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PARTITION CONSTRAINED COVERING OF A SYMMETRIC
CROSSING SUPERMODULAR FUNCTION BY A GRAPH*
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Abstract. We are given a symmetric crossing supermodular set function p on V and a partition
P of V. We solve the problem of finding a graph with vertex set V' having edges only between the
classes of P such that for every subset X of V' the cut of the graph defined by X contains at least p(X)
edges. The objective is to minimize the number of edges of the graph. This problem is a common
generalization of the global edge-connectivity augmentation of a graph with partition constraints,
which was solved by Bang-Jensen et al. [STAM J. Discrete Math., 12 (1999), pp. 160-207] and the
problem of covering a symmetric crossing supermodular set function solved by Benczur and Frank
[Math. Program., 84 (1999), pp. 483-503]. Our problem can be considered as an abstract form of the
problem of global edge-connectivity augmentation of a hypergraph with partition constraints, which
was earlier solved by the authors [J. Graph Theory, 72 (2013), pp. 291-312].
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1. Introduction. This paper is concerned with edge-connectivity augmentation
problems in graphs, hypergraphs, and abstract forms of the problems for “connectiv-
ity” set functions. For a survey, we refer the reader to [10].

Our starting point is the problem of global edge-connectivity augmentation of a
graph, where we have to add a minimum number of new edges to a given graph
G = (V, E) in order to obtain a k-edge-connected graph for a given k > 2. A natural
lower bound can be obtained as follows: for a set X of degree d(X) less than k, the
deficiency of X is k — d(X); that is, we must add at least k — d(X) edges between
X and V' \ X. The deficiency of a subpartition of V' is the sum of the deficiencies of
its sets. By adding a new edge we may decrease the deficiency of at most two sets of
this subpartition, so we may decrease the deficiency of the subpartition by at most
two, and hence we obtain the so-called subpartition lower bound: ag := | half of the
maximum deficiency of a subpartition of V'|. The minimaz theorem due to Watanabe
and Nakamura [11] says that this lower bound a can always be achieved.

The next step is a generalization of the above problem, namely the problem
of global edge-connectivity augmentation of a hypergraph, where we have to add a
minimum number of new graph edges to a given hypergraph G = (V,€) in order
to obtain a k-edge-connected hypergraph for a given k. Of course, the subpartition
lower bound holds also for hypergraphs. However, a new lower bound arises: after
deleting k& — 1 hyperedges, the connected components must be connected by the new
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graph edges, and hence we obtain the component lower bound: wg — 1, where wg :=
maximum number of connected components after deleting & — 1 hyperedges. The
minimax theorem due to Bang-Jensen and Jackson [3]| says that the lower bound
max{ag,wg — 1} can always be achieved.

Benczur and Frank [4] considered the abstract form of the previous problem,
namely covering of a symmetric crossing supermodular function by a graph: given a
symmetric, crossing supermodular set function p on V', what is the minimum number
of edges of a graph on vertex set V' that covers p, that is, for all subsets X of V, the
cut defined by X contains at least p(X) edges? The subpartition and the component
lower bounds can be extended for this problem: «, := [ half of the maximum of the
sum of the values of the sets in a subpartition of V'] and dim(p) — 1 := maximum size
of a p-full partition —1, where a partition is p-full if each union of some of its sets has
value at least one. The minimaz theorem due to Benczur and Frank [4] says that the
lower bound max{cy,,dim(p) — 1} can always be achieved.

Now we consider the partition constrained versions of the above problems.

Motivated by a problem from the theory of rigidity, Bang-Jensen et al. [2] intro-
duced the problem of partition constrained global edge-connectivity augmentation of a
graph: given a graph G = (V, E), an integer k > 2, and a partition P = {Py,...,P.}
of V, what is the minimum number of new edges, between different members of P,
whose addition results in a k-edge-connected graph? We have a new partition con-
strained lower bound because we cannot add a new edge in P € P: Sg := maximum
deficiency of a subpartition of P over all P € P. The minimaz theorem due to Bang-
Jensen et al. [2] says that the lower bound max{ag, g} can be achieved, except if the
graph contains a Cy- or a Cg-configuration, in which case one more edge is needed.

Bernath, Grappe, and Szigeti [6] considered a generalization of the above problem,
the problem of partition constrained global edge-connectivity augmentation of a hyper-
graph: given a hypergraph G = (V, &), an integer k, and a partition P = {Py,..., P.}
of V', what is the minimum number of new graph edges, between different members of
P, whose addition results in a k-edge-connected hypergraph? The minimazx theorem
due to [6] says that the lower bound max{ag, Bg,wg —1} can be achieved except if the
hypergraph contains a C4- or a Cg-configuration, extension of the above configurations,
in which case one more edge is needed.

We emphasize that the above-mentioned papers contain polynomial algorithms
solving the corresponding problems.

In this paper we solve the abstract version of the previous problem, a common
generalization of all the above-mentioned problems, namely the partition constrained
covering of a symmetric crossing supermodular function by a graph: given a symmet-
ric crossing supermodular set function p on V and a partition P of V, what is the
minimum number of edges, between different members of P, resulting in a graph that
covers p? The partition constrained lower bound can be extended for this problem:
Bp := maximum of the sum of the values of the sets in a subpartition of P over all
P € P. We show that the lower bound max{a,, 8,,dim(p) — 1} can be achieved
except if a Cf-, C¥-, or a C§-configuration exists for (p, P), in which case one more
edge is needed. This result strictly generalizes the partition constrained problem for
hypergraphs. Indeed, a new configuration arises, and it extends an application of
Benczur and Frank [4] that cannot be treated in the framework of hypergraphs; see
section 6.

We will follow the classical approach of Frank [7]. First we treat the so-called
degree-specified version of the above problem in section 4, which is the following:
given a symmetric crossing supermodular set function p on V', a partition P of V', and
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a function m : V. — Z, (called degree specification), the task is to decide whether a
graph G covering p exists that has only edges connecting different members of P and
that satisfies dg(v) = m(v) for every v € V. We show the natural necessary conditions
of the existence of such a graph, and we characterize the exceptional structures (called
obstacles). Obstacles are the only cases that satisfy these conditions, yet there does
not exist a solution. Then in section 5 we turn to the above minimization version of
our problem, and we solve it the following way. First, in section 5.2 we try to find
a degree specification m with m(V') as small as possible, avoiding the obstacles and
satisfying the necessary conditions given earlier: these necessary conditions correspond
to natural lower bounds for m(V'). Second, in section 5.3 we exhibit the structures
(called configurations) where we can avoid creating obstacles only if we augment m(V)
by 2. Third, we derive our main result in section 5.4. Finally, we provide applications
of our theorem in section 6. We show in section 7 that this approach provides a
polynomial algorithm.

2. Definitions.

Graphs and set functions. Let us be given a finite ground set V. By X C V we
mean a proper subset X of V, and X = V'\ X. Two subsets X and Y of V are crossing
ifnone of X\ Y, Y\ X, XNY,and V\ (X UY) is empty. A family F of subsets of V'
is laminar if for all XY € F either X and Y are disjoint or one of them contains the
other one. For a family M = {M,..., M,} of subsets of V, let M{= ﬂle M; and
M= M; \ Uj;éi M;.

Let G = (V, E(G)) be a graph. We will often denote E(G) by E. For X, Y CV,
dc(X,Y) denotes the number of edges between X \Y and Y\ X, dg(X,Y)= dg(X,V\
Y), and dg(X)= da(X,V\ X). Given a partition & of V, Esx) will denote the set of
edges connecting two members of X', and Ex the set of edges contained in members
of X. It is well known that the following equalities hold for all X, Y C V:

(1) dg(X)+dg(Y):dg(XmY)+dg(XUY)+2dg(X,Y)7
(2) da(X) +da(Y) = da(X \Y) +da(Y \ X) + 2da(X,Y).

All the functions in this paper are integer valued but not necessarily nonnegative,
and they have value 0 on the empty set. A set function p : 2V — Z is symmetric if
p(X) = p(V\ X) for all X C V, and is called crossing supermodular if it satisfies
(3) for all crossing sets X,Y C V with p(X),p(Y) > 0. Note that if X \'Y = 0 or
Y\ X = (), then (3) is trivially satisfied with equality. A set X C V with p(X) > 0 is
called p-positive. A symmetric crossing supermodular set function p also satisfies (4)
for crossing p-positive set pairs X, Y. Note that if XNY =0 or XUY =V, then (4)
is trivially satisfied with equality.

