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0. Introduction

A graph G is called perfect if w(H) = x(H) for every induced subgraph H of G, where w(H) is the clique number of
H and x(H) its chromatic number. Contracting any pair of vertices, that is, identifying both vertices, does not always
preserve perfection. For instance, perfection is destroyed if there is an odd induced path of length at least 5 between
those vertices.

Two nonadjacent vertices in a graph form an even pair if every induced path between them has an even number of
edges. Fonlupt and Uhry [17] proved that contracting an even pair in a perfect graph preserves perfection, and Meyniel
proved what is called the Even Pair Lemma [31]: no minimally imperfect graph contains an even pair. Concerning the
associated decision problems, Bienstock [3] proved that both following are co-NP-complete in the general case: deciding
whether a given pair of vertices of a graph forms an even pair, and deciding whether a given graph contains an even pair.
A graph is even-contractile if either it is a clique or there exists a sequence Gy, ..., G, of graphs such that G = G, Gy is a
clique and for i = 0, ..., k — 1, the graph G; has an even pair (x, y) whose contraction yields G, 1. A graph G is perfectly
contractile if every induced subgraph of G is even contractile.

In this paper, we approach contractions in perfect graphs with a slightly different point of view: we are interested in
the graphs for which the contraction of any set of edges preserves perfection, and we call them contraction perfect. Since
perfection is preserved under taking induced subgraphs, contraction perfect graphs can be seen as the graphs in which
every induced minor is perfect, where an induced minor is a graph obtained by deleting vertices and contracting edges.
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A class of graphs is induced minor closed if, for any element of that class, each of its induced minors also belongs to that
class.

By definition, a perfect graph remains perfect by any vertex set deletion. Perfect graphs are characterized in terms of
forbidden induced subgraphs, and this tremendous result is known as the strong perfect graph theorem [11]: a graph is
perfect if and only if it contains no induced odd hole nor odd antihole. Since perfect graphs do not remain perfect by edge
set contractions (a hole of length 6 — which is perfect — does not remain perfect by the contraction of a single edge),
there is no characterization of perfect graphs by forbidden induced minors. An important ingredient of the proof of the
strong perfect graph theorem has been called the “wonderful lemma” by the authors for its many applications, the latter
turns out to be a rewriting of Roussel and Rubio’s lemma [36]. Thanks to even pairs, the proof of the strong perfect graph
theorem has been shortened [13].

By definition of contraction perfect graphs, a characterization in terms of forbidden induced minors can be directly
deduced from the strong perfect graph theorem. Indeed, if a graph is not contraction perfect, then there exist an edge set
contraction and a vertex set deletion that gives an odd hole or an odd antihole. Therefore, odd holes and odd antiholes
are the induced minors to be forbidden to ensure contraction perfection. The strong perfect graph theorem proves that
this induced minor characterization is minimal.

In this article, we give the minimal induced subgraph characterization of contraction perfect graphs.

A co-2-plex is a subset of vertices inducing a subgraph of maximum degree at most one. This notion, or rather its
complement version, was introduced in 1978 by Seidman and Foster [37] to seek communities in a graph with more
freedom than when looking for cliques — a clique is a set of pairwise adjacent vertices. Indeed, a k-plex is a set W of
vertices inducing a graph where every vertex has degree at least |[W| — k, and cliques are special cases of 2-plexes. The
underlying optimization problem is to find a maximum weighted k-plex in a given weighted graph. For any fixed k and
hence for k = 2, this problem is NP-hard [1]. Hence, by complementing the graph, so is the problem of finding a maximum
co-2-plex. It turns out that the latter optimization problem, which can be seen as a relaxation of the maximum stable set
problem — a stable set is a set of vertices inducing a subgraph of maximum degree at most 0 — behaves well in contraction
perfect graphs.

This topic has been especially lively the past few years, mostly in the design of practical algorithms that find a max-
imum weighted k-plex. For this problem, there are exact algorithms [44], algorithms based on local search [9,10,26,35],
heuristics [42], branch and bound algorithms, some of which incorporate machine learning ingredients [1,7,23,25,34,
41,43], and quadratic models [38]. From a more combinatorial optimization point of view, a combinatorial algorithm
is devised in [30], and polyhedral studies are conducted in [1,29]. The problem of enumerating the k-plexes also received
some attention [15,24,40]. In [32], the authors provided a parameterized algorithm and heuristics for the maximum
co-k-plex problem.

