chapter an efficient algorithm based on Algorithm to solve the
MdBSTP. The cutting plane phase relies essentially on heuristics to generate spanning tree
or cover inequalities adapted to tackle the d-budget constraints. The ones presented for
d =1 would also generate valid inequalities for this case but their effectiveness is limited.
The reader is invited to read Chapters 6 and 7 for a detailed description of the separation
heuristics before proceeding forward.

8.1 Preprocessing

During the preprocessing step, we generate a number of subtour inequalities by exploit-
ing the Lagrangian relaxation function. By dualizing the d-budget constraints ({8.4)), the
Lagrangian relaxation problem is defined as follows:

d

max L(z) = minz Colle — Z zi(B' — Zwexe) (8.11)
ccE i=1 ccE
Y < |W-1, VScV,2<|S|<|V]—-1, (8.12)
e€E|S]
> we=|V|-1, (8.13)
eck
0<uz <1, Ve € E. (8.14)

The Lagrangian function L is piecewise linear and concave. Since the spanning tree

polytope, defined by constraints (8.12)-(8.14]) is exact, it follows that the optimal value
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of the Lagrangian relaxation coincides with the optimal value of the linear relaxation of
problem —. In contrast to the case d = 1, we solve approximately problem (8.11)-
by a subgradient technique.

One of the difficulties of the case d > 2 is to generate a good feasible solution to
feed the Branch-and-Cut algorithm. The preprocessing algorithm starts building such a
solution by calling the heuristic Algorithm 29] The idea is to generalize the binary search
in the case d = 1 to higher dimensions. The algorithm explores iteratively the parametric
space z1, . .., zq. At each iteration, it selects a vector (z1,. .., z4) and computes a minimum
spanning tree with composite costs c, + Z?:l z;w!. The best feasible solution, if any, is
outputted at the end. Computational results show that the heuristic is fast and generally
succeeds in finding a feasible solution.

Algorithm 29: Heuristics - Computation of a tight feasible solution

Data: G = (V, E), ce R w e NP B e N 1b,ubeR?,0 < Ib<ubeecR
T* < 0;

[y

2 2* < ub;

3 2+ 09

4 while Z?Zl ub; — lb; > € do

5 fori=1,...,d do

o | | me B

7 end

8 Compute the minimum spanning tree 7' = (V, F') of cost »__p(cc + Z?Zl Ziw?);
9 fori=1,...,d do

10 if Y w. > B’ then

11 ‘ lb; < z;;

12 else

13 ‘ ub; < z;;

14 end

15 end

16 if T is a feasible solution then
17 if 7" ==0or > g Ce > D ccr Ce then
18 T« T,

19 Z* < z;

20 end

21 end
22 end

23 returns 1™, z*;

In the case d = 1, the Lagrangian relaxation produces a good feasible solution corre-
sponding to a minimum spanning tree for the composite costs ¢, + z*w,., where z* is a
maximizer of the Lagrangian function. The feasible solution computed in Algorithm
may correspond to a minimum spanning tree for a composite cost ¢, + Zle Z;w! where

vector (Z1,...,Zq) may be far from the maximizer (27,...,z}) of the Lagrangian function.
In order to improve the quality of the obtained solution, Algorithm [30] implements a sub-
gradient procedure in order to move from (Zy,...,Z4) to a vector closer to (z7,...,z25).
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The algorithm iterates 251 = 2¥ + oV« [13]. Here 2* is the k-th iterate and Vi is the
gradient of function L at z*.

Algorithm 30: Subgradient algorithm

© 000 N O otk W N =

10
11
12
13
14

Data: G = (V,E), ce RP w e N*IEl B e N4 T* = (V,F*),z* € RY., K,a € RT

z 4 zZ"
for je{l,...,K} do
Compute the minimum spanning tree 7' = (V, F) of cost Y _p(ce + 2?21 zw');
fori=1,...,ddo
|z zit+a(X.pwl — BY);
end
if T is a feasible solution then
if T*==0or) .p.Ce>)  cpcCe then
T T
ZF 4z
end
end
end

Return 7™, z*;

Similarly to the case d = 1, once a good feasible solution is computed, the algorithm

generates a number of subtour inequalities at the root node of the Branch-and-Cut al-
gorithm by performing edge swaps. All the preprocessing procedures are summarized in
Algorithm Computational results show that the generated subtour inequalities are
useful to improve the running time.

Algorithm 31: Generation of subtour inequalities

1
2

3
4
5
6
7
8
9

10
11
12

Data: G = (V,E), c € RIP w e NIZl B e N ib,ub e RY,0 < b < ub
7# Find a tight feasible solution
T+, z* < Algorithm 29| G, ¢, w, B, Ib,ub, 10~?);
# Improve T* with a subgradient algorithm
T* = (V, F*), z* < Algorithm (G, c,w, B, T*, 2*,100,1077);
if 7 # () then
M ¢+ max{c, + 0, zrw! | e € F*};
for e € E\F* do
if ¢, + 3¢, zfw’ < M then
Add the subtour constraint . gy ze < [W|— 1, where W C V
contains all vertices of the created cycle by adding e to T™;
end

end

end
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8.2 Cutting plane algorithms and heuristics

Like the case d = 1, we implement a cutting plane method in order to iteratively define
the set of feasible solutions by means of spanning tree and knapsack valid inequalities.

8.2.1 Separation of spanning tree’s valid inequalities

By exploiting the structure of the encountered solutions during the search, we propose
efficient heuristics to separate valid inequalities for the spanning tree polytope in the same
vein as the case d = 1. Computational experiments show that the heuristics for the case
d = 1 need to be adapted to handle the case d > 2. Similarly to the 1BSTP, in the
first nodes of the search tree, the encountered solutions x* are integer but their support
graph G* = (V, E*), where E* = {e € E | } > 0}, are not connected. Since one of the
connected components contains at least one cycle, Algorithm [32] adds subtour constraints.
The formulation is strengthened by also adding cut inequalities induced by the connected
components. Algorithm |32/ requires O(|V'||E|) time but is very effective in practice.

Algorithm 32: Separation algorithm for a given integer solution
Data: E,z* € {0,1}/%1.G* = (V, E¥)

1 if there are p > 1 connected components in G* then

2 for every connected component G*[V;], i =1,...,p do

3 if component G*[V;] contains more than |V;| — 1 edges then
4 ‘ Add the subtour constraint 3y ze < [Vi] — 1

5 end

6 end

7 if p > 2 then

8 for every connected component G*[V;], i = 1,...,p do

9 Add the cut constraint Y . cv\v; fuvyer Tluo} = 1
10 end
11 end
12 end

Algorithm [33] separates fractional solutions x* such that their support graph G* is not
connected. As shown for the case d = 1, at least one subtour inequality is violated in one
connected component G*[V;]. Consequently, the algorithm checks all the components and
adds the violated inequalities. Furthermore, it explores each connected component G*[V}]
and checks if a subtour inequality is violated over G*[V;] after deleting all the branches.
Finally, the algorithm considers the partial graph obtained from G* after deleting all the
branches with fractional edge, if any. In the positive case, the algorithm adds a multicut
inequality to cut off x*. In the worst case, Algorithm 33| runs in O(|V||E|) but is very
effective in practice.
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Algorithm 33: Separation algorithm for a fractional solution when G* is not
connected
Data: E, v* € [0: 1]/¥|,G* = (V, E*) where E* = {e € E|z*(e) > 0}
for every connected component G*[V;], i = 1,...,p do
if Z{U,U}EEﬂu,’UE% T{up} > H/l| — 1 then
‘ Add the subtour constraint Z{u,u}eE\umeVi Ty < Vil = 1,

end
Let F; be the set of edges in branches in G*[V;];
if D fuvyer\Fuvey; Tuoy > Vil =1 = [F| then
‘ Add the subtour constraint >, vep piuwey; Tiuey < Vil =1 = [Fi;
end
end
10 Consider the subgraph G’ = (V, E') where £’ = E*\{e € E* | 2 <1 and e
belongs to a branch of G*};
11 Consider the partition Vi, ...,V of V, built with the connected components of G’;
12 if p’ > 2 then
13 Add the multicut constraint Z{u,v}emuew,uevj,x‘;&j Ty =P — 1

© o N O ok~ W N =

14 end

Algorithm [34] handles, like the case d = 1, the remaining situation where the encoun-
tered solution z* is fractional and its support graph G* is connected. In the worst case,
Algorithm [34] runs in O(|V|* + |E|).