3) p(X) +p(Y) <p(XNY)+p(XUY),
(4) p(X) +p(Y) <p(X\Y)+p(Y \ X).
A nonnegative function m : V. — Z, is called a degree specification. The graph

G is said to cover the function p if (5) holds, and it is said to satisfy the degree
specification m if (6) holds. Moreover, m is called p-admissible if (7) holds, where

m(X)= 2 e x m(x):

(5) dg(X) > p(X) forall@# X CV,
(6) dg(v) =m(v) foralveV,

(7) m(X) >p(X) forall@#X CV.
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The following theorem due to Frank is fundamental in every result on edge-
connectivity augmentation: it gives the connection between the minimization version
and the degree-specified version of these problems. The theorem is true under more
general circumstances; we only state what we need in this paper.

THEOREM 1 (see [7], [1]). Ifp:2Y — Z is crossing supermodular, then

(8) min{m(V) : m is a p-admissible degree specification}
t
= max {Zp(Vl) {1, ..., Vi} is a subpartition of V} .
i=1

The maximum value in (8) is denoted by o,. A degree specification m that
achieves the minimum value in (8) will be called minimal. Note that, for the parameter
o, defined in the introduction, we have

1

9) ap = [201,-‘ .

Given a partition X = {X1,..., X;} of V, the index j of X is considered modulo
t; that is, for example, X;1; = X;. Let J C {1,...,t} be an index set. Let J:=
{1,...,t} \ J. We call J consecutive if J ={j,j5+1,...,k} modulo ¢ for some j and
k. Let us say that J is p-positive if J # () and p(UjeJXj) > 0.

Following [4], the partition X is called p-full if ¢ > 4, every nonempty index set
I c {1,...,t} is p-positive, and p(X;) = 1 for some j € {1,...,t}. The maximum
cardinality of a p-full partition is the dimension of p and is denoted by dim(p). If
no p-full partition exists, then dim(p) is defined to be 0. A degree specification m is
called p-legal if (10) is satisfied:

(10) m(V) > 2(dim(p) — 1).
The following lemma comes from Benczar and Frank [4].

LEMMA 2 (see Bencztr and Frank [4]). Let p:2Y — Z be a symmetric crossing
supermodular set function.
1. A graph that covers p has at least dim(p) — 1 edges.
2. If a partition X = {X1,..., X¢} of V satisfiest > 4, p(X1) =1, and p(X; U
X;) >0 fori=2,...,t, then X is p-full.

Let G = (V, E) be a graph, pg a symmetric crossing supermodular set function
on V', and mg a degree specification on V. Let us introduce the functions pg and mg,
which will play an important role in this paper, as follows:

(11) pe(X) = po(X) — de(X) for all X C V,
(12) meg(v) = mo(v) —dg(v) forallveV.

By (1), the function —dg is symmetric crossing supermodular; hence so is pg.
Moreover, by (3) and (1) (respectively, by (4) and (2)), for crossing po-positive subsets
X and Y of V, the following hold:

(13) pa(X) +pa(Y) <pa(XNY) +pa(XUY) —2dg(X,Y),
(14) pa(X) +pa(Y) < pa(X\Y) +pe(Y \ X) — 2dg(X,Y).
It is useful to define the following surplus function sg:

(15) sG = Mg — PG-
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OBSERVATION 3. Note that m¢g is pg-admissible if and only if
(16) sg(X)>0 forallD#£XCV.

By modularity of mq and (13) (respectively, (14)), for crossing po-positive subsets
X and Y of V, the following hold:

(17) s¢(X)+5g(Y) > sg(XNY)+s¢(XUY) +2dg(X,Y),
(18) s6(X) +56(Y) > s6(X \ Y) + sa(¥' \ X) +2(da(X, V) + ma(X N Y)).

Operations. Let mg : V. — Z4 be a pg-admissible degree specification. An
element v of V' is called mg-positive if mg(v) > 0. The set of mg-positive elements
is denoted by Vi (m¢). For an element v € V', x, denotes the incidence vector of the
set {v}. Let x,y be two different mg-positive elements, and uv € F an edge of G
that is not incident to either x or y. We will need the following operations :

1. Splitting off at x,y means replacing m¢g by mg,, and pg by pg,,, where
Gey= G+ zy.

2. Unsplitting uv is the reverse of splitting off: replace m by mguws and pg by
pguv, where G*"= G — uv. Note that mguv is pguv-admissible.

3. The (uv, ux)-flip is defined as unsplitting uv and splitting off at x, u, that is,
replacing mg by mg and pg by pgr, where G/ = G — uv + zu. We will also
call it flipping uv for uz.

4. Improving uv to ux,vy is defined as unsplitting wv and splitting off at x,u
and at v,y, that is, replacing mg by mg~ and pg by pg:, where G =
G — uwv + uz + vy. Improving uv by x and y means improving uv to either
zu, vy or xv,uy. The corresponding operation is an improvement.

Any of the above operations is called pg-admissible if the new degree specification
is admissible with the new set function. If the splitting off at x,y is pg-admissible,
then we say that the pair x,y is pg-admissible.

OBSERVATION 4. s5¢(X) — sg,,(X) = 2 if both x and y belong to X, and 0 oth-
erwise.

Special sets. The following special sets will be used frequently in the paper. A
set X C V is called
1. tight if mg(X) = pa(X), that is, if s¢(X) = 0;
2. dangerous if ma(X) < pe(X) + 1, that is, if s¢(X) < 1;
3. (uv,uz)-perilous if pa(X) =0 =mg(X) -1, z,u € X, and v ¢ X. A
(uv, uzx)- or (vu,vz)-perilous set is called (uv, z)-perilous.
A partition is called tight if its members are tight. For an mg-positive element u,
X, and T, denote the minimal and the maximal tight sets containing u. If u belongs
to no tight set, then X, is defined to be equal to V.

OBSERVATION 5. Tight sets containing an mg-positive element, dangerous sets
containing two me-positive elements, and perilous sets are pg-positive.

Partition constraint. Let P = {Py,..., P.} be a partition of V' with r > 2. An
element v € V that belongs to some P; is said to be of color i. The notation c(v)= i
will also be used for v € P;. We say that the graph G = (V, E) is P-partite if every
edge of G goes between two different classes of P.

OBSERVATION 6. Note that there always exists a P-partite spanning tree on V.
Indeed, let uw € Py and v € Py. Then the edge set {ux : x € V\ P }U{vy : y € P \{u}}
forms a spanning tree on V' that is clearly P-partite.
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A degree specification m is called P-feasible if (19) and (20) are satisfied. If m is
pa-admissible and P-feasible, then m is called (pg, P)-allowed.

(19) m(V) is even,
(20) m(P;) < @ for all P, € P.

We call P; € P dominating if m(P;) = $m(V). A pair of m-positive elements is
called rainbow if they are of different colors and any dominating color class contains
one of them. A splitting off, a flip, or an improvement is called (pg, P)-allowed if it is
pa-admissible and uses only rainbow pairs. We will simply write allowed for (pg, P)-
allowed, and we will specify the function to be considered when it differs from pg.
A complete allowed splitting off is a sequence of allowed splitting off that decreases
m(V) to zero. If the splitting off at x,y is allowed, then we say that the pair =,y is
allowed.

Let m be a degree specification and P € P. A pair (X7, X3) of disjoint sets of V'
is called a P-pair if there exists a subpartition &; of X; N P such that 3y, p(X) =
p(X;) for i = 1,2, while it is called an (m, P)-pair if the m-positive elements of X;UX5
are the m-positive elements of P. A subpartition X of V is called a P-subpartition if
there exists a set X’ C X N P for every X € X such that p(X’) = 1, while it is called
an (m, P)-subpartition if each X € X’ contains an m-positive element of P.

Constructions, obstructions, obstacles. Let p : 2¥ — Z be a symmetric crossing
supermodular function, m : V' — Z, a degree specification, and P = {Py,...,P.} a
partition of V.