Contributions. We first introduce the class of contraction perfect graphs and characterize them in several manners. We
show how this class of graphs arises naturally when studying the problem of finding a maximum weighted co-2-plex of
a graph. This result comes from the study of an auxiliary graph that we called the utter graph u(G) in which the stable
sets are in bijection with the co-2-plexes of G. We showed that G is contraction perfect if and only if u(G) is perfect.
Surprisingly, every perfect utter graph is also contraction perfect. For this reason, we investigate sufficient conditions on
a class of graphs C for the following to hold: G € C < u(G) € C. By exhibiting the strong link between co-2-plexes and
induced matchings, we show that finding a maximum weighted induced matching can be done in polynomial time on
contraction perfect graphs. This allows us to prove that finding a maximum weighted co-2-plex can be done in polynomial
time on interval filament graphs, circular arc graphs, and asteroidal triple free graphs.

Definitions. All the graphs in this paper are simple and connected. Given a graph G = (V, E), we denote its complement
by G = (V, E), where E = {uv : uv ¢ E}. We denote by V(G) (resp. E(G)) the vertex (resp. edge) set of G. Two vertices u
and v are adjacent if uv € E(G). Given two disjoint subsets of vertices U and W, U is complete (resp. anticomplete) to W
if every vertex of U is adjacent (resp. nonadjacent) to every vertex of W. When U is a singleton {u}, we write that u is
complete (resp. anticomplete) to W. A vertex u is universal if it is complete to V \ u. Given a subset of vertices W C V, let
E(W) denote the set of edges of G having both endpoints in W and §(W) the set of all edges having exactly one endpoint
in W. When W is a singleton {w}, we will simply write §(w), and |§(w)| is the degree of w. We say that the edges in §(w)
are incident to w, and two edges sharing an extremity are said adjacent. A matching is a set of pairwise nonadjacent edges.
An induced matching M is a set of edges such that G[V(M)] has maximum degree 1. Note that all induced matching are
matching but the converse does not hold. For F C E, let V(F) denote the set of vertices incident to any edge of F. Given
W C V (resp. F C E), the graph G[W] = (W, E(W)) (resp. G[F] = (V(F), F)) is the subgraph induced by W (resp. F) in G.
The set W is said connected if G[W] is. When H is an induced subgraph of G, we say that G contains H. Given a vertex
u € V, we denote by Ng(u) = {w € V : uw € E} its neighborhood in G, and by N¢[u] = Ng(u) U {u} its closed neighborhood.
When the graph G is clear from the context, we simply denote them by N(u) and N[u], respectively. Two vertices u and
v are true (resp. false) twins if N[u] = N[v] (resp. N(u) = N(v)).

A path (resp. hole) is a graph induced by a set of distinct vertices {vy, ..., vp} whose edge setis {vjvi : i=1,...,p—1}
(resp. {vivig1 - i=1,...,p— 1} U {vivp} with p > 4). Note that this definition usually corresponds to induced paths. A
subset of vertices induces a path (resp. hole) if its elements can be ordered into a sequence inducing a path (resp. hole).
An antipath (resp. antihole) of G is a path (resp. hole) of G. The length of a hole or path is its number of edges. The length
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of an antihole or antipath is the length of its complement. A path, antipath, hole or antihole of length at least 5 is called
long. The parity of a path, antipath, hole, antihole is the parity of its length. The distance between two nodes is the length
of the smallest path between them. The interior of a path or an antipath induced by (v1, ..., vp) is the graph induced by
(Uz, ...,V _1).

A pendfmt edge uv € E is such that one of u or v has degree one. The contraction of an edge uv in G consists in deleting
u and v, and adding a new vertex w and the edges wz for all z € N(u) UN(v). This new graph is denoted G/uv. For F C E,
we denote by G/F the graph obtained from G by contracting all the edges in F. The image of a vertex v of G in G/F is the
vertex of G/F to which v is contracted, and the image of a set of edges L is the set of the images of the vertices of V(L) in
G/F. An edge uv and a vertex w are adjacent by contraction if w is adjacent to x,, in G/uv, where x,, is the image of uv
in G/uv. In other words, at least one of uw and vw is in E. Two edges uv and xy are adjacent by contraction if contracting
both edges results in two adjacent vertices, that is, ({u, v}) N 8({x, y}) # @.