Algorithm 34: Separation algorithm for a fractional solution when G* is con-
nected
Data: E, z* € [0: 1]'¥|,G* = (V, E*) where E* = {e € E|z*(e) > 0}
1 Consider the subgraph G’ = (V, E’) where E' = E*\{e € E* | 2} <1 and ¢
belongs to a branch of G*};
2 if |[{e € E* | 2} < 1 and e belongs to a branch of G*}| > 0 then
3 Consider the partition Vi, ..., V), of V, built with the connected components of
G';
4 Add the multicut constraint Z{u,v}eEWEVi,ver,i;ﬁj Tiupy >0 — 1

5 end

All the resulting inequalities are lifted, similarly to the case d = 1, by considering not
only the edges in the support graph G* but also the edges in the original graph G involved
in the subtour or the cut inequalities.

8.2.2 Separation of cover inequalities

We generalize in this section the heuristics for separating cover inequalities in the case
d =1 to tackle more budget constraints. The idea is to solve heuristically an interdiction
problem for each budget constraint ). _p wiz, < B, i =1,...,d. Consider a fractional
solution z* and its support graph G* = (V, E*). Recall that the goal is to compute a subset
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R' € E* satisfying the following conditions:

1. no spanning tree in G* = (V, E*\ R") satisfies the budget constraint ) _, wiz, < B,
and,

2. Y emTi <L

Let T* = (V, F*) denotes a spanning tree maximizing ) .. z; in G*. Algorithm
sorts the edges in EF*\F* in non decreasing w’ values and returns a maximal subset R’
satisfying condition (2).

Algorithm 35: Heuristic - Interdiction spanning tree problem
Data: G = (V,E), E*,w' € NI 2* ¢ [0;1]F1, T = (V, F)
L + Sort E*\F in a non-decreasing order of w?’;
J< L
Z + 0
rz < 0;
while j < |E*\F| do
if zz + 2*(L[j]) < 1 then
Z « ZU{L[l};
vz < xz+ x*(L[j]);
end
J=i+L
end
return G = (V, E*\ Z);

© o N O Ok~ W N o+

= R R
N R O

If G' satisfies conditions (1) and (2), then >, g\ pi Ze < |V|—21is a valid inequality that
cuts off *. The algorithm lifts it using Algorithm [14] and adds it to the model. Otherwise,
although there is a spanning tree in G* that satisfies the constraint > _, wiz. < B’, due to
the conflicts between the budget constraints, G* may not contain any solution that satisfies
simultaneously all the budget constraints. The following integer program, based on the
MTZ formulation, solves the related feasibility problem. We introduce a new variable
y € {0,1} such that y = 0 if there is at least one feasible solution in G*, y = 1 otherwise.
Although it is NP-hard to solve the feasibility problem, by choosing a particular objective
function, where M is a constant of high value (M > max{B’|:=1,...,d}), the following
ILP can be solved very fast in practice and can then be used as a subroutine. Solving the

ILP 1D1D ensures that the inequality » . p\ g @e < V| — 2 is valid in this case.
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min My (8.15)
sty wy =1, vj e V\{r}, (8.16)
ics—(j)
w —uj + |Vi]w,; < |V|—1, V(i,j) € A, g #, (8.17)
Ty + x5 <1, v{i,j} € E, (8.18)
> whz; — My < B, I=1,....d, (8.19)
ijeA
u < V] -1, Vi e V\{r}, (8.20)
w > 1, Vi e V\{r}, (8.21)
u, =0, (8.22)
y € {0,1}, (8.23)
z;; € {0,1}, VieV,jeV\{ir} (8.24)

The separation procedure is summarized in algorithm

Algorithm 36: Heuristic - Separation algorithm for cover inequalities
Data: G = (V,E),c € Rl w e N*IEl B e N z* € [0;1]/Z!

1 Let G* = (V, E*) be such that E* ={e € E | X > 0};

2 Let T* = (V. F) be the spanning tree maximizing > ..z} in G*;

3 fori=1,...,d do

a | if Y _,w! > B' then

5 7# Searching a subgraph of G* with no feasible solution

6 G' = (V,S) + Algorithm (G, E*,w', x*, T*);

7 Let 7% = (V, F") be the spanning tree minimizing ), wi in G
8 if Y . wl > B’ then

9 Lift the inequality x(S) < |V| — 2 using Algorithm

(G,w',B",G" = (V,S)) and add it to the model;

10 else

11 7# Solve the feasibility problem

12 Solve the ILP — related to G and let (z*,u*,y*) be the

optimal solution;

13 if y* =1 then

14 | Add the inequality z(S) < [V| — 2 to the model;

15 end

16 end
17 end
18 end
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8.3 Algorithm for the minimum d-budgeted spanning
tree problem

In this Section, we present an algorithm for the MdBSTP combining all of the previous
procedures.

Algorithm 37: Optimization procedure for MdBSTP

Data: G = (V,E),w € NPl ¢ ¢ R‘fl,B € N?
1 Build the Integer Linear Problem
min{} ", pcete | Socpte = V|- 1,3 cpwize < Bli=1,....d,x € {0,1}F};
2 # Add subtour constraints to the root
3 Run Algorithm 31| (G, ¢, w, B, lb, ub);
a4 # Calling the Branch-and-Cut algorithm
5 Solve the ILP by Branch-and-Cut, with the separation algorithm for subtour and
cover inequalities 38| (G, z*, w, ¢, B);

The final heuristic separation algorithm is given below. We set K = 40|V/|.

Algorithm 38: Separation algorithm for MdBSTP
Data: G = (V,E), z* € [0: 1]Fl,w € NIEl ¢ ¢ R'f‘,B € N?

1 Consider the subgraph G* = (V, E*) where E* = {e € E' | 2*(e) > 0};
2 if x* is integer then

s | Run Algorithm 32| (E,z*, G*)

4 else

5 if the total number of separation procedure is lower than K then
6 if there are p > 1 connected components in G* then

7 ‘ Run Algorithm (E, z*, G*);

8 else

9 Run Algorithm [34] (E, z*, G*);

10 Run Algorithm 36| (G, ¢, w, B, x*);

11 end
12 end
13 end

8.4 Computational experiments

The difficulty of the MdBSTP relies on the number d of budget constraints. In that sense,

we present a computational study with the values d = 2,5 and 10. For each edge ¢ € F,

the weights w!, i = 1,...,d follow a uniform law in [0 : 100]. We consider a correlated
d i

conflicting cost ¢, = 100 — Zi:le + a where a is a uniform random value in [0;20]. For

every instance, we fix the budgets B* = 40(|V| —1), i = 1,...,d. We consider the same

graph topologies as the d = 1 case (see section |7.1)). In order to illustrate the efficiency of
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Algorithm [37 we will compare its resolution time with the subtour and MTZ formulations
adapted from section 7.2l The results are presented in the following Tables, we used the
same metrics as section [7.0l