DEFINITION 7. A partition A = {A1,..., A4} of V is called a C}-obstacle for
(p, P,m) if the following hold:
1. ( ) ( ) (Az—i-l)_p(AiUAi—i-l) 18 0ddf07”7:=1,...,4;
(b) p(Ai—1 UA;) +p(Ai U Aig1) = p(Aim1) + p(Aig1) fori=1,....4
(c) if p(Ai) =1 fori=1,...,4, then p(A; U A3) = p(A2 U Ay) < 0;
(d) p(A1) + p(A3) = p(43) + p(As) = Loy,
2. m is mintmally p-admissible.
3. m is P-feasible and there exist £ € {1,2} and P € P such that (Ag, Agyo) is
n (m, P)-pair.
A partition A is called a C}-construction for p (respectively, a C;-obstruction for
(p,m)) if it satisfies 1 (respectively, 1 and 2). Cj-constructions, Cj-obstructions, and
C-obstacles satisfying p(A;) =1 for i =1,...,4 are called simple.

DEFINITION 8. A partition A = {A1, A, A3, Ay, B1,..., B} of V (t > 1) is called
a CE-obstacle for (p, P,m) if the following hold:
1. (a) p(A)) =1 fori=1,...,4;
p(Bj) =2 forj=1,...,t
p(A;UBj)=1fori=1,....,4and j=1,...,t;
p(AiUAiJrl) =1 fO’f’i: 1,...,4;
e) p(A; UA;y2) <0 fori=1,2;
() op =2 xeap(X) =2t +4.
2. m is minimally p-admissible.
3. m is P-feasible and
(a) either there exist £ € {1,2} and P € P such that {Ap, Ag42,B1,..., Bt}
is an (m, P)-subpartition,
(b) or there exist jo € {1,...,t} and distinct Py,, Py, € P such that for
i=1,2, {A;, A2} U{Bj : j # jo} is an (m, Py,)-subpartition.
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A partition A is called a C¥-construction for p (respectively, CE-obstruction for (p,m))
if it satisfies 1 (respectively, 1 and 2). A Ck-obstacle is of type 1 (respectively, type
2) if 3a (respectively, 3b) is satisfied. For a C¥-construction A, consecutive elements
of A means sets A;, A;y1, where the index i is considered modulo 4.

DEFINITION 9. A partition A = {A1,...,Ag} of V is called a C§-obstacle for
(p, P, m) if the following hold:
1. (a) p(A;))=1fori=1,...,6;
(b) p(Az UAiJrl) =1 fOT’i = 1,...,6;
(c) p(A; UA;j) <0 for all nonconsecutive sets A; and Aj;
(d) op = 3251 p(Ai) = 6.
2. m is minimally p-admissible.
3. m is P-feasible and there exist distinct Py, € P such that (A;, Ait3) is a
(m, Py,)-pair fori=1,2,3.
A partition A is called a C§-construction for p (respectively, Cg-obstruction for (p,m))
if it satisfies 1 (respectively, 1 and 2).
A construction (respectively, obstruction, obstacle) is a Cj- or a Cg- or a Cf-

construction (respectively, obstruction, obstacle). Note that an obstruction is a special
type of construction, and an obstacle is a special type of obstruction.

OBSERVATION 10. If there exists a construction, then o, is even.

OBSERVATION 11. Two m-positive elements that belong to consecutive sets A; and
Air1 of an obstacle have different colors.

3. Preliminaries. In this section, py : 2¥ — Z is a symmetric crossing super-
modular function, G = (V, E) is a graph, m¢ is a pg-admissible degree specification
with mg(V) >4, and P = {Py,...,P,} is a partition of V.

3.1. Positive sets.

CrLAIM 12.
1. If a family {Xq,..., Xk} of po-positive subsets of V' satisfies that X, crosses
=Xy and pe(X; 0 (UZ] X0) < pa(X;) for j=2,....k, then pa(X1) <
pa(U] Xo) <pa(Uy Xi) forj=1,...k.

2. If a subpartition {W1,..., Wi} of V satisfies Ulf W; # V, and for every
J = 2,...,k there exists an i; such that 1 < i; < j, pg(Wij) =1, and
pa (Wi, UW;) > 1, then pg(Ulf W;) > 1.

Proof.

1. We prove this point by induction on k. For k = 1 the inequalities hold (with
equalities). Suppose that the inequalities hold for k — 1, that is, pg(X1) <
pg(U{ X;) < pg(Ulf_l X;) for j =1,...,k — 1. To finish the proof we have
to show that pg(U]ffl X;) < pg(UIf X;). Applying (13) to X, and Uf;ll Xi,
and using pe (X N (Uf;ll X)) < pa(Xk), gives the result.

2. Apply point 1 to {W;, UW;:j=2,... k}. |

Cram 13. If a partition A = {A1,..., A} of V (t > 4) satisfies pg(A;) =
pa(A;UA;11) =1 fori=1,...,t, then the following statements hold:
1. No edge of G connects nonconsecutive members of A.
2. pg(UjEJ A;) =1 for all nonempty consecutive J C {1,...,t}.
3. If pa(U,es Aj) = 1 for some nonconsecutive index set J, pa(Ar U Ar) > 1
for all nonconsecutive pair {k,l} such that k,¢ ¢ J, then {k+1,...,0—1}
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and {{+1,...,k — 1} both intersect J.
4. There exists a pg-positive nonconsecutive index set if and only if A is a pg-
full partition.

Proof. Let Aj :=J,c; A; for any indexset J C {1,...,}, and let J={1,...t}\
J.

1. Suppose that there exists an edge of G between A; and A;, where j ¢ {i—1,i+
1}. By (14) applied to 4;_1UA; and A;UA; 11, we have 1+1 = pg(A4;—1UA;)+
pa(AiUAip1) <pa(Aic1) +pa(Aipr) —2d(Ai1 UA; AjUA) < 14+1-2,
a contradiction.

2. Without loss of generality, we may assume that J = {1,...,j} for some
j<t—1 Let X; =A;UA;4 fori=1,...,t —2. Since A is a partition
of V, we have X; N (Uf;ll X;) = Aj for j =2,...,t —1; hence Claim 12.1
applies to {X1,...,X¢—2}. It gives, since pg is symmetric, 1 = pg(X;) <
pG(Uje,] Aj) < pc;(Uz;ll A;) = pa(Ay) = 1, and we have equality.

3. By pg(4;) =pa(A;UA;11) =1fori=1,...,t, there exist consecutive pairs
Ja, ... Jy such that with J; := J the corresponding sets satisfy the conditions
of Claim 12.1 and |Jj_, Aj, = A U A, Then, by Claim 12.1, pa(4,) > 1,
and by the symmetry of pg, the assertion follows.

4. We prove only the nontrivial direction. Suppose that pg(Ax) > 1 for some
nonconsecutive index set K. Then there exists a nonconsecutive pair {¢q,r} C
K such that {g+1,...,7 —1} and {r +1,...,¢ — 1} both intersect K. By
point 3 applied to K, we have pg(A4, U A,) > 1. Then by point 3 applied to
{g, 7}, we have pg(Ag—1UAq41) > 1, and then point 3 applies to {g—1, ¢+1},
which gives pg(A4qUA;) > 1 for all j # g—1, ¢+ 1. Moreover, by assumption
pa(Ay) = pa(Ag—1 U A,) = pa(A, U Ayr1) = 1; thus by Lemma 2.2, A is a
pe-full partition. ]

3.2. Tight sets. The following properties of tight sets are well known. In this
section, we will often implicitly use Observation 5.

CLAM 14. Let X and Y be pg-positive tight sets. Then the following statements
hold:
L.IfXNY 20 and X UY #V, then X NY is tight and X UY is pg-positive

tight.
2. f X\Y#Dand Y\ X #0, then X \Y and Y \ X are py-positive tight and
mg(X N Y) =0.

3. If an mg-positive element v belongs to X and Y, then one of them contains
the other one. Consequently, if an mg-positive element v belongs to a tight
set, then v belongs to a unique minimal and a unique maximal tight set.

Proof.

1. By the tightness of X and Y, (17) and (16), we get 04+0 = sg(X) +s¢(Y) >
sq(XNY)+sq(XUY) > 0+0, so equality holds everywhere and the assertion
follows.

2. By the tightness of X and Y, (18) and (16), and the nonnegativity of m¢g, we
get 040 = sg(X)+s6(Y) > s¢(X\Y)+s¢(Y\X)+2mae(XNY) > 0+0+0,
so equality holds everywhere and the assertion follows.

3. Suppose indirectly that X \ Y # @) and Y \ X # 0. Then, by point 2 and v €
(XNY)NVi(mg), we have 0 = mg(X NY) > mg(v) > 0, a contradiction. O
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For an mg-positive element u, the definitions of X, and T;—the minimal and
the maximal tight sets containing u—are correct by Claim 14.3.