The girth of a graph is the length of its smallest hole. A tree decomposition of a graph G = (V, E) is a tree whose vertices
Vi, ..., Vi are subsets of V such that:

e if V; and V; both contain a vertex v € V, all nodes in the unique path between V; and V; contains v.
e for every uv € E there is a V; that contains both u and v.

The width of a tree decomposition is the size of its largest V; minus one. The treewidth of a graph G is the minimum width
of a tree decomposition of G.

Given a total order on a finite set of elements, an interval is a subset of consecutive elements following that order. The
interval graph Gz of a given finite set of intervals Z is the graph having one vertex per interval in Z and an edge between
two vertices if their corresponding intervals have a nonempty intersection.

The line graph L(G) of a graph G = (V, E) is a graph having E as vertex set and where two vertices are adjacent if the
corresponding edges of G are adjacent. The square G? of a graph G = (V, E) is the graph having V as vertex set and where
two vertices are adjacent if the corresponding vertices of G are adjacent or at distance two.

A coloring of a graph is an assignment of colors to its vertices such that two adjacent vertices have different colors, it
is optimal if there exists no coloring using a smaller amount of colors.

1. Contraction perfect graphs

In this section, we first characterize contraction perfect graphs in several manners. We then establish the links between
this new graph class and some other subclasses of perfect graphs.

1.1. Characterizing contraction perfect graphs

We investigate how contracting edges in a perfect graph impacts its perfection. We rely on the strong perfect graph
theorem [11], which states that perfect graphs are the graphs that contain neither odd holes nor odd antiholes. We will
also use the so-called wonderful lemma. It has been used extensively to prove the strong perfect graph theorem. The
latter has been proved by Roussel and Rubio [36], another version has been proposed by Chudnovsky et al. [11], and
finally a last version by Trotignon et al. [28]. We will use the following version of Chudnovsky et al. [11] (written for the
complement graph).

Lemma 1.1 ([11]). Let G = (V, E) be a perfect graph, and let W C V be a connected set of vertices. Let P be a long odd
antipath of G\ W, whose extremities are anticomplete to W. One of the two following holds:

e a vertex of the interior of P is anticomplete to W,
e there exists an antipath between two members of W with the same interior as P.

In our settings, a rewriting of the wonderful lemma will be more convenient. This rewriting goes through the use of
expanded antiholes defined as follows.

Definition 1.2. An edge e and an odd antipath P induced by (wy, ..., wp) with p > 6 form an expanded antihole if one
extremity of e is complete to V(P) \ {wi, wp—1, wp} and anticomplete to {w1, wp—1, wp}, while the other extremity is
complete to V(P) \ {w1, wy, wp} and anticomplete to {wq, wy, wp}.

Fig. 1 represents an expanded antihole where (w1, ..., wp) induces an odd antipath. An edge e is involved in an
expanded antihole if there exists an odd antipath forming an expanded antihole with e. Note that, by definition of an
expanded antihole, the extremities of e are not vertices of P, and contracting e yields an odd antihole. Moreover, if e = uv,
either (u, wy, ..., wp—1,v) or (v, wa, ..., wp_1, u) induces an odd antipath that forms an expanded antihole with edge
wywp. Note that u, v, and P form a leap [39] in the complement graph.

Lemma 1.3. Let G = (V, E) be a perfect graph and F C E be a set of edges inducing a connected subgraph. If G/F is an odd
antihole of length at least 7, then G contains an expanded antihole involved by an edge of F and the odd antipath G \ V(F).
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Fig. 1. An expanded antihole.

Proof. As G/F is an odd antihole, it contains an odd antipath induced by P = (p1, ..., px) forming an odd antihole with
the image po of F. Moreover, in G, {p1, px} is anticomplete to V(F), and each vertex in the interior of P is not anticomplete
to V(F). By Lemma 1.1 applied to W = V(F), there exists an edge uv € F such that (v, pa, ..., Pk—1, ) induces an odd
antipath of G. Hence, G contains an expanded antihole induced by the edge uv and the antipath (pq,...,px). O

Note that Lemma 1.3 is another version of Roussel and Rubio’s lemma as Lemma 1.3 can be proved from Lemma 1.1
as follows. If every vertex in the interior of P is not anticomplete to W, then contracting W yields an odd antihole. By
Lemma 1.3, the graph contains an expanded antihole given by an edge uv and the antipath P. By definition of expanded
antiholes, u, v, and the interior of P induce an antipath.