Table reports the performances of the three algorithms in instances Grid with
d = 2. Computational results show that our algorithm outperforms the subtour and
MTZ formulation in these instances. Similarly to the d = 1 case, the MTZ formulation
is dominated by the two other strategies and it times out after one hour for moderate
instances of 1000 nodes and higher (without even finding a feasible solution from 3000
vertices). The subtour formulation is systematically timed out from 3000 nodes (and fails
to find a feasible solution in one hour). Algorithm solves at optimality all but two
instances that timed out with a very small gap (0.0005%). Although the cost and weight
values generation is not the same as the d = 1 case, we manage to solve at optimality
higher instances for d = 2 than the d = 1 case.
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V] RTsr  NNst Gapsr | RTagn NNagg Gapagn| Rlurz NNyrz Gapurz

100 0.889 859 0 0.266 302 23.583 110336 0
100 1.022 1079 0.683 731 1.878 2962 0
100 2.268 2098 0.644 1185 1.393 3537 0
100 1.488 1917 0.672 1189 4.754 34703 0
100 0.435 307 0.957 1351 4.828 28897 0
500 20.776 2878 20.523 6199 34.549 33713 0
500 11.957 713 5.421 1241 225.222 349287 0
200 6.655 438 1.136 264 270.629 342243 0
500 9.219 1590 2.368 1042 468.848 677974 0

500 13.411 2213 7.667 1867 3600.000 2965193  0.0085

1000 | 151.757 1848
1000 | 102.947 1127
1000 | 77.604 1116
1000 | 273.447 1544
1000 | 105.849 1345

12.741 1377
25.892 2529
35.888 2737
21.140 1407
18.794 2134

3600.000 2007514  0.0107
3600.000 1887212 0
3600.000 1371863 +0o0
1140.635 597926 0
3600.000 1436283 +00

3600.000 1307596  0.0456
3600.000 1982254  0.0870
3600.000 1746118  0.0637
3600.000 1457059 +0o0

3600.000 1634017  0.0454

1500 | 593.396 1502
1500 | 568.123 2160
1500 | 407.213 1302
1500 | 587.617 1658
1500 | 412.148 4881

40.545 2587
20.160 1392
28.019 2188
83.645 3867
64.281 3658

3600.000 1064432  0.1045
3600.000 856524  0.1156
3600.000 1147023  0.1207
3600.000 975460 +00

3600.000 1003478  0.1508

2000 | 2659.903 1058
2000 | 1919.369 5476
2000 | 1665.449 1030
2000 | 3067.207 1071 305.287 8632
2000 | 1759.328 2292 141.031 3010

273.213 8113
65.705 2882
194.746 9678

S OO OO DD OO OO OO OO OO o0 o0 oo oo

3000 | 3600.000 1158 +00 158.477 3081
3000 | 3600.000 715 +00 905.855 9843
3000 | 3600.000 905 +00 812.016 7374
3000 | 3600.000 1106 +o00 364.876 2036 3600.000 164501 +o0
3000 | 3600.000 1045 +00 945.676 9166 3600.000 278018 +00

3600.000 137630 +00
3600.000 164364 +0o0
3600.000 210708 +oo

O OO OO OO OO DO DD OO OO OO OO oo oo o0 o oo o oo

o

4000 | 3600.000 5336 +oo | 3600.000 21832 0.0005 | 3600.000 104946 +00
4000 | 3600.000 5207 +oo | 3600.000 10823 0.0005 | 3600.000 104513 +00

4000 | 3600.000 869 +oo | 1215.001 6930 0 3600.000 110846 +00
4000 | 3600.000 745 +o00o 346.391 3219 0 3600.000 103008 +o0
4000 | 3600.000 803 +oo | 2313.501 12822 0 3600.000 110853 +o0

Table 8.1: Instances Grid with d = 2
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Table shows that Algorithm [37] also outperforms the other algorithms on instances
Grid with d = 5. Note that combining the Grid topology and the 5 budget constraints
often leads to infeasible instances, therefore for these instances, we set the budgets to
B =50(|V|—1), Vi=1,...,d (instead of 40(|[V'| — 1). Table [8.2| shows that the subtour
and MTZ formulations are systematically timed out in instances with even 300 nodes.

Algorithm [37] solves instances up to 600 vertices.

V|| RTsr NNgr Gapsr | RTagg NNagg Gapagn| RTurz  NNurz  Gapurz
100 | 12.049 6852 0 12.884 6328 0 786.616 4231268 0
100 | 59.112 78204 0 17.534 172928 0 3600.000 20248990  0.0017
100 | 153.994 222762 0 15.357 147668 0 341.355 1057279 0
100 | 31.491 44736 0 9.017 54095 0 1253.631 3023104 0
100 | 39.876 67743 0 12.571 90900 0 71.500 277286 0
200 | 1261.865 1012659 0 109.580 1079894 0 3600.000 3267166 0.1282
200 | 3600.000 2598154 0.0282 | 229.230 2205142 0 1800.112 4317842 0
200 | 2997.634 1597072 0 704.211 2941995 0 3600.000 4124249 0.0421
200 | 1074.119 723211 0 106.008 722766 0 3600.000 11127094  0.1551
200 | 657.371 338948 0 53.813 274745 0 1427.989 2436301 0
300 | 3600.000 1303033 0.0187 | 1521.693 3527060 0 3600.000 4260219 0.0094
300 | 3222.526 1410422 0 260.352 2318920 0 3600.000 4898259 0.0057
300 | 3600.000 965446 0.0188 | 275.0565 1735909 0 3600.000 7656042 0.1220
300 | 3600.000 1423852 0.0985 | 189.412 768207 0 3600.000 4403862 0.0038
300 | 3600.000 1274862 0.4530 | 205.920 1331733 0 3600.000 5007462 0.0149
400 | 3600.000 1422916 0.0142 | 915.761 5317597 0 3600.000 3312405 0.1048
400 | 3600.000 473016 0.0282 | 323.467 1536833 0 3600.000 6073722 0.1064
400 | 3600.000 1342856 0.0750 | 434.521 2394931 0 3600.000 4050489 0.1023
400 | 3600.000 1228904 0.0258 | 1042.158 74914010 0 3600.000 2235016 0.1770
400 | 3600.000 807553 0.1407 | 371.759 1687687 0 3600.000 3770183 0.0328
500 | 3600.000 749130 0.0114 | 671.609 4309429 0 3600.000 2930713 0.0685
500 | 3600.000 1258173 0.0113 | 950.808 4766911 0 3600.000 2961623 0.0397
500 | 3600.000 875053 0.0230 | 279.146 634515 0 3600.000 3142007 0.0845
500 | 3600.000 993007 0.0751 | 518.824 2155709 0 3600.000 2881056 0.1051
500 | 3600.000 946077 0.0113 | 754.515 1959318 0 3600.000 3303484 0.0155
600 | 3600.000 728132 0.0142 | 3600.000 11993124  0.0047 | 3600.000 2273927 0.0285
600 | 3600.000 309474 0.0237 | 1228.054 7617825 0 3600.000 2543452 0.0522
600 | 3600.000 525718 0.0227 | 913.463 6145719 0 3600.000 2201379 0.0684
600 | 3600.000 398007 0.1217 | 3600.000 20708921  0.0095 | 3600.000 2890521 0.0423
600 | 3600.000 667089 0.0182 | 3600.000 6060610 0.0095 | 3600.000 2220563 0.1671

Table 8.2: Instances Grid with d =5

Table[8.3|reports the performance of the three algorithms in instances Grid with d = 10.
Similarly to the d = 5 case, we set B* = 50(|V| — 1), i = 1,...,d for these instances.
Algorithm succeeds in solving more instances with 100 vertices than the two other
algorithms. Although Algorithm [37] times out for instances with 100 or 200 nodes, it ends
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with the smallest gap after one hour of computation.