CraM 15. Let D be a subset of the mg-positive elements such that each element
of D belongs to a tight set. Then we have the following:
1. The family {X, : w € D} is laminar.
2. There exists a partition X of |J,cp Xu such that Y~y » pa(X) > mag(D).

Proof.

1. Suppose that, for some u,v € D, none of X,, — X,, X, — Xy, and X, N X, is
empty. Then, by Claim 14.2, X, \ X,, C X, is a tight set containing u, which
contradicts the minimality of X,.

2. Let X be the maximal sets of {X,, : w € D}. Then, by point 1, X is a partition
of U,ep Xu, and, by mg being nonnegative and each element of A’ being
tight, we have mg(D) < ma(Uuecp Xu) = D xex ma(X) =2 xecr Pa(X). 0

It is important to mention that a degree specification m can be modified without
destroying p-admissibility, as follows.

ueD

CLAIM 16. Let u be an m-positive element and v € X,. If m is p-admissible,
then 50 is m' == m — Xy + Xu' -

Proof. Suppose that m’ is not p-admissible; that is, there exists a set Y C V
such that m/(Y) 4+ 1 < p(Y'). Then, by m being p-admissible and the definition of m/,
we have p(Y) < m(Y) < m/(Y)+ 1 < p(Y). Thus equality holds everywhere; that
is, Y contains u but not v’ and it was tight. Then u € X, NY, so, by assumption,
m(X, NY) > 0, and then, by v’ € X, \ Y, Claim 14.2 implies Y \ X,, = 0, that is,
Y C Xy, which contradicts the minimality of X,,. O

CLAIM 17. Suppose that mg is minimally pg-admissible. If the pair u,v is pg-
admissible, then mgq,, s minimally pg,, -admissible.

Proof. The pair u, v being pg-admissible, mg,,, is pg,,,-admissible. Moreover, the
splitting off decreases by 1 the pg-value of at most two sets of any partition achieving
0pe- Then, by the minimality of m¢g, we have mg,, (V) > 0y, > 0pc =2 =mg(V)—
2 = mg,, (V). Hence we have equality everywhere, in particular mq,, (V) = 0ps, . ;
that is, m¢,, is minimally pg,,-admissible.

Cramm 18. Ifpe <1 and X CV crosses a pg-positive tight set, then pa(X) < 0.

Proof. Assume that X and a tight set Y are pg-positive and crossing. Then,
by (13) for X and Y and pg < 1, we have 1 + 1 < pg(X) + pa(Y) < pa(X N
Y)+peg(XUY) <141, and so pg(Y) = 1 = pg(X NY). By Y being tight,
ma(Y) = pe(Y) = 1. Hence, by possibly complementing X, we may assume that
ma(X NY) =0. Then, by pe being symmetric and m¢ being pg-admissible, we get
1=pa(XNY)<mg(XNY) =0, a contradiction. o

3.3. Dangerous sets. We start this subsection by the characterization of ad-
missible pairs; see [4]. In light of Lemma 19 below, it is natural to study the properties
of dangerous sets.

LEMMA 19 (see [4]). A pair of mg-positive elements u,v is pg-admissible if and
only if no dangerous set contains both u and v.

The following technical claims will be applied throughout the paper. From now
on we suppose that mg (V) is even.

CLAmM 20. For a dangerous set 'Y, the following statements hold:
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L ma(Y) < img(V).

2. IfY contains an mq-positive element of a dangerous set X, then mg(V\Y '\
X)> 1.

3. IfY intersects a tight set X, X and Y are pg-positive, and X UY # V, then
Y U X is dangerous.

Proof.

1. By Y being dangerous, pg being symmetric, and mg being pg-admissible and
modular, we have mg(Y) < pa(Y)+1=pc(V\Y)+1<mg(V\Y)+1=
ma(V)—mg(Y)+1, and then, by mg (V) being even, the assertion is satisfied.

2. By m¢ being modular, point 1, and mg(YNX) > 1, we have mg(V\Y\X) =
mg(V) —mg(Y) —mg(X)-f—mg(YﬂX) > mg(V) - %mg(V) — %mg(V)—i-l =
1, so the assertion is satisfied.

3. By X being tight, Y being dangerous, (17) and (16), we have 0+1 > s¢(X)+
sqg(Y) 2 s¢(XNY) +s¢(YUX) >0+ sg(Y UX), and the assertion is
satisfied. ]

Cram 21. Let M = max{pg(X) : X CV}. If W is an inclusionwise minimal set
satisfying pa(W) = M, X is a dangerous set, w,x is a pair of mg-positive elements,
weWNX, and x € X \ W, then the following hold:

1. WCX,
2. pa(X) =M, and mg(X \W) = 1.

Proof.

1. Suppose that W\ X # (). Then, by X being dangerous, pg(W) = M, (14),
(7), the minimality of W, and w € WNX, we have mg(X)—1+M < pg(X)+
pe(W) < pa(X\W) +pc(W\X) <meg(X\W)+ M <mg(X)—14+M, a
contradiction, and the assertion follows.

2. By the definition of M, X being dangerous, point 1, the modularity of mg,
(7), 2 € (X\W)NVi(mg), and pe(W) = M, we have M +1 > pe(X)+1 >
ma(X) = mag(W) +mg(X \ W) > pe(W)+1 =M + 1, so equality holds
everywhere, and the assertion follows. 0

LEMMA 22. If mg is P-feasible and no (pg, P )-allowed splitting off exists, then
pa(X) <1 forall X CV.

Proof. Suppose that M = max{pg(X): X CV} > 2. Let Y be an inclusionwise
minimal set satisfying pg(Y) = M. By the symmetry of pg, we have pg(V\Y) = M,
and let Z C V \'Y be a minimal set satisfying pg(Z) = M. By mg being pe-
admissible, Y and Z contain mg-positive elements.

Let y € Y and z € Z be mg-positive elements. No dangerous set X contains
y and z, since otherwise Claim 21 would imply YU Z C X and 1 = mg(X \Y),
and then, by m¢g being modular and nonnegative and by (7), we would have 1 =
ma(X\Y) > mg(Z) > pe(Z) = M > 2, a contradiction. It follows, by Lemma 19,
that the pair y, z is pg-admissible. Since there exists no allowed splitting off, the pair
Y, z is not rainbow.

Then, the set of the mg-positive elements of Y U Z is either a subset of some
P € P or is disjoint from a dominating color class P’ € P. Since mg is P-feasible,
there exists an mg-positive element x of V' \ (Y U Z) that belongs to a dominating
color class (if there exists one). Then, in the second case, x € P’. For y € V;(mg)NY
and z € Vi(mg)NZ, x,y and z, z are rainbow pairs; hence there exist a dangerous
set X containing x,y and a dangerous set X’ containing x, z. Claim 21 applies to X
and Y and also to X’ and Z; hence pg(X) = pa(X’) = M and mg(X NX’) =1. By
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Claim 20.2, X and X' are crossing, and now (13) implies that pg(X N X') = M
2 > mg(X N X'’), which contradicts the pg-admissibility of mg.

Cram 23. Let M = {M;,Ms} be a family of mazimal dangerous sets. If
mag(M}) > 1 fori=0,1,2, then the following hold:
1. sg(My) = sg(Ms) =1, My N My is tight, and sq(My U M) = 2;
2. My \ My and My \ My are tight and ma(M§) = 1;
3. M} is a maximal tight set fori=0,1,2.

Proof. By Claim 20.2, mg(M;) > 1 for i = 0,1, 2, and by Observation 5, M; and
My are crossing po-positive sets. Thus (17) and (18) apply to My and Ms.

1. By M; and M, being dangerous, (17), (16), and M; UM, not being dangerous,
we have 1 +1 > sg(My) + sq(Mz) > sq(My N M) + sg(My U M) >0+ 2,
so equality holds everywhere and the assertion follows.

2. By M; and M; being dangerous, M} # (), (18), (16), and mg(Mg) > 1, we
get 1+1 > Sg(M1)+Sg(M2) > Sg(Ml\Mg)—|—Sg(M2\M1)+2mG(M1ﬂMQ) >
0+ 0 + 2, so equality holds everywhere and the assertion follows.

3. By parts 1 and 2 of this claim, M; and M5 being dangerous, and Claim 20.3,
we have the assertion. 0

2
d

Cramm 24. Let M = {My,..., My} be a family of mazimal dangerous sets with
0>3. If mg(M7?) >1 fori=0,...,¢ then the following hold:
1. M} is a maximal tight set and M; = M} U Mg;
2. mg(M}F) =1;
3. sg(MyUMp)=1for1<j<k<{

Proof.