Lemma 1.3 will be used to characterize when contracting an edge set of a perfect graph yields an odd antihole. The
other case of imperfect structures appearing when contracting an edge set is when an odd hole appears. It will be dealt
with using the following lemma.

Lemma 1.4. If G/F contains a hole H for some edge set F, then G contains a hole of length at least |V(H))|.

Proof. We proceed by induction on |F|. The result holds if |[F| = 0. Otherwise, some vertex v of H is obtained by contracting
the edges of a connected subgraph (V', F’) of G with # # F’ C F. Let a and b be the neighbors of v in H, and let P be
an ab-path in G[V’ U {a, b}]. Then, V(H) \ {v} U V(P) induces a hole of G/(F \ F’) of length at least |V(H)|, and induction
concludes. O

Now, we show the equality between the class of perfect graphs remaining perfect when contracting a single edge and
the class of perfect graphs remaining perfect when contracting any edge set. This characterization yields as a byproduct
the induced subgraph characterization of this graph class.

Theorem 1.5. Given a perfect graph G, the following are equivalent:

(i) G is contraction perfect, that is, G/F is perfect for all F C E,
(ii) G/e is perfect for all e € E,
(iii) G contains no long hole and no expanded antihole.

Proof. The following implications are immediate: (i) = (ii) = (iii). We now prove (iii) = (i). By contradiction, suppose
that G/F is not perfect for some minimal set of edges F C E.

If G/F contains an odd hole, by Lemma 1.4, there exists a long hole in G, a contradiction.

Hence, by the strong perfect graph theorem, G/F contains a long odd antihole induced by (po, . . ., px), where k > 6
is even. Suppose that F induces a connected subgraph of G and let py be the unique image of F in G/F. Then Lemma 1.3
gives the existence of an expanded antihole in G induced by (p1, ..., px) and an edge of F, a contradiction.

Therefore, F induces a disconnected set of vertices. There exist Fy, F; C F verifying V(F;) N V(Fy) = @ such that pg and
p; are respectively the images of Fy and F; in G/F. By Lemma 1.3, there exists an edge ugvg (resp. ujv; with 1 < i < k
up to node relabeling) of Fy (resp. F;) that forms an expanded antihole of G/(F \ Fy) (resp. G/(F \ F;)) with the antipath
(p1, - .-, Dr) (resp. (Pix1, - - ., Pi—1)). By definition of expanded antiholes, without loss of generality, suppose that ug (resp.
u;) is adjacent to p, (resp. pi—) but not to py_; (resp. piy»). Hence, Hy, = (ug, p1, ..., pk—1) induces an even antihole of
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Fig. 2. Illustration for the proof of Theorem 1.5: the odd antihole H, U u’ \ {p;, pi+1} is given in light gray.

G/(F \ F;). Fig. 2 gives an illustration of H,, U {u;} \ {p;, pi+1} which induces an antihole in G/(F \ Fy \ F;) of length k — 1,
and hence is odd. This contradicts the minimality assumptions on F. O

Theorem 1.5 and the strong perfect graphs theorem imply the following characterization of contraction perfect graphs.

Corollary 1.6. A graph is contraction perfect if and only if it contains no long hole, no odd antihole, and no expanded antihole.

A graph is minimally non contraction perfect if it is not contraction perfect and each of its proper induced subgraphs is
contraction perfect.

Note that the list of forbidden induced subgraphs of Theorem 1.5 is inclusionwise minimal. Indeed, removing any
vertex to each of these forbidden induced subgraphs yields a contraction perfect graph.

Observation 1.7. Expanded antiholes, odd antiholes, and long holes are minimally non contraction perfect.

Proof. Every proper induced subgraph of a hole is a set of disjoint paths, which means it contains no triangles and no
holes. Then, it also contains no antiholes, expanded antiholes, or complements of expanded antiholes, since these graphs
contain triangles. This implies that every proper subgraph of a hole and its complement are contraction perfect. Therefore,
odd antiholes and long holes are minimally non contraction perfect.