VI | RTsr NNgsr  Gapsr | RTagn NNagn Gapagn| RTurz  NNurz  Gapurz
100 | 3600.000 3631954 0.2501 | 3600.000 33803089  0.1945 | 3600.000 5350463 0.5276
100 | 1650.030 1670188 0 382.222 2619584 0 3600.000 6428532 0.0551
100 | 3600.000 3972023 0.1117 | 1875.396 18458826 0 3439.252 7936247 0
100 | 3600.000 2694018 0.1381 | 1804.286 17522451 0 3600.000 6197738 0.2486
100 | 3600.000 2694018 0.2722 | 3600.000 40161704 0.1634 | 3600.000 7075803 0.2178
200 | 3600.000 1040893 0.2537 | 3600.000 7152466 0.0970 | 3600.000 6658415 0.2960
200 | 3600.000 636136 0.2117 | 3600.000 10412660  0.0985 | 3600.000 4231075 0.0989
200 | 3600.000 1030925 0.1955 | 3600.000 10113714 0.1560 | 3600.000 41241243 0.2931
200 | 3600.000 754284 0.2108 | 3600.000 10330309 0.1370 | 3600.000 3766655 0.3789
200 | 3600.000 847503 0.2018 | 3600.000 10131788 0.1965 | 3600.000 3891742 0.3452

Table 8.3: Instances Grid with d = 10

Tables [8.1] and show that increasing the number of budget constraints makes
the budgeted problems more difficult to solve in instances Grid. Indeed, with d = 2 Algo-
rithm [37 manages to solve instances up to 4000 nodes, it solves instances up to 600 vertices
when d = 5 and instances with 100 nodes with d = 10.

Table[8.4|reports the computational results of the three algorithms in random geometric

instances Geom with d = 2.
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\4 RTsr  NNst Gapsr | RTagn NNagg Gapagn| Rlurz NNyrz Gapurz
100 3.271 2379 0 0.951 949 0 25.554 49583 0
100 3.865 5536 0 1.432 2985 0 3600.000 5631226  0.0695
100 0.941 1322 0 1.399 3255 0 1838.128 3172724 0
100 0.302 206 0 0.385 189 0 37.721 61854 0
100 0.220 115 0 0.124 15 0 13.721 61854 0
500 108.559 6951 0 5.304 704 0 3600.000 2568811  0.0983
500 49.760 2882 0 10.180 1577 0 3600.000 2970861  0.0465
500 160.881 15390 0 12.369 2145 0 3600.000 2516706  0.0657
500 62.442 2377 0 8.974 1356 0 2334.679 1831969 0
500 24.745 1326 0 10.982 1570 0 3600.000 2679375  0.0453
1000 | 1084.856 1032 0 77.343 3937 0 3600.000 913814 0.1393
1000 | 605.096 1034 0 55.956 2348 0 3600.000 1205889  0.1263
1000 | 404.821 840 0 36.218 1620 0 3600.000 963875 0.1425
1000 | 383.090 1045 0 115.552 3986 0 3600.000 1072659  0.1254
1000 | 830.049 9282 0 55.360 2107 0 3600.000 1132409 0.0631
1500 | 2781.302 1041 0 270.703 8437 0 3600.000 340889 +o0
1500 | 3600.000 1453 0.2130 | 101.281 1620 0 3600.000 333133 +00
1500 | 2876.916 1065 0 196.167 3500 0 3600.000 297810 +00
1500 | 3600.000 1060 +00 1090.477 15169 0 3600.000 370540 +0o0
1500 | 2964.898 1386 0 142.272 2807 0 3600.000 337859 +o0
2000 | 3600.000 586 +00 2637.661 31124 0 3600.000 254619 +00
2000 | 3600.000 994 +00 455.537 4530 0 3600.000 189005 +o0
2000 | 3600.000 1037 +00 622.820 8019 0 3600.000 297820 +o00
2000 | 3600.000 3873 +00 1379.325 9863 0 3600.000 218732 +0o0
2000 | 3600.000 4006 +00 1280.786 14947 0 3600.000 224907 +0o0
2500 | 3600.000 3797 +00 642.091 4172 0 3600.000 144553 +00
2500 | 3600.000 1095 +00 1327.843 9703 0.0176 | 3600.000 97070 +0o0
2500 | 3600.000 4273 +00 1347.073 8292 0 3600.000 110276 +00
2500 | 3600.000 3712 +00 1499.109 11502 0 3600.000 137801 +o0
2500 | 3600.000 1218 +00 3600.000 13027 0.0027 | 3600.000 98643 +o00
3000 | 3600.000 6539 +00 3600.000 9032 0.0116 | 3600.000 50386 +o0
3000 | 3600.000 1180 +00 1537.256 4715 0 3600.000 72876 +o00
3000 | 3600.000 1045 +00 3600.000 5917 0.0996 | 3600.000 64238 +00
3000 | 3600.000 2461 +00 3600.000 9319 0.0047 | 3600.000 54027 +00
3000 | 3600.000 6270 +00 3600.000 13045 0.0008 | 3600.000 60487 +00

Table 8.4: Instances Geom with d = 2

Similarly to the d = 1 case, the MTZ formulation is systematically timed out from
instances with 500 nodes (and it doesn’t find any feasible solution from 1500 vertices).
The subtour formulation is also systematically timed out from 2000 nodes with no feasible
solution found. Algorithm [37] outperforms the two other strategies, and solves at optimal-
ity instances up to 3000 nodes.

Table [8.9] illustrates the efficiency of Algorithm [37]in instances Geom with d = 5. The
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subtour and MTZ formulations are timed out with even 200 nodes, whereas Algorithm
solves instances up to 300 vertices.

V|| RTsr NNgsr  Gapsr | RTagna NNagng Gapagn| BRTurz  NNurz  Gapurz
100 | 1093.873 1129025 0 120.889 1390678 0 3600.000 5906048  0.1587
100 | 74.490 51216 0 10.124 39769 0 194.767 509169 0
100 | 152.897 294856 0 24.070 274929 0 1166.091 3214108 0
100 | 1867.197 2152873 0 150.861 1680861 0 3600.000 6008794  0.2875
100 | 853.892 736934 0 64.554 720721 0 3600.000 15650971  0.6684
200 | 3600.000 1709405 0.0454 | 1478.325 10509288 0 3600.000 6141022  0.2158
200 | 3600.000 1173927 0.0670 | 934.776 2981808 0 1976.903 3514911 0
200 | 3600.000 1919725 0.0341 | 1263.279 10665128 0 3600.000 4040132  0.1591
200 | 3600.000 1997980 0.0437 | 168.654 1144784 0 3600.000 8856269  0.1028
200 | 3600.000 1631447 0.0115 | 962.769 3645021 0 3600.000 6070001  0.1491
300 | 3600.000 474461 0.0382 | 3600.000 18648682  0.0152 | 3600.000 3624735  0.0229
300 | 3600.000 789822 0.0380 | 3600.000 14319962 0.0076 | 3600.000 2865031  0.0988
300 | 3600.000 1258732 0.0379 | 3600.000 7043941  0.0153 | 3600.000 2976689  0.0379
300 | 3600.000 816727 0.0230 | 344.562 1462993 0 3600.000 3015517  0.1685
300 | 3600.000 704558  0.0223 | 3600.000 8584058  0.0076 | 3600.000 2823992  0.2156
Table 8.5: Instances Geom with d =5
Table shows that Algorithm [37] dominates the other strategies in Geom instances
with d = 10. No instance with 100 nodes has been solved at optimality by the three
algorithms, but Algorithm [37] ends with the smallest gap.
V|| RTsr NNsr  Gapst | RTagn  NNagn Gapaggn| Rlurz  NNurz  Gapurz
50 | 1189.158 1148 0 278.819 3762240 0 2391.143 7398552 0
50 | 3600.000 3853373 1.0022 | 1456.352 16676370 0 3600.000 5485777  0.8279
50 | 306.503 452049 0 199.183 2117266 0 766.603 7401415 0
50 | 2379.681 4246194 0 219.572 3490999 0 2887.005 19452343 0
50 | 230.609 604412 0 291.114 3137978 0 3600.000 24065727 +00
100 | 3600.000 2184243 0.9880 | 3600.000 9127073  0.4895 | 3600.000 14008877 +00
100 | 3600.000 1278937 0.9640 | 3600.000 23809649  0.4086 | 3600.000 5024198  0.4946
100 | 3600.000 1751694 400 | 3600.000 18281446  0.9941 | 3600.000 11937012 +00
100 | 3600.000 3454212 0.7002 | 3600.000 20165609  0.4042 | 3600.000 12401046  1.0807
100 | 3600.000 2184214 0.9644 | 3600.000 14538856  0.4843 | 3600.000 6121921  0.5264