1. By mg(M}) > 1, there exists an mg-positive element wu; in M} for 4
0,...,¢. By applying Claim 23.3 to M;, My (1 < j < k < {), we get that
M; "My, =Ty, M; \ My = Ty, and My \ M; = T,,. Then it follows that
M} =1T,, and M; = M UMy for i =0,...,¢, so the assertion is satisfied.

2. Let i,j and k be three different indices between 1 and ¢. By Claim 23.1, (18)
applied to M; U M; and M; U M, point 1 of the current claim, modularity
of mg, (16), Claim 23.2, and mqg(M;) > 1, we have 2 + 2 = sg(M; U M;) +
sa(M; UMy) > Sg(MJ*) + Sg(M]:) + 2mg(M5) + 2mg(Mi*) >04+0+242,
so equality holds everywhere and the assertion is satisfied.

3. By M; being dangerous, Claim 23.1, (18) applied to M; and M; UMy, point 1
of the current claim, (16), and Claim 23.2, we have 1+2 > sq(M;) +sq(M; U
My) > sq(M]) + sq(M; U M) + 2ma(M§) > 0+ 1+ 2, so equality holds
everywhere and the assertion is satisfied. ]

Using the above claims, we generalize a theorem of [6] on admissible edges. It will
help us to find an allowed pair when no simple Cj-obstacle exists but an admissible
pair exists.

For an m-positive element ¢, let S; be the set of m-positive elements admissible
with ¢.

LEMMA 25. Let p : 2V — Z be a symmetric crossing supermodular set function,
and m : V. — Z4 a p-admissible degree specification with m(V) > 4 even. Suppose
that an admissible pair exists. Then

(i) either there is an m-positive element t such that m(S;) > +m(V),
(ii) or there is a simple C5-obstruction.
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Proof. By Lemma 19, let M; = {M;,..., M,;} be a minimal family of maximal

dangerous sets such that t € Mg and Vi(m)\ Sy = Vi(m) N Ule M;. Suppose that
(1) is violated, that is,

(%) m(Sy) < -m(V)—1 forallte V,(m).

DO =

CLAIM 26. For all t € Vi (m), we have |[M¢| = 2, m(Mg) = 1, M} a maximal
tight set, and M; = M} U Mg for all M; € M,.

Proof. If for some t € V, (m), |M;| < 1, then, by Claim 20.1, m(S;) > m(V) —
m(My) > m(V) — 3m(V) = 3m(V), which contradicts (). Thus [M,| > 2 for all
t € Vi (m). Suppose that, for some ¢y € Vi (m), { = |My,| > 3. By Claim 24 and
Lemma 19, Sy, = S, for all t; € V. (m) \ St,- The existence of an admissible pair
implies that there exists u € Sy,. Since tg € Sy, {to0,t1,-..,te} C Sy. Then (%) applied
to u, Claim 24.2, and () applied to to imply that 2m(V) —1 > m(S,) > (+1 =
m(V \ St,) = m(V) —m(Sy,) = $m(V) + 1, contradiction. Thus [M;| = 2 for all
t € Vi(m), and, by Claim 23 applied to M; and Ms, the claim follows.

By Claim 26, for all ¢ € V(m) there exist t1,t3 € Vi (m) such that M; =
{T} UTy,, T; UT,} and m(T;) = 1. Then, by (x) and m(V) > 4, for all t € Vi (m),
3 =m(Ty) + m(Ty,) + m(Ty,) = m(UM,) > 3m(V) + 1 > 3, and hence m(V) =
[Vi(m)| = 4. Let Vi (m) = {a1,az, as,as} so that M,, = {T,, UTq,,To, UT,,}.

CLAM 27. A= {To,,Tays Loy, Ta,} is a simple C}-obstruction.

Proof. By Claim 26 and M, = {To, UT,,, To, UTo, } Mag = {Ta, UTs,, Ty U
T,,}. Since T,, UT,, is dangerous, so is V'\ (T, UT,,) by m(V) = 4. By maximality,
VA\(Toy UTs,) = Tog UTa,, 80 {TaysTays Tas, Ta, } is a partition of V. By m(V) = 4,
m being p-admissible, the definition of ¢, and Claim 26, we have 4 = m(V) > g, >
Z?:l p(Ta;) = 4, which implies Definitions 7.2 and 7.1d for A. Claim 23.1 implies
that p(T,,) = 1 = p(T,, UT,,+1), so Definitions 7.1a and 7.1b hold for A. Since there
exists an admissible pair, Definition 7.1c also holds for A. 1]

—~

O

By Claim 27, (ii) of Lemma 25 is satisfied, and thus Lemma 25 is proved. 0

COROLLARY 28. There exists no pg-admissible pair if and only if there exists a
partition {Vi,...,Vi} of V such that the following hold:
1. £>4;
2. for1 <i<j<{t mg(Vi) =pc(Vi) =pc(V;UV;) =1 and V; is a mazimal
tight set; that is, {Vi,...,Ve} = {Tyw : w € Vi(mg)};
3. for all e = uv € E there exists 1 < i, < { such that u,v CV;_;
4. pc(U,es Vi) =1 for all nonempty J C {1,...,¢}.

Proof. The sufficiency follows from point 2 and Lemma 19. Let us see the ne-
cessity. For an mg-positive element ¢, by Lemma 19, let M; = {Mj,...,M;_1} be
a minimal family of maximal dangerous sets containing ¢ and covering all the mg-
positive elements.

1. By Claim 20.2, £ —1 > 3.

2. By Claim 24 applied to My, {V;11:= M} :i=0,...,¢—1} is a subpartition
of V satisfying part 2. It is in fact a partition of V' because if Z := V\{J, V; #
(), then by the fact that M; covers all the mg-positive elements, mg is pg-
admissible, pg is symmetric, and M; is pg-positive for i =1,...,¢ — 1, so by
Claim 12.1 applied to My, we have 0 = mg(Z) > pg(Z) = ])G(Uf:1 Vi) =
pg(Uf;ll M;) > pa(My) > 1, a contradiction.
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3.-4. Note that, by point 2, Claim 13 can be used for any order of the sets in
Vi,..., Vs, and then, by Claims 13.1-2, the assertions in 3 and 4 follow. 0O

COROLLARY 29. If there exists no pg-admissible pair, mg(V) > 6, and G’ is
obtained from G by a pg-admissible improvement, then no pgr-admissible pair exists.

Proof. Suppose that G’ is obtained from G by the pg-admissible improvement of
uwv to ux,vy. Let Vp,...,V; be the partition of V' provided by Corollary 28 applied
for pg. Then there exist 1 <4,5,k < ¢ such that z € V;, y € V, and u,v C V},. Let
X =V; UV; UV, By Corollary 28.2, modularity of m¢, the improvement being pg-
admissible, and Corollary 28.4, we have 1 = 1+14+1-2 = mg(V;)+ma(V;)+mea (Vi) —
2=mg(X)—-2=me(X) > pe(X) = pc(X) =1, and then, by Corollary 28 for p¢
and mq(V) > 6, it follows that {Vi,...,Vi} \ {Vi, V}, Vi } U {X} satisfies Corollary
28.1-4 for pg/, and hence, by Corollary 28, no pg/-admissible pair exists. 0

3.4. Perilous sets. In the previous section, the study of admissible pairs led to
dangerous sets. Here, we are interested in admissible flips and improvements. This is
where perilous sets come into play; see Lemma 31. We will often implicitly use the
fact that a perilous set is pg-positive; see Observation 5.

LEMMA 30. Let z and y be two distinct mg-positive elements and uv an edge of
G. Then we have the following:
(i) Flipping uv for ux is pg-admissible if and only if no dangerous set contains x
and u but not v.
(ii) Improving wv to ux,vy is pg-admissible if and only if both flipping uv for ux
and flipping vu for vy are pg-admissible and no dangerous set contains x,u,v
and y.

Proof.

(i) Recall that flipping uv for uz consists of first unsplitting uv and afterwards split-
ting off at x,u. Since unsplitting uv is pg-admissible, mguv is pguv-admissible.
Then, flipping uv for ux is not pg-admissible if and only if splitting off at u,x
is not pguv-admissible, which is equivalent, by Lemma 19, to the fact that there
exists a dangerous set X with respect to pgus and mguv (that is, sgue (X) < 1)
containing = and w. Then, Observation 4 and sg(X) > 0 imply v ¢ X and
sq(X) = sguv (X) < 1; that is, X is dangerous with respect to pg and m¢g and
contains x and u but not v.