We show that expanded antiholes are minimally non contraction perfect by considering the complement of an
expanded antihole. Let us consider an expanded antihole G. Note that, G contains no antihole of length more than 6
since it contains precisely 6 vertices whose degree is greater or equal to 3, that are W = {u, v, wi, wy, wp_1, wp}. Indeed,
since an antihole of length at least 6 is a regular graph whose vertices have degree at least 3, these are the only candidates
that may belong to such an antihole. Since G[W] is not regular, it is not an antihole of length 6, this proves that G does not
contain any holes of length at least 6. Obviously, G does not contain any complement of an expanded antihole as proper
induced subgraph. Now, note that the holes of G are even, which means that G only contains even antiholes and hence,
no hole of length 5. By Theorem 1.5, expanded antiholes are minimally non-contraction perfect. O

We can devise from Theorem 1.5 algorithms to recognize contraction perfect graphs, and to detect expanded antiholes
in perfect graphs.

Corollary 1.8. Recognizing contraction perfect graphs can be done in polynomial time.

Proof. By Theorem 1.5, deciding whether a graph G = (V, E) is contraction perfect amounts to check if G is perfect and
if, for each contraction of a single edge, the resulting graph is perfect. Each of these |E| + 1 perfection tests can be done
in polynomial time [27]. O

Corollary 1.9. Detecting expanded antiholes in perfect graphs can be done in polynomial time

Proof. The algorithm is as follows: check whether the graph is contraction perfect by checking the perfection of each
minor obtained by a single edge contraction (using our characterization). If the graph is contraction perfect, it does not
contain any expanded antiholes. If not, by Lemma 1.3, it is sufficient to detect an odd antihole in one of the single-edge
contraction minors, which can be done in polynomial time [12]. O
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1.2. Relations to other graph classes

A prism is a graph that consists of two vertex disjoint triangles and three vertex disjoint paths, each of them having
as extremities a vertex of each triangle. A prism is odd if its three vertex disjoint paths are odd. Grenoble graphs are
the perfect graphs containing no long antiholes or odd prisms. They generalize Artemis graphs which are the perfect
graphs containing no long antiholes or prisms. A graph is Meyniel if every odd cycle of length at least 5 has at least two
chords. Artemis graphs and Meyniel graphs are known to be perfectly contractile [2,28]. Perfectly contractile graphs form
a subclass of Grenoble graphs, and both classes are conjectured to be equal [16]. Given an ordered graph (G, <) (order
< on its vertices), assigning the smallest color possible to each vertex following < is a greedy algorithm for computing
a coloring however, it is not always optimal. Given an ordered graph (G, <), the ordering < is called perfect if for each
induced ordered subgraph (H, <) the greedy algorithm produces an optimal coloring of H. The graphs admitting a perfect
ordering are called perfectly orderable. They are proven to be perfectly contractile [2]. _

Note that the complement of a contraction perfect graph may not be contraction perfect. For instance, Cg is contraction
perfect on the contrary to its complement. The complement graph of an expanded antihole formed by an edge uv and an
odd antipath (wy, ..., wp) is a prism formed by the triangles {u, wy, w}, {v, wp, wp—1}, and its pairwise vertex disjoint
path are (u, wp), (wy, ..., wp—1), and (wy, v). For this reason, complements of expanded antiholes are special cases of odd
prisms, which implies the following result.

Observation 1.10. Complements of Grenoble graphs are contraction perfect, hence in particular so are complements of Meyniel
graphs, complements of Artemis graphs, and complements of perfectly orderable graphs.

Note that this inclusion is strict as the prism with two paths of length 3 and one of length 1 is not Grenoble but its
complement is contraction perfect.

A graph is weakly chordal if it contains no long hole and no long antihole. As expanded antiholes contain even antiholes
of length at least 6 we get the following.