Table 8.6: Instances Geom with d = 10

Similarly with the Grid topology, Tables[8.4], [8.5] and [8.6]show that increasing the num-
ber of budget constraints makes instances more difficult to solve. In the Geom topology,
we manage to solve instances up to 3000 vertices with d = 2, 300 nodes with d = 5, while
we solve instances with 50 vertices with d = 10.
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Table [R.7 shows the results in random dense instances Rand with d = 2.

|V’ RTst NNsr Gapsr RTAZ NN AlgaT] GGPAl RTvirz NNyrz Gapurz
100 11.989 3308 0 1.226 76 0 1.543 1113 0
100 6.904 1251 0 0.885 35 0 0.649 1 0
100 2.967 1117 0 0.871 78 0 0.620 1 0
100 0.606 94 0 0.898 41 0 1.136 1 0
100 6.133 1509 0 7.496 2273 0 1.199 1 0
300 | 584.320 25484 0 365.841 3905 0 12.158 37 0
300 | 3600.000 69879 0.1099 | 620.490 29565 0 5.871 1 0
300 | 522.665 3701 0 373.985 7802 0 10.869 1 0
300 | 373.316 4841 0 285.586 2631 0 16.689 3023 0
300 | 311.428 2225 0 152.893 961 0 10.589 1349 0
500 | 3600.000 4304 +00 3600.000 2282 +00 19.041 1 0
500 | 3600.000 4329 +00 3600.000 2325 +00 22.153 1 0
500 | 3600.000 4907 +00 3600.000 2299 +00 18.003 1 0
500 | 3600.000 4323 400 3600.000 2186 +00 22.089 1 0
500 | 3600.000 4479 +00 3600.000 2325 +00 16.376 1 0

Table 8.7: Instances Rand with d = 2

Similarly to the d = 1 case, random graphs appear to be particularly challenging, as
both the subtour strategy and Algorithm are timed out after one hour and did not
manage to find a feasible solution on graphs with even 500 nodes. However, the MTZ
formulation solves these instances at the root node in seconds. Recall that the MTZ for-
mulation is also very effective when d = 1.

Table [8.8] shows that Algorithm dominates the MTZ formulation when d = 5.
Algorithm [37] solves instances Rand up to 100 nodes whereas the two other algorithms are
timed out after one hour.

VI | RTsr NNgsr  Gapsr | RTagg NNagy Gapaugn| RTurz  NNurz Gapurz
50 | 1992.168 3785517 0 48.935 1035506 0 3600.000 28285041 0.1997
50 | 3600.000 4581780 0.0502 | 724.345 15096146 0 3600.000 18807896  0.2505
50 | 1055.502 1314188 0 63.428 1548164 0 193.310 1048555 0
50 | 3600.000 6338949 0.1003 | 1777.005 48298607 0 3590.205 30254315 0.2384
50 | 2300.577 3287805 0 122.529 2858813 0 2559.374 17347043 0
100 | 3600.000 1743982 0.0501 | 3600.000 45793886  0.0251 3600.000 10626992 0.0251
100 | 3600.000 2541105 0.1257 | 422.723 6257926 0 3600.000 5811095 0.1006
100 | 3600.000 2158927 0.0755 | 1527.458 19645302 0 3600.000 8714045 0.0504
100 | 3600.000 1667746 0.0503 | 3600.000 26110318  0.0252 3600.000 11935592  0.0503
100 | 3600.000 3076019 0.0758 | 515.755 2779656 0 3600.000 9821584 0.0506

Table 8.8: Instances Rand with d =5

Table illustrates the difficulty of instances Rand with d = 10. Only one instance
with 30 nodes has been solved to optimality. Although the algorithms are timed out after
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one hour for most

instances, Algorithm ends with smaller gaps than the two other

strategies.
V|| RTsr NNsr  Gapsr | RTagn NNagn Gapagn| Blurz NNurz  Gapurz
30 | 3600.000 6487976 1.4218 | 3600.000 67817193  0.3167 | 3600.000 28001423  0.5542
30 | 3600.000 5173073 1.5813 | 233.168 4689614 0 1428.273 5334697 0
30 | 3600.000 6083729 2.6758 | 3600.000 42766175  1.3097 | 3600.000 23738907  1.6910
30 | 3600.000 5855849 1.3077 | 3600.000 72920013  0.6154 | 3600.000 24333012  0.9231
30 | 3600.000 6157800 1.6667 | 3600.000 64764523  0.6309 | 3600.000 20324634  1.1820
Table 8.9: Instances Rand with d = 10
Similarly with the Grid and Geom topologies, Tables [8.7] and show that in-
creasing the number of budget constraints makes Rand instances more difficult to solve.
We manage to solve instances up to 500 vertices with d = 2, 100 nodes with d = 5, while
we solve instances with 30 vertices with d = 10.
The following Tables [8.10, [8.11] and [8.12] report the average separation time (ST,
number of separated inequalities (NC') and number of nodes (NN) in the branching tree
for the subtour formulation and Algorithm Note that for Algorithm we divide
the separated inequalities in two categories; NC(ST') related to spanning tree inequalities,
separated by Algorithms [32] B3] and 4] and NC/(C) associated with the cover inequalities
separated by Algorithm [36] We also give the average number of nodes for the three
algorithms.
d |V| STST NCST NNST STA[ NCA[(ST) NCA[(C) NNA[ NNMTZ
2 | 100 0.76 866 662 0.47 100 330 952 76631
2 | 500 | 14.54 6001 2592 6.26 347 1208 2123 1150407
2 11000 | 53.68 17012 3839 18.24 681 1152 2189 2068852
2 | 1500 | 527.18 69709 1545 29.74 1193 2940 2738 960478
2 12000 | 936.96 88487 1028 133.05 1306 3074 5663 277704
2 13000 | 1734.61 90150 3030 262.33 3045 6685 6900 141829
2 14000 | 1734.85 65843 3001 655.98 4906 7127 11125 74823
5 | 100 3.36 3011 144512 8.67 132 655 94384 531496
51 200 | 13.11 7033 1174915 | 34.78 292 1292 1444908 | 4466101
51 300 | 21.66 11533 1275523 | 65.75 159 1910 1936366 | 5245169
5 | 400 | 30.13 14856 4837015 | 95.62 511 2568 17170212 | 3168258
5 | 500 | 45.15 18512 1042966 | 168.42 403 3222 2389149 | 2595528
5 | 600 | 55.84 22439 684258 | 243.27 792 3917 10505240 | 1761380
10 | 100 4.75 3399 2864295 | 201.03 108 805 19541444 | 5372252
10 | 200 | 13.73 8752 1025241 | 765.40 163 1320 9628287 | 4888444