(ii) Note that improving uv to uz,vy can be considered as flipping uv for uz and
then splitting off at v, y. Let H (respectively, K) be the graph obtained from G
after flipping uv for uz (respectively, improving uv to ux, vy).

(a) To prove the necessity, suppose that improving uv to uzx, vy is pg-admissible;
that is, myg is px-admissible. Since unsplitting vy is px-admissible, my
is py-admissible; that is, flipping uv for uzx is pg-admissible. Similarly,
flipping vu for vy is pg-admissible. If a dangerous set X of G contained
x,u,v, and y, then, by Observation 4 and since my is px-admissible, we
would have 1 > s (X) = sg(X) + 2 > 2, a contradiction.

(b) To prove the sufficiency, suppose that improving uv to uz,vy is not pg-
admissible. If the (uwv,uz)-flip or the (vu,vy)-flip is not pg-admissible,
then we are done; hence suppose they are both pg-admissible. Since the
splitting off at v,y is not py-admissible, there exists, by Lemma 19, a set
X containing y and v which is dangerous with respect to py and my.
Note that, since flipping vu for vy is pg-admissible, X is not dangerous
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with respect to pguw and mgue. Hence we have sgus(X) > 2 > 1 >
sp(X). Since G*¥ = H"* Observation 4 implies that X contains « and
x. Therefore s (X) = sy (X); thus X is also dangerous with respect to pg
and mg and contains z,u,v and y. 0

As suggested by Lemma 22, it is reasonable to study the admissibility of flips
and improvements when pg < 1. The following lemma reveals how perilous sets
arise in the process. In fact, perilous sets will always be studied when pg < 1 and
{Tw,w € Vi(mg)} is a partition of V. We derive some of their properties in this
situation. Note that, then, T, N T, = () whenever = and y are distinct mg-positive
elements.

LEMMA 31. Suppose that pg < 1, {T,,w € Vi(mg)} is a partition of V., x,y, z €
Vi(mg), wo € E, and u,v € T,.
(i) Flipping uv for ux is pg-admissible if and only if there exists no (uv, ux)-perilous
set.
(ii) Improving uv to ux,vy is pg-admissible if and only if neither a (uv,ux)- nor a
(vu, vy)-perilous set exists.

Proof.

(i) The necessity comes from Lemma 30(i) and the definition of perilous sets. To
see the sufficiency, by Lemma 30(i), we just have to show that a dangerous set
X containing v and x but not v is a perilous set. Indeed, by = € Vi (mg) N X,
m¢ being modular and nonnegative, X being dangerous, and pg < 1, we have
0 <mg(z) —1 <mg(X)—1<pg(X) <1. Then, by mg(V) > 4, X crosses
T.; therefore, by Claim 18, we have pg(X) = 0, and assertion (i) is proved.

(ii) We apply Lemma 30(ii). First, no dangerous set contains z,u,v,y: if X was
such a set, since pg < 1, we would have 2 < mg(X) < pg(X) + 1 < 2. That
would imply pg(X) = 1 and 2 ¢ X, and hence X and T, would be crossing
because mg(V) > 4, contradicting Claim 18. Then, applying point (i) to the
(uv, uzx)- or the (vu,vy)-flip gives the assertion. d

The following results will be applied when either no admissible splitting off exists
or a simple C}-obstacle exists.

CLAIM 32. Suppose that pg < 1, {Tw,w € Vi(mg)} is a partition of V, x,z €
Viimg), © # 2z, wv € E, and u € T,. If X is a (uv,ux)-perilous set, then the
following hold:

1. mg(Ty) =1 for all w € Vi (mg);

2. mg(XNT,) =0, pa(XNT,) =0, pag(XUT,) =1, and d(X,T,) = 0;
3. pa(X\T.) >0, pg(T.\ X) >0, and d(X,T,) = 0;

4. X UT, =T, UT,; that is, X \ T, =T,.

Proof. By u € X NT,, x € Vi(mg) N (X \T), mg(X) =1, and mg(V) > 4,
inequalities (13) and (14) apply to X and T.

1. By w € Vi (mg) N Ty, Ty being tight, and pg < 1, we have 1 < mg(Ty,) =
pc(Tw) < 1, and the assertion follows.

2. By (7), mg(X) = 1, and z € Vi(mg) N (X \ Ty), we have pg(X NT,) <
ma(X NT,) = 0. Then, by X being perilous, Observation 5, (13) applied
to X, and T, and pg < 1, we get 0+ 1 < pa(X) + pa(T2) < pa(X NT.)+
pa(XUT,)—2d(X,T,) <0+ 1—0, and the assertion follows.

3. By X being perilous, Observation 5, (14), and pg < 1, we get 0 + 1 <
pc(X) +pa(T.) < pa(X\T.) +pa(T.\ X) —2d(X,T.) <1+1-2d(X,T.),
and the assertion follows.
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4. Since {Ty,w € Vi(mg)} partitions V, mg(V) > 4 and, by mg being
modular, X being perilous, and by parts 1 and 2 of this claim, we have
ma(XUT,) =mag(X)+ma(T.) —ma(XNT,) =14+1—-0=2. Since, by
part 2, pg(X UT,) = 1 and T, is tight for w € V(m¢), Claim 18 implies
that X U T, does not cross T,. Then, by mg(X UT,) =2, X UT, contains
T, and T, and no other T},; that is, X UT, = T, UT,. Then, T, NT, =0
implies X \ T, = T.. 1]

COROLLARY 33. Suppose that pg < 1, {Ty,w € Vi(mg)} is a partition of V,
z € Vi(mg), ww € E, andu € T,. If x € Vi(mg) \ {2} and v ¢ T, then no
(uv, uzx)-perilous set exists.

Proof. Indeed, if X is (uv,uz)-perilous for some = € Vi(mg) \ {2}, then, by
Claim 32.4, we have X \ T, = T,. Moreover, by Claim 32.3, we have d(X,T.) = 0,
and hence v € X UT,. Since, by definition, v ¢ X, we get v € T,. However, by
assumption, v ¢ T,. This contradiction proves the corollary. ]

For wv € E and z € Vi (mg) such that u,v € T}, let Ry,= {z € Vi(mg) \ {#}:
there exists a (uv,ux)-perilous set} and R, be the family of (uv,ux)-perilous sets
for x € Ry,. Note that R, # Ry, and Ry, # Ryu-

CLAIM 34. Suppose that pg < 1 and {Ty,w € Vi(mg)} is a partition of V,
wv € E,z € Vi(mg),u,v € T.. Then the following hold:
1. If X and X' are respectively (uv,uzx)- and (uv,uz')-perilous sets for distinct
2,7 € Ryy, then d(X, X') =1, XNX' = XNT, = X'NT,, pac(XNX') =0,
and pg(X U X") =0.
2. If X and X' are respectively (uv,ux)- and (vu,va’)-perilous sets for x,z’ €

Ry, then XNX' =0, x £ 2, pa(T.\ X) = pa(T. \ X') =0, and pc(T, \

(XuX)) =1
3. If |[Ruy| > 2, then there exists a unique X, C Ty such that Ry, = { Xy UT,
x € Ruy}.

4. If |Ryy| > 2 and all the edges of G are contained in members of the partition
{Tw,w € Vi(mg)} of V, then dg(Xuw) =1 and po(Xuy) = 1.

5. If u'v' € E, v/, v € T., |Ruv| = 2, |Ruw| > 2, and Ryy N Ry # 0, then
{Xuvy X } is laminar.

Proof.

1. Since wv connects X N X’ and V' \ (X UX’) and pg < 1, applying (14) to the
perilous sets X and X’ gives pg(X \ X') = pg(X'\ X) =1 and d(X, X’') = 1.
By Claim 32.4, we have T, = X \ T, and T,, N X’ = (; hence T, C X \ X".
Since mg(X \ X') = 1, the maximality of T, implies X \ X’ = T,. Similarly,
we have X'\ X =T,,. Thus XN X' =XNT,=X'NT..

Then, by Claim 32.2, pg(X N X’) = 0. By (13) applied to X and X’ and
Claim 18, we get 040 = pg(X) +pa(X') < pa(XNX')+pa(XUX') < 040,
and the assertion follows.