Observation 1.11. A graph G is weakly chordal if and only if G and G are contraction perfect.
2. Utter graphs, co-2-plexes, and induced matchings

In this section, we start by defining the utter graph u(G) whose stable sets are in bijection with the co-2-plexes of
G. We provide sufficient conditions for a graph class C to be closed by utter graph, meaning that G belongs to C if and
only if u(G) does. When a class C satisfies these conditions and the maximum weighted stable set problem is polynomial
in C, then so is the maximum weighted co-2-plex problem. In this way, we prove the polynomiality of the maximum
co-2-plex on interval, chordal, circular arc, interval filament, weakly chordal, and asteroidal triple-free graphs, as finding
a maximum weighted stable set can be done in polynomial time on these graphs [18-20]. A similar scheme has been used
by Kathie Cameron [4-6] to give polynomial results for the maximum weighted induced matching problem by exhibiting
a bijection between the induced matchings of a graph G and the stable sets of L(G)?. After that, we highlight the links
between co-2-plexes and induced matchings. This permits us to prove that finding maximum weighted co-2-plexes or
induced matchings can be done in polynomial time on contraction-perfect graphs.

2.1. Utter graphs and contraction perfect graphs

Let S be a co-2-plex. The vertex edge representation of a S is a couple (W, F) where W are the isolated vertices of
G[S] and F are its isolated edges. Then, by definition of co-2-plexes, F is an induced matching and contracting F yields |F|
pairwise non-adjacent vertices and anticomplete to W. In other words, W and the image of F in G/F form a stable set of
G/F of size |W| + |F|.

The utter graph u(G) of a graph G = (V, E) has vertex set VUE and two vertices in u(G) are adjacent if and only if their
corresponding elements in G are either adjacent, incident, or adjacent by contraction in G. Fig. 3 gives an illustration of
this definition where the vertices 12 and 23 of u(G) respectively correspond to the edges 12 and 23 of G. For each edge uv
of G, G/uv is the subgraph of u(G) induced by V U {uv} \ {u, v} where uv denotes the vertex of u(G) associated with edges
uv. Similarly, for a matching F C E, G/F is the subgraph of u(G) induced by V \ V(F) and the vertices of u(G) associated
with edges in F.

Lemma 2.1. There is a bijection between the co-2-plexes of G and the stable sets of u(G).

Proof. By definition of utter graphs, a vertex subset W and an edge set F is a vertex edge representation (W, F) if and
only if W UT is a stable set of u(G). O

We say that a graph class is replicable if adding true twins in any graph of that class yields another graph of that class.

Theorem 2.2. Let C be an induced minor closed and replicable graph class, then G € C if and only if u(G) € C.
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(a) G (b) u(G)

Fig. 3. A graph G and its utter graph u(G).

Proof. (<) Since G is an induced subgraph of u(G), the result follows from the assumptions on C.

_ (=) Let G be obtained from G by adding, for every edge uv € E, a true twin v’ (resp. v) to u (resp. v). By construction,
G contains the edge u'v’. Let F be the set of u’v’ for every edge uv € E. Note that G/F = u(G) and that G/F is obtained by
adding true twins and contracting edges. Since C is replicable and induced minor closed, u(G) belongs to c. O

Theorem 2.2 gives conditions for graph classes to be closed by utter graphs without considering what Kathie
Cameron [5] calls a “nice representations as intersection graphs” which is not always trivial to deduce from an arbitrary
graph class definition. We denote by u*(G) the graph obtained by applying the utter graph transformation k times.

As states the next observation, there exist graph classes that are closed by utter graph but that are not induced minor
closed nor replicable.

Observation 2.3. The conditions given in Theorem 2.2 are not necessary for a graph class to be closed by utter graph.

Proof. Consider the sequence Giy1 = u(G;), for i € Z*, where Gy = C4. Let C be the set of all G; completed by induction
with the graphs whose utter graph is in C. Then, for any graph G and its utter graph u(G), we have that G € C if and only
if u(G) € ¢. Note that each G; contains a C4 and by construction, if G is in C, then there exists i € Z* such that, G = G;
or there exists k € Z* such that u*(G) = G;. Since G is a clique if and only if u(G) is a clique, no element of C is a clique,
in particular K; = ({vq, v2}, {v1v2}) is not in C but is an induced subgraph of every element in C. Hence C is not induced
minor closed. O

As a consequence of Theorem 1.5 we obtain the following.

Corollary 2.4. Adding true or false twins preserves contraction perfection.

Since the class of contraction perfect graphs is replicable by Corollary 2.4 and induced minor closed by definition, the
following equivalence can be deduced from Theorem 2.2.
Corollary 2.5. A graph is contraction perfect if and only if its utter graph is contraction perfect.