Table 8.10: Statistics on instances Grid
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d |V| STST NCST NNST STAl NCAZ(ST) NCAZ(C) NNAl NNMTZ
2 | 100 0.56 519 1406 0.52 113 591 1479 4485057
2 | 500 | 14.77 9487 2051 7.79 1857 2148 1538 2513544
2 | 1000 | 165.90 40945 1647 37.77 3145 1629 2780 1057729
2 | 1500 | 349.02 128572 1201 102.97 2587 985 6307 347562
2 | 2000 | 584.31 77580 1586 257.70 6194 3725 13697 212763
2 | 2500 | 746.95 624810 5049 314.76 7248 2007 9339 103248
2 | 3000 | 780.62 55483 4016 324.86 13380 2609 8406 61348
5 | 100 3.03 3132 1509832 | 10.08 104 642 821392 8237607
5 | 200 9.24 7243 1530419 | 40.69 154 1309 6989206 | 5808224
5 | 300 | 10.68 6687 1403744 | 228.37 403 1957 10017927 | 4463209
10 | 50 3.31 1393 3917606 | 63.38 104 326 5836971 | 12716714
10 | 100 5.88 3107 2082105 | 226.56 163 657 17184527 | 11973261

Table 8.11: Statistics on instances Geom

d |V| STST NCST NNST STAZ NC’AI(ST) NCAI(O) NNAl NNMTZ

2 | 100 | 1.95 2049 1237 1.77 103 208 661 4351

2 | 300 | 46.48 12640 23423 105.74 10585 868 8973 4537

2 | 500 | 246.20 4740 4147 125.59 7033 0 2126 1

5 | 50 8.39 1518 4727536 8.94 104 325 13767447 | 1691046

5 1100 | 5.13 3430 2155418 | 22.25 275 641 20117418 | 8093295
10 | 30 3.90 824 6494380 | 47.81 42 200 50591504 | 18986751

Table 8.12: Statistics on instances Rand

The results show that the number of nodes in the branching tree of the subtour for-
mulation and Algorithm [37] explodes in the d = 5,10 cases, contrarily to the d = 2 case.
Recall that for the three topologies, we manage to solve higher instances for the smallest
value of d.

Moreover, in the d = 2 case the subtour formulation has a higher total separation time
than Algorithm [37] but when d = 5,10 we have the opposite as we run a procedure for
every budget constraint in Algorithm [36]

Contrarily to the d = 1 case where most separated inequalities in Algorithm are
spanning tree’s inequalities, the majority of separated inequalities in Algorithm [37] are in-
equalities in the intersection of both the spanning tree and the multi-knapsack problems,
especially for the higher values of d.

Tables [8.13] [8.14] and [8.15] give the resolution time of Algorithm [31] and the quality of

the computed solution T = (V, F™¥).

The latter is illustrated by the ratio

ZEEF* Ce o 1
ZEEF’ Ce

where 7" = (V, F’) is an optimal solution of the related MdBSTP. In the case where no
feasible solution has been found, we denote +o0.
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d| |V| | Time (s) Ratio (%) || d | |V| | Time (s) Ratio (%)
2| 500 0.097 0.0009 2 | 4000 1.402 0.0002
21 500 0.071 0.1456 2 | 4000 1.172 0.0020
2|1 500 0.069 0.1687 2 | 4000 0.896 0.0005
2| 500 0.067 0.0275 2 | 4000 0.958 0.0002
2| 1000 0.153 0.0022 5 | 500 0.132 0.0103
2| 1000 0.156 0.0009 5 | 500 0.111 0.0448
2 | 1000 0.151 0.0007 5 | 500 0.104 0.0405
2 | 1000 0.161 0.1612 5 | 500 0.113 0.0558
2 | 1500 0.238 0.1708 5 | 1000 5.365 0.0123
2| 1500 0.246 0.0030 5 | 1000 0.253 0.0346
2| 1500 0.240 0.0003 5 | 1000 0.218 0.0381
2| 1500 0.274 0.0009 5 | 1000 0.218 0.0364
2| 2000 0.331 0.1805 10 | 100 0.028 0.2491
2| 2000 0.325 0.1581 10 | 100 0.034 0.1566
2| 2000 0.331 0.1664 10 | 100 0.029 0.2303
2| 2000 0.340 0.0006 10 | 100 0.032 0.2144
2| 3000 0.786 0.1715

2 | 3000 0.588 0.0011

2| 3000 0.682 0.0011

2| 3000 0.594 0.0007

Table 8.13: Statistics on instances Grid

d| |V| | Time (s) Ratio (%) || d | |[V| | Time (s) Ratio (%)
2| 500 0.173 0.0040 2 | 3000 2.142 0.0169
2| 500 0.151 0.0252 2 | 3000 1.860 0.0097
2| 500 0.146 0.0122 2 | 3000 2.028 0.0010
2| 500 0.139 0.0052 2 | 3000 1.920 0.0022
2 | 1000 0.533 0.0067 5 | 100 0.033 0.1873
2| 1000 0.336 0.0016 5 | 100 0.053 0.0239
2 | 1000 0.319 0.0017 5 | 100 0.036 0.1809
2 | 1000 0.336 0.0005 5 | 100 0.045 0.2322
2 | 1500 0.643 0.0008 5 | 9500 0.306 0.0678
2 | 1500 0.638 0.0057 5 | 500 0.253 0.0606
2 | 1500 0.702 0.0086 5 | 500 0.976 0.0261
2 | 1500 0.552 0.0089 5 | 500 0.224 0.0584
2 | 2000 1.043 0.0109 10 | 50 0.036 0.0835
2| 2000 1.084 0.0013 10 | 50 0.061 +00
2| 2000 1.312 0.0048 10 | 50 0.033 0.1221
2 | 2000 0.968 0.0142 10| 50 0.033 +00

Table 8.14: Statistics on instances Geom
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V| | Time (s) Ratio (%)
500 11.803 0.1349

500 10.697 0.1396 100 0.442 0.0219
500 11.976 0.0571 100 0.399 0.0587
500 10.935 0.1358 5 | 100 0.394 0.0554
1000 | 48.778 0.3338 10 | 30 0.051 0.2617
1000 | 49.989 0.3029 10 | 30 0.047 0.2635
1000 | 51.424 0.3079 10 | 30 0.043 0.2509
1000 | 48.896 0.3687 10 | 30 0.047 0.2773

V| | Time (s) Ratio (%)
100 0.359 0.0186

Tt Ot O

NN NN DN NN

Table 8.15: Statistics on instances Rand

The results show that Algorithm is very fast, especially in instances Grid and
Geom. Moreover, the ratios illustrate the good quality of the feasible solution found by
the heuristic algorithm. Although those solutions are close to an optimal solution, using
them as MIP Start as in the d = 1 case is not efficient in practice. Notice that they can
be used as MIP Start for instances Rand with d = 2 as no feasible solutions are found in
one hour on instances with 500 nodes.
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Conclusion and future works

In this thesis, we have proposed an exact extended formulation for the 1BSTP based
on matroid intersection and disjunctive programming. By carefully selecting rays of the
projection cone, we generate valid inequalities that are added to strengthen the linear
relaxation. We incorporate the projection technique in a Branch-and-Cut algorithm and
computational experiments show that our procedure outperforms state of the art algo-
rithms. The major difficulty to devise strong valid inequalities is to exploit both the
spanning tree and the knapsack polytopes. As a future work, it would be interesting to
generate more complex rays that yield deeper cuts. The running time to generate these
rays and exploit them not only at the root but also during the course of the Branch-and-
Cut is an issue. The exponential size of the exact formulation makes it difficult to generate
efficiently "good" rays to cut off fractional solutions. An important extension of this work
is to devise a good approximation of the convex hull based on a smaller size extended
formulation and exploit it to efficiently generate cuts.