2. By Claim 32.1 and « € R,,,, we have x € X \T,. Note that u € (X \ X')NT,,
v € (X'\X)NT,, and, by Claim 32.2, z € T\ (XUX'). If XNX' # (), then X
and X' are crossing, and, by mg (V) > 4 and Claim 32.1-4, XUX’ and T, are
also crossing. Then, by X and X’ being perilous, (13) applied to X and X’,
uwv connecting X \ X’ and X'\ X, pg < 1, and Claim 18 applied for XUX” and
T, we have 040 = pg(X)+pa(X') < pa(XNX')+pe(XUX')—2d(X, X') <
1+ 0— 2, a contradiction.

By XNX' =0,z € X, and 2’ € X', we have z # 2'.
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Let Y =T,\ X and Y/ =T, \ X’. Claim 32.3 applied to T, and X (and X’)
gives that pg(Y), pa(Y’) > 0. Hence, since uv enters Y and Y’, they are
po-positive. Moreover they cross; thus, by (13) applied to Y and Y, pg < 1,
and wv connecting Y \ Y and Y’ \ Y, we have 0 = pg(Y) = pe(Y’) and
1 =pa(Y NY’), and the assertion follows.

3. By |Ruy| > 2, there exist (uv,uz)- and (uv,ux’)-perilous sets X and X’ for
distinet x, 2" € Ry,. Defining X,, = X N X’ point 1 gives the assertion.

4. By point 3, X, exists. By point 1 and the fact that all the edges of G are
contained in members of the partition {T},,w € Vi(mg)} of V, da(Xuyw) =1
and pg(Xye) = 0. Then, by py = pe + dg, the assertion follows.

5. Suppose indirectly that { X, Xy} is not laminar. Then X, and X, are
crossing. Note that it is possible that w'v’ = vu. By |Ryy| > 2, RywyNRyrer # 0,
and point 3 of this claim, there exist two distinct z,y € Vi (m) \ {2z} such
that X = X, UT, is a (uv, ux)-perilous set, X' = X, UT, is a (uv,uy)-
perilous set, and Y = X,y UT, is a (u'v',u'y)-perilous set. Note that X
and Y are crossing. By X NY # 0 and part 2 of this claim, u/v' # vu.
Since pg < 1, applying (14) to X and Y, and then Claim 18, gives that
pa(X\Y) =pa(Y \ X) =0. We have three cases, as follows:

i. If u ¢ Xy, then X \'Y is a (uv, ux)-perilous set, so by point 3 of this
claim, we have X, UT, = X \'Y C X, UT,, a contradiction.
iil. Ifu € Xy and v ¢ Xy, then Y is a (uv, uy)-perilous set, so by point
3 of this claim, we have X, UT, =Y = X, UT,, a contradiction.
ili. If u,v € Xy, then the (vu,vy)-perilous set Y \ X and the (uv,uy)-
perilous set X’ contradict point 2 of this claim. 0

We reformulate an important part of Claim 34.2 as follows.

LEMMA 35. Suppose that pg < 1, {Ty,w € Vi(mg)} is a partition of V, x,z €
Vilmg), © # z, w € E, and u,v € T,. If there exists a (uv,ux)-perilous set, then
no (vu,vx)-perilous set erists.

Proof. Suppose that X and X’ are (uv, uz)- and (vu, va)-perilous sets. Then, by
definition and by Claim 34.2, we have z € X N X’ = (), a contradiction. 0

From now on, for e = uwv € E, we say that X, exists whenever one of X, and
X, exists; that is, one of |R,,,| and |R,.,| is greater than or equal to 2.
The following claim will be applied when no admissible splitting off exists.

CLAaIM 36. Suppose that m¢ is allowed, no pg-admissible pair exists, z € Vi (mg),
e=uv € E, u,v € T,, and no allowed improvement exists for e. Then the following
statements hold:

1. There exists a (uv,w)-perilous set for some w € Vi(meg) \ {2}

2. If X is a (uv,ux)-perilous set for some x € Vi (mg)\{z}, then T, U(X NT%)
s a (uv, uw)-perilous set for all w € Vi(mag) \ {z}.

3. X, is well defined, and po(XeUTy) =1 for allw € Vi(meg) \ {#}.

Proof. By Lemma 22, we have po < 1. Moreover, by Corollary 28, we have
mag(V) > 4, that {T,,,w € Vi(meg)} is a partition of V, and p(T, UTy) = 1 for all
x,y € Vi(mg). Suppose that mg(P1) = max{mg(P) : P € P}.

1. Without loss of generality there exist x € Vi (mg) NPy and y € Vi (meg) \ P
such that x # z # y. By possibly exchanging v and v, we can assume that
c(u) # c(x) and c(v) # c(y). Then, since improving wv to ux,vy is not
allowed, it is not pg-admissible, and, by Lemma 31(ii), the assertion follows
for w =z or w =y.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/01/17 to 134.148.10.13. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2.

MULTIPARTITE COVERING OF CONNECTIVITY FUNCTIONS 351

Let w € Vi(mg) \ {z,z}. Since mg(V) > 4, there exists y € Vi(mg) \
{z,w,z}. Apply (3) to X and W =T, UT, to get that pa(X UW) > 0.
Now apply (4) to X UW and T, U Ty, to obtain pe (T, U (X NT;)) > 0, and
then, since this set crosses the pg-positive tight set T, we get, by Claim 18,
that pe(Ty U (X NT,)) = 0. Therefore, by Claim 32.1-2, T,, U (X NT,) is a
(uv, uw)-perilous set and the assertion follows.

. By points 1 and 2 of this claim, mg(V) > 4, and Claim 34.3, X, or X,,

exists, so by Lemma 35, exactly one of them exists; thus X, is well-defined.
By point 2 of this claim, X, U T, is perilous, so pg(X. UT,,) = 0. Then, by
Corollary 28.3, we have dg(T,,) = 0; by Claim 34.4, we have dg(X,.) = 1;
and hence, by po(X. UTy) = pa(Xe UTy) +da(Xe UT,) =0+ 1 =1, the
assertion follows. 0

3.5. A special full partition. Let us introduce the following sets and families:

U ={T,:weViimae)}| J{Xc:e€E},
Ur=U\|JU U eu,U' cU} forallU €,
U ={U*: Uecu}.

LEMMA 37. Suppose that mq is allowed, mg(V) > 4, and that neither a pg-
admissible splitting off nor an allowed improvement exists. Then the following state-
ments hold:

1.

O © 00O Uk W

[t

{Tw,w € Vi(mg)} is a tight partition of V and, for all e = wv € E, there
exists z. € Vi (mg) such that u,v CT,, and X, C T, exists.

. U* is a partition of V.

LU#£0 forallU € U.

. po(Tw UU) =1 for allw € Vi(mg) and U € U.

. po(Tw UU*) > 1 for allw € Vi(mg) and U € U.

. po(UUW*) > 1 for alU, W € U.

. U* is a po-full partition of V.

. |L{*\ = mg(V) + |E|

. my s not py-legal.

. There exists a P-partite graph F on'V that covers py with |E(F)| < dim(pg)—

1.

Proof. By Lemma 22, we have pg < 1.

1.

By Corollary 28.2-3, {T,,,w € Vi(mg)} is a tight partition of V' and, for
all e € E, there exists z. € Vi (mg) such that e C T, . Let e = uv € E.
By Claim 36, we may assume that there exists a (uv, uw)-perilous set for all
w € Vi(mg) \ {#ze}. Now, by mg(V) > 4 and Claim 34.3, there exists a
unique X, C T\ {z.} such that X, UT, is the (uv, uw)-perilous set for all
e€ Eand w e Vy(mg) \ {ze}-

. By point 1 and Claims 36 and 34.5, the family ¢/ is laminar, and hence the

assertion follows.

. If U € U, then either U =T, for w € Vi (mg) or U = Xy, for uv € E. In the

former case, by Claim 32.2, w € U*, and in the latter case, by Claim 34.4, f
is the only edge entering X for all f € E, and hence u € U*.
By Corollary 28.2-3, this point is satisfied for all U € {Ty,,w € Vi(mg)}.
By Claim 36.3, this point is satisfied for all U € {X, : e € E}.

. We may assume, by point 4, that U # U* and U C T,, where © # w.
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By mqg(V) > 4, there exists y € Vi(mg) \ {w,z}. Apply Claim 12.1 for
{T,,UW : W maximal set of U strictly contained in U} and point 4 to deduce
that po(T, U X) > 1, where X = Upeyweg W = U\U" # 0. Now,
(4) applied to T\, UU and T, U X gives, by point 4, that po(T,, U U*) >
Po(Tw UU) 4+ po(Ty UX) —po(Ty) >14+1—1>1, as claimed.