Now, we show that contraction perfect graphs are precisely those for which the utter graph is perfect. This means that
every perfect utter graph is also contraction perfect.

Corollary 2.6. A graph is contraction perfect if and only if its utter graph is perfect.

Proof. Let G = (V, E) be a graph.

(«=) By definition of utter graphs, G and G/e for e € E are induced subgraphs of u(G). Hence, all those graphs are
perfect since u(G) is. By statement (ii) of Theorem 1.5, this implies that G is contraction perfect.

(=) If G is contraction perfect, then so is u(G) by Corollary 2.5. By definition of contraction perfect graphs, this implies
that u(G) is perfect. O

2.2. Co-2-plexes and induced matchings

In this section, we highlight that the problems of maximum weighted co-2-plexes and induced matchings are strongly
related by giving two simple reductions going from one problem to the other and deduce from these reductions corollaries
on computational complexity for the maximum weighted co-2-plex problem.
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Given a graph G = (V, E), we denote by star(G) the graph obtained by adding to each vertex u a pendant edge up,,
where p, is a new vertex.

Observation 2.7. Given a graph G = (V, E), we have L(star(G))* = u(G).

Proof. Identifying the vertices of u(G) associated with V to vertices up,, of L(star(G))? and identifying the vertices associated
with E in u(G) to the ones associated with E in L(star(G))? gives the equality. O

Observation 2.8. Finding a maximum w-weighted co-2-plex on G = (V, E) is equivalent to finding a maximum w’-weighted

Wy if v=pu,

induced matching on star(G) where w;, = W+ w.  otherwise
u v ’

foruv € E.
Let us denote by T(G) the graph obtained by adding a true twin to each vertex of the graph G.

Observation 2.9. Finding a maximum w-weighted induced matching on G = (V,E) is equivalent to finding a maximum
Le ifecE
> ,

% if e is the twin of f.

w'-weighted co-2-plex on T(L(G)?) where w), = {
Proof. Let F be a maximum induced matching of G with respect to w. It corresponds to a maximum stable set S of L(G)%.
Then, S US’, where S’ is the set of twins of S, gives a co-2-plex of T(L(G)?*) whose cost with respect to w’ is the same as
F. Consider now a maximum co-2-plex K with respect to w’. If a vertex u belongs to K and its twin u’ does not belong
to K, by maximality there exists v € N(u) that belongs to K. Then, K Uu’ \ v, K \ uU v’ are co-2-plexes and one of them
has a cost greater or equal to the one of K. Contracting the edges of G[K] we obtain a stable set of L(G)> and hence an
induced matching of G with the same cost. O

Note that the proof of Observation 2.9 corresponds to the polynomial reduction showing that the maximum weighted
2-plex is NP-hard [1].

It is known that finding an induced matching of size k is FPT when parameterized by the treewidth [8]. It is also FPT
on line/bounded degree/planar and graphs with girth at least six when parameterized by k [33].

Using Observation 2.8 one eventually obtains the following.

Corollary 2.10. Finding a co-2-plex of size k is FPT on bounded degree, planar graphs, and graphs with girth at least 6 when
parameterized by k.

Corollary 2.11. Finding a co-2-plex of size k can be done in polynomial time on bounded treewidth graphs.

Proof. Given a tree decomposition (V1, ..., Vi) of G, we can construct a tree decomposition having the same width for
star(G) by adding a new neighbor {u, p,} to any vertex associated with a V; containing u. O

Note that Corollary 2.11 is also a consequence of Courcelle’s theorem [14] as the property of having a co-k-plex of size
d is expressable in monadic second order logic (with a d polynomial sized formula with monomials of degree k).

2.3. Polynomial results for the maximum co-2-plex and induced matching problems

In this section, we use Theorem 2.2 to give new classes of graphs for which the maximum weighted co-2-plex problem
is polynomial. As a byproduct, we obtain that the maximum weighted induced matching problem is solvable in polynomial
time on contraction perfect graphs. Note that perfect graphs are not closed by utter graphs as Cs is perfect, yet u(Cg) is
not as it contains several Cs.