Adding more budget constraints makes the problem difficult to solve. We adapt our
Branch-and-Cut algorithm to the dBSTP problem and give computational experiments
showing that our algorithm outperforms generic ones. Exploiting the conflicts between
the knapsack constraints and carefully aggregating them to exploit our techniques for the
1BSTP would be an interesting research issue.

We propose an integer formulation for the MdBSTP when the graph is a cactus. As
future work, it would be of interest to extend those results on any graph depending on
their treewidth.

Finally, it would be also interesting to consider other network problems subject to one
or more knapsack constraints and exploit this relation between a well-structured problem
and a volatile problem in order to obtain efficient algorithms.
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Appendix 1

Given a spanning tree "= (V| F') and an edge e € E\F, finding the unique cycle created
by adding e to T', and swapping e with an edge in this cycle are subroutines of several of
our algorithms. By considering a particular structure, we manage to perform swaps very
quickly in practice. We construct an arborescence 7" = (V, A) related to T, where a sink
s € V of T" is arbitrarily chosen. In order to obtain the cycle created by adding e = uv to
T, we consider the directed s — v and s — v— paths in 7”7 and delete all arcs in common
in these two paths. The procedure is effective in practice as we may not explore all the
graph. Notice that if one performs a swap of uv with an edge in the created cycle, updating
the related arborescence can be done by exploring only the arcs that belong to the cycle.
Figure illustrates this implementation idea.

Figure 10.1: Example of an arborescence where F is the sink. The cycle induced by adding
the edge DE can be found by considering a small part of the entire graph.
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In Table [I0.1] we compare the resolution times of the subtour Algorithm [I7] with a Branch-
and-Cut based on the cut formulation ([3.9)-(3.12) for the M1IBSTP. The results show that
Algorithm outperforms the cut formulation. The latter times out after one hour for
moderate sized instances of the three topologies. The number of nodes in the branching
tree of the cut formulation is systematically higher than the one of the subtour formulation.

Instance | |V| RTsr NNgr Gapst | Rlcw NNcw  Gapcous
Igria 250 0.322 100 0 36.129 62718 0
Iowa | 250 | 0.493 158 0 111.676 224112 0
Iaria 250 0.920 450 0 3600.000 3810817 0.0530
Iaria 250 0.674 188 0 20.248 8135 0
Iaria 500 5.070 485 0 3600.000 764874  0.1911
Icria 500 4.867 297 0 3600.000 684806  0.1918
Igria 500 4.669 415 0 3600.000 673566 +00
Icria 500 5.112 400 0 3600.000 800491 +o00
Iceom | 250 0.725 161 0 3600.000 2031016 0.0872
Iceom 250 1.393 285 0 3600.000 440125  0.4966
Iceom 250 1.143 269 0 3600.000 1621999 0.0384
Iceom 250 2.097 195 0 71.484 91054 0
Iceom 500 20.435 358 0 3600.000 282660 +00
Iceom 500 16.121 374 0 3600.000 306135 +00
Igeom | 500 | 28.264 456 0 3600.000 298445 +00
Igeom | 500 | 14.183 373 0 3600.000 307859 +00
Iruna 250 53.880 749 0 249.621 12007 0
Ipana | 250 | 27.731 1103 0 597.910 20596 0
Trand 250 8.151 319 0 193.522 3719 0
Irona 250 | 33.984 1270 0 1186.881 7430 0
Irona 500 | 3600.000 4303 400 | 3600.000 2522 +00
Iruna 500 | 3600.000 3942 +o00 | 3600.000 2994 +00
Iruna 500 | 3600.000 4048 400 | 3600.000 2253 400
IRana | 500 | 2915.758 2973 0 3600.000 2816 +00

Table 10.1: Comparison between the subtour and the cut formulations for the M1BSTP.
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In Table[I0.2] we compare two variants of separation algorithm for the subtour inequalities
based on [59] for the MIBSTP. The first one, Algorithm [2| adds only the most violated
valid inequality at every call and the second one, Algorithm [18] adds every encountered
violated inequalities. The results show that adding several violated inequalities performs
better in practice.

Instance |V| RTAZQ STAZQ NNAlg RTAZg STAZQ NNAlg
IGria 200 21.509 20.15 833 3.673 2.78 331
Icria 500 11.987 10.95 737 2.887 1.92 271
IGria 500 14.979 13.91 739 1.947 1.34 218
Icria | 500 | 14.651 13.18 729 5.256 3.38 300
IGria 1500 | 2697.437 1450.93 6574 1110.847 304.35 1150
IGrig 1500 | 1387.073 1049.58 5926 204.007 61.44 764
IGria 1500 | 3276.304  2225.72 6341 827.897  190.46 731
Icria 1500 | 2080.821 1662.21 5226 357.843  102.09 733
Igeom 500 34.186 30.40 1047 19.281 8.17 209
IGeom 200 88.974 65.58 1151 35.667 11.17 087
IGeom 500 20.945 17.10 815 9.374 4.18 316
Tceom | 500 | 37.724 30.71 1026 14.317 4.42 471
IGeom 1000 | 3600.000  924.61 9511 385.189 52.90 907
IGeom 1000 | 1664.293  839.34 6184 303.118 48.04 685
Igeom 1000 | 2239.241 1335.02 5988 240.958 51.34 743
IGeom | 1000 | 3600.000 1530.67 9573 535.795 77.95 773
TRand 300 380.760 52.92 3514 295.021 39.81 1953
I Rand 300 | 138.916 24.58 1746 167.175 24.87 1952
Trana | 300 | 66.828  17.40 1294 91.348 18.98 1430
IRand 300 145.625 27.72 2095 136.662 28.30 2362
IRand 500 | 3494.806  354.54 2673 2445.293 291.16 3917
Irand 500 | 1736.621 212.40 3596 3600.000  230.32 2970
IRand 500 | 3600.000  296.21 5112 3531.116  244.39 3363
TRand 500 | 3600.000  335.64 0222 1882.832  260.04 4862

Table 10.2: Comparison between subtour separation algorithms for the M1BSTP.
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Appendix 4

In Table we compare two upper bound values of K, 20|V| and 40|V|, on the number of
separated inequalities added to the model by Algorithm [1§| for the M1BSTP. The results
show that setting K = 40|V| performs better in practice. By setting K = 20|V, the
algorithm (denoted by ST'20) does not even manage to find a feasible solution in one hour
for several huge instances.