Let us first start with a few definitions of graph classes. A k-hole free graph is a graph having no hole of length at
least k. A chordal graph is a graph having no holes of length at least 4. A circular arc graph is a graph whose vertex set
can be associated with intervals on a circle and where two vertices are adjacent if their corresponding intervals intersect.
Note that circular arc graphs are not necessarily perfect. A line interval is a curve starting at the beginning of an interval
on a line and finishing at the endpoint of this interval such that it lies on the upper half space of this line. An interval
filament graph is a graph whose vertex set can be associated with line intervals and where two vertices are adjacent if
their corresponding line intervals intersect. An asteroidal triple is a stable set of 3 vertices such that each pair of its vertices
is linked by a path disjoint from the neighborhood of the third.

Corollary 2.12. Each of the following graph classes are closed by utter graphs: split, trivially perfect, interval, chordal,
k-hole-free, circular arc, interval filament, and asteroidal triple-free graphs.

Proof. By Theorem 2.2 it is sufficient to show that all these graph classes are induced minor closed and replicable.
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Trivially perfect. Trivially perfect graphs are the graphs with no P4 nor C4 as induced subgraphs [21]. Hence, they are
induced minor closed. Moreover, as P4 and C4 do not contain true twins, trivially perfect graphs are replicable.

Interval graphs, circular arc, interval filament. Contracting an edge uv in one of those graphs corresponds to replacing
the intervals, arcs or interval filaments associated with u and v in Z by their union. Adding a true twin to a vertex v such
a graph corresponds to duplicating the interval, arc, interval filament associated with v in Z. For this reason, they are
replicable and induced minor closed.

k-hole-free graphs. The induced minor closeness follows from their definition and Lemma 1.4.

Chordal graphs. 1t is the special case k = 4 of the previous one.

Asteroidal triple-free. The fact that asteroidal triple-free graphs are replicable follows from the fact their minimal
forbidden induced subgraphs do not contain any true twin. Moreover, suppose that contracting an edge uv of a graph
G yields an asteroidal triple, if the image w,, of uv in G/uv belongs to the triple then, replacing w,, by u or v yields
another asteroidal triple (up to the addition of the other vertex to the corresponding path if necessary). O

Given a cost function ¢ on the vertices of G, let ¢, = ¢, for all u € V, and G, = ¢, + ¢,, for all uv € E. Then finding
a maximum c-weighted co-2-plex in G is equivalent to finding a maximum ¢-weighted stable set in u(G). This gives the
following corollary by Corollary 2.6 and the fact that maximum weighted stable set problem is polynomial on perfect
graphs, circular arc, interval filament, weakly chordal and asteroidal triple-free graphs [19,20,22].

Corollary 2.13. Finding a maximum weighted co-2-plex in a contraction perfect (resp. circular arc, interval filament, asteroidal
triple-free) graph can be done in polynomial time.

Finally, contraction perfect graphs yield a new class of graphs for which a maximum weighted induced matching can
be found in polynomial time.

Corollary 2.14. Finding a maximum weighted induced matching in a contraction perfect graph can be done in polynomial time.
Conclusion

We introduce a new class of perfect graphs: those which remain perfect under the contraction of any edge set, and
we give several characterizations. We show how this family of graph naturally appears when studying polynomial cases
for the maximum weighted co-2-plex and induced matching problems when considering the utter graph or the squared
line graph. Moreover, we give sufficient conditions on a graph class to be closed by utter graph so that polynomial results
for maximum weighted co-2-plex or induced matching could be deduced from new upcoming polynomial cases for the
maximum weighted stable set problem.

For k = 2, it remains an intriguing question whether a coloring of the utter graph can be used to get a minimal
covering of the input graph with co-2-plexes. When k > 2, another interesting question is whether some extension of
utter graphs could capture co-k-plexes as familiar combinatorial objects, like stable sets in utter graphs do for co-2-plexes.
From a polyhedral point of view, the equivalence between co-2-plexes of a graph and stable sets of its utter graph will
give extended formulations for the co-2-plex polytope from the stable set polytope.

Contraction perfect graphs being a new subclass of perfect graphs, one may also be interested in combinatorial
algorithms to find a maximum clique/stable set or a minimum coloring on such graphs. Since, unlike for perfect graphs,
the complement of a contraction perfect graph is not necessarily contraction perfect, finding a maximum clique or a stable
set may lead to distinct studies.
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