Instance |V| RTSTQO NCSTQO NNSTQO GapSTQQ RTST NCST NNST GCLpST
Icria 1000 | 132.072 16967 519 0 130.145 16967 019 0
Icria 1000 | 226.919 20103 1370 0 220.399 23645 818 0
Icria 1000 87.769 13821 565 0 86.285 13821 565 0
Icria 1000 | 275.189 20121 1172 0 210.428 21581 560 0
Icria 1500 | 295.156 23608 678 0 295.106 23608 678 0
IGria 1500 | 678.689 30107 2071 0 604.989 34827 827 0
IGrid 1500 | 2219.563 30130 17254 0 838.782 37220 767 0
Icria 1500 | 382.872 28267 578 0 382.121 28267 o278 0
IGrid 2000 | 1179.109 40127 1447 0 2074.972 51695 1146 0
Icria 2000 | 3600.000 40703 4775 ~+00 2643.512 66836 925 0
Icria 2000 | 3600.000 40233 3700 400 3600.000 79089 1284  0.2258
Icria 2000 | 3600.000 40485 2950 400 3600.000 80017 796  0.2383
IGeom 1000 | 313.655 20018 1152 0 220.351 20273 1061 0
IGeom 1000 | 272.188 20031 662 0 271.754 20379 610 0
Igeom 1000 | 312.692 18986 822 0 312.050 189.86 822 0
IGeom 1000 | 711.487 20102 2946 0 374.445 21932 719 0
IGeom | 1500 | 3600.000 30423 59254 +o00o 3600.000 54762 1074 0.1758
IGeom | 1500 | 3600.000 30444 5159 400 1167.476 44937 1023 0
IGeom 1500 | 3600.000 30078 4821 ~+00 1852.831 40777 1023 0
IGeom 1500 | 3600.000 30510 5169 400 3472.961 50664 920 0
I Rand 500 | 1891.304 9979 2893 0 1889.523 9978 2893 0
I Rand 500 | 3600.000 1035 0337 400 3600.000 19929 3027 0.0215
I Rand 500 | 3600.000 9887 5101 —+00 3600.000 13858 3234 0.1076
TRand 500 | 3600.000 10001 o176 ~+00 3600.000 19997 3603 +00

Table 10.3: Comparison of the subtour formulation with K = 20|V| and K = 40|V| for
the M1BSTP.
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Appendix 5
In the following, we compare several MTZ based formulations to obtain the best compact

competitor for our M1BSTP algorithm. The MTZ formulation, that will be denoted by
M, is given by:

min Z Ci jLij (101)

ijeA

sty my=1, Vi e V\{r}, (10.2)
i€6~(j)
ui —uj + [Vizy < [V -1, V(i,j) € A,j#r, (10.3)
u < V| -1, Vi e V\{r}, (10.4)
u; > 1, Vi e V\{r}, (10.5)
w = 0, (10.6)
z;; € {0,1}, VieV,j e V\{ir}. (10.7)

We denote by Var the integer program ((10.1)-(10.7) enhanced with the families of

inequalities

In Table[10.4] we compare the resolution times of these two MTZ formulations with the
enhanced MTZ based formulation given by Agra et al. [2]. The results of the three Branch-
and-Bound algorithms do not show a dominance between the three formulations. For the
computational experiments, we choose the formulation Var as it performs better in average
for instances Igrqnq, the only instances where MTZ based formulation are competitive.
Moreover, this formulation can be generalized to the general case with d > 1, contrarily to
Agra et al. formulation.
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Instance | |V RTv ., N Ny RTy, NNy RTiy N Np
Icria 300 124.388 472039 50.551 112826 30.683 65187
Icria 300 18.279 42389 17.574 36077 19.891 49890
Icria 300 11.104 27152 6.309 7453 9.743 22498
Icria 300 12.065 24178 13.314 21636 19.756 38374
Icria 500 | 256.621 340151 | 1090.573 1662942 | 548.378 811227
Icria 500 | 1128.512 2853839 | 464.608 808276 778.496 1224907
Icria 500 | 3600.000 4433367 | 3600.000 7308538 | 3600.000 3494114
Icria 500 | 3600.000 3336126 | 3600.000 3554985 | 3600.000 3707062
Iceom 300 42.532 4536 49.168 46472 89.315 62186
Iceom 300 18.779 162280 27.493 22303 15.702 16042
Tceom 300 832.484 1101208 | 301.668 474301 722.120 1257269
Iceom 300 | 216.158 331137 899.005 1396197 | 367.067 696618
Iceom 500 | 3600.000 2737730 | 3600.000 2962800 | 3600.000 4244664
Tceom 500 | 3600.000 1822726 | 3600.000 2347717 | 3600.000 3332630
IGeom 500 | 2083.081 3151131 | 2830.673 1922339 | 1611.430 1471475
Iceom 500 | 1692.369 1030807 | 2405.157 1288167 | 3600.000 2564085
Iruna 500 10.671 1 20.513 1 8.057 1
Trand 500 23.867 1733 41.253 5917 27.618 828
Trand 500 23.646 10474 31.726 15575 13.575 828
Irand 500 | 3600.000 4359060 | 3600.000 8140321 | 3600.000 9034020
Trand | 1000 | 104.527 1 204294 4587 | 144.143 1
Irand 1000 | 72.128 1 178.389 1 170.806 993
Trana | 1000 | 75.723 1 183.351 1 214.734 1
Iruna 1000 74.371 1 142.358 1 68.645 1
Irand 2000 | 742.588 1 3600.000 1 1585.007 4476
Irandg 2000 | 397.184 1 1706.636 1 325.935 1
Irandg 2000 | 843.369 1 2117.899 1 751.484 1
Irand 2000 | 3600.000 9205 2722.037 1 3600.000 7858

Table 10.4: Comparison between MTZ formulations M, Var and [2] for the M1BSTP
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RESUME

Le probleme de I'arbre couvrant d-budgété combine les structures de 'arbre couvrant et du
sac-a-dos multidimensionnel. On retrouve ce probleme dans de nombreuses applications,
notamment dans le domaine de la conception de réseaux. Les différentes contraintes de
budget permettent de prendre en compte plusieurs critéres, potentiellement conflictuels,
qgue I'on retrouve dans de nombreux problémes réels. Nous considérons des algorithmes
exacts, basés sur une approche polyédrale, pour résoudre le probleme de I'arbre cou-
vrant budgété avec une ou plusieurs contraintes de budget. Dans le cas ou d = 1, nous
présentons une formulation étendue exacte basée sur des intersections de matroides et la
programmation disjonctive. En raison de la NP-difficulté du probléme, cette formulation est
exponentiellement grande et ne peut étre résolue ou projetée telle quelle. Nous exploitons
donc la structure du cone de projection afin de sélectionner des rayons qui combinent les
polytopes de I'arbre couvrant et du sac-a-dos. Nous intégrons cette technique de projection
ainsi que plusieurs routines de séparation efficaces dans un algorithme de coupes et de
branchements, et les résultats expérimentaux montrent que notre procédure domine les al-
gorithmes de I'état de I'art. Nous généralisons notre algorithme pour résoudre le probleme
avec d > 2 contraintes de budget.

MOTS CLES

Optimisation combinatoire, Polyédre, Arbre couvrant, Sac-a-dos, Matroide, Formulation étendue,
Projection, Inégalité valide, Relaxation Lagrangienne, Algorithme de coupes et branchements.

ABSTRACT

The d-Budgeted Spanning Tree Problem lies at the intersection of the spanning tree and
the multi-knapsack problems. It models several applications in the fields of network design,
power and transportation networks. The multi-knapsack part allows to consider several
criteria, potentially in conflict, that occur in many real-world problems. We consider exact
algorithms, based on a polyhedral approach, to solve the problem with one or several bud-
get constraints. In the case where d = 1, we give an exact extended formulation based on
matroids intersection and disjunctive programming. Due to the NP-hardness of the prob-
lem, this formulation is exponentially large and prohibitive to solve. Moreover, there is no
hope to obtain all the facets of the convex hull by projection. Instead, we carefully select
rays of the projection cone that exploit the spanning tree and the knapsack polytopes. We
develop a Branch-and-Cut algorithm based on a careful selection of rays of the projection
cone, efficient separation routines, and a fast algorithm to solve the Lagrangian relaxation
of the problem. Our experiment results show that our approach outperforms state of the art
ones. We generalize our algorithm to solve the problem with d > 2 budget constraints.

KEYWORDS

Combinatorial optimization, Polyhedra, Spanning tree, Knapsack, Matroid, Extended formulation,
Projection, Valid inequality, Lagrangian relaxation, Branch-and-Cut.
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