6. By mg(V) > 4, let z € Vi (mg) be such that UNT, = and WNT, = 0.
Claim 12.1 applies to the family {7, UX™* : X* e Y*\ {U*, W*}} and gives,
by points 5 and 2 of this lemma, that po(U* UW™*) = po(V \ (U*UW™)) > 1,
as claimed.

7. If there are no edges, then this assertion comes from Corollary 28.4. Other-
wise, a minimal X, € U belongs to U* and satisfies pg(X.) = 1 by point 1
and Claim 34.4. Then, by points 2 and 6 of this lemma, Lemma 2.2 implies
that U* is a po-full partition.

8. By point 3, definition of ¢/, Corollary 28.2-3, Lemma 35, m being modular,
and point 1, we have [U*| = |U| = [{Ty : w € Vi(mg)}H + {X. : e € E}| =
Zw€V+(mg) mG(Tw) + |E‘ = mG(V) + |E|

9. By point 7, U* is a po-full partition of V, and hence, by point 8, dim(pg) >
U*| = mg(V) + |E|. Then, by ma(V) > 4, we have £mo(V) = sma(V) +
|E] <mag(V)+ |E| —2 < dim(pg) — 2; that is, mg is not pg-legal.

10. By Corollary 28.2, |Vi(mg)| = ma(V). By Observation 6, there exists a
P-partite spanning tree T on V, (mg). Since T is a tree, we have |E(T)| =
mea(V) — 1. We claim that T covers pg. Otherwise, by pg < 1, there exists a
set X such that 0 < dr(X) < pg(X) < 1; that is, 0 = dr(X) and pg(X) = 1.
Since T is connected and pg is symmetric, we may suppose that X does
not contain any vertex of Vi (mg). Then, by mg being pg-admissible, we
have 0 = mg(X) > pg(X) = 1, a contradiction. Let F := (V,E(T) U E).
Since T' and G are both P-partite, so is F. Since T covers pg, we have
dr(X) > pa(X) = po(X) —dg(X) for all X C V, 50 dp(X) > po(X) for all
X C V, that is F covers py. Finally, by points 8 and 7, we have |E(F)| =
B(T)| + Bl = ma(V) — 1+ |E| = [U*| — 1 < dim(po) — 1.

4. Degree specified version. In this section we solve the degree specified ver-
sion of our problem: given a symmetric crossing supermodular function pg : 2V — Z,
a degree specification mg : V' — Z,, and a partition P of V, find a P-partite graph
on V covering py and satisfying mg. Note that finding such a graph is equivalent to
finding a complete allowed splitting off.

4.1. Necessary conditions. Here, we provide necessary conditions for the ex-
istence of a complete allowed splitting off.

LEMMA 38. Let pg : 2V — Z be a symmetric crossing supermodular function,
mg : V. — Z4 a degree specification, and P a partition of V. If there exists a complete
allowed splitting off, then mq is P-feasible, po-admissible, and pg-legal.

Proof. Let G = (V, E) be a graph obtained by a complete allowed splitting off.
Then G covers py and satisfies mg. Note that mo(V) = > oy mo(v) =3 oy da(v) =
2|E; hence (19) holds. Since every splitting off is rainbow, we get (20). Hence mg
is P-feasible. By (6) and (5), we have mo(X) = > .y mo(z) = > cxda(z) >
de(X) > po(X); hence we obtain (7), that is, mg is pp-admissible. Since G covers po,
G has, by Lemma 2.1, at least dim(pg) — 1 edges. By mo(V') = 2|E|, we get (10); that
is, mg is po-legal. 0
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4.2. Obstacles. It turns out that the conditions that appeared in section 4.1 are
not sufficient to have a complete allowed splitting off. Exceptional structures must be
forbidden in order to get the sufficiency. The description of these structures is given
in section 2. An obstacle is a partition A of V satisfying two types of conditions.
On the one hand, the p- and m-values of the sets in the partition A fulfill rigorous
conditions. On the other hand, the partition A is closely related to the partition P.
We mention that the CF-obstacle arises only for our abstract form of the problem; it
does not exist in the framework of graphs or hypergraphs.

4.2.1. Properties of constructions. In this section we provide some basic
properties of constructions.

CrLAM 39. Let A = {Ay,...,Aq} be a Cj-construction for pg. Then, for i =
1,...,4, the following hold:
L. pc(Ai) + pca(Ait1) — 1> pa(Ai U Aigr),
3. pa(AiU A1) > 1,
4. A is a simple C} -construction if and only if pg(A;UA;41) =1 fori=1,...,4.

Proof.

1. By Definition 7.1d and the definition of o, we have pg(A4;) + pa(Ait1) >
pc(A; U A;y1), and then, by Definition 7.1a, the assertion follows.

2. By Definition 7.1b and point 1, we have pg(4;-1) + pa(4i+1) = pe(Ai—1 U
Ai)+pa(AiUAi11) <pa(4ic1) +pa(Aiv1) +2pa(A;) — 2, and the assertion
follows.

3. By Definitions 7.1b and 7.1d, point 1, and the symmetry of pg, we have
pa(AiU A1) = 306 —pa(Aisi UA) > 30, — 5((pa(Aic1) + pa(Ai) —
1) 4+ (pa(Ait1) + pa(Air2) — 1)) = 1, and the assertion follows.

4. By Definition 7.1b and points 2 and 3 of this claim, pg(4;) = 1fori=1,...,4
if and only if pg(A; U A;41) =1fori=1,...,4, and the assertion follows. O

CLAM 40. If A= {A;, Ay, A3, Ay, B, ..., Bt} is a CE-construction for pg, then
for JCA{Ll,...,t} andi=1,...,4 the following hold:
1. pG’(Ai UA; UUjGJ BJ) =1,
2. pG(Ai U UjeJ Bj) =1,
3. pG(UjeJ Bj) =2 ifj 7’é (D;
4. pg(Al U AH_Q U UjEJ BJ) S 0.

Proof. We denote, for I C {1,...,4} and J C {1,...,t}, I :={1,...,4} \ I and
J={1,...,t}\ J, A := Uicr Ai, By = UjeJBj7 A= U?Ai, and B := Ut1 B;. Let
1e{l,...,4} and J C {1,...,t}.

1. By Definitions 8.1d, 8.1a, and 8.1¢, Claim 12.1 applies to {A; UA;+1} U{A4; U
Bj:j€ JyU{A;UB;:j€ J} Let I ={i,i+1}. Then, using the symmetry
of pg and Definition 8.1d, we get 1 = pg(Ar) < pe(ArUBy) < pg(AjUB) =
pc(A7) = pa(Aiva U Aips) = 1, and the assertion follows.

2. By Definitions 8.1d, 8.1a and (13) applied to A;11UA; 2, and A;12UA; 13, we
have pg(Am) > 1. Hence, by Definition 8.1c, Claim 12.1 applies to {Am} U
{Aix1UB;j 1 j € J}U{Ai41UBj : j € J}. Then, using the symmetry of pg,

we get 1 < pg(Aqy) < pa(Agy U By) < pa(Agy U B) = pa(4i) = 1, and
we have equality everywhere. In particular, by the symmetry of pg, we have

3. Point 2 and the symmetry of pg imply pg(Am) = pg(Am) = 1. Therefore,
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(13) applied to these two sets and Definition 8.1e give pg(A) > pg(Am) +
pa(Agy) —pa(A1U Asz) 2 141 -0 =2 Since J # (), there exists k €
J. By Definitions 8.1a and 8.1c, Claim 12.1 applies to {A} U {4; U B, :
j € JtUu{A1UB; :j € J\{k}}. Then, by the symmetry of pg, we
have 2 < pg(A) < pa(AU By) < pg(AU Bm) = pe(Br) = 2, and we
have equality everywhere. In particular, by the symmetry of pg, we have
pa(By) =pc(AU By) = 2.

4. Let I = {i,i+ 2}. If pa(Ar U By) > 0, then, by Definitions 8.1a and 8.1c,
Claim 12.1 applies to {A;UB;}U{A;UB; : j € J}. Then, by the symmetry of
pe and Definition 8.1e, we have 0 < pg(Ar U By) < pa(ArUB) = pg(A7) =
pa(Ait1 U Aiys) <0, a contradiction. 0

4.2.2. Properties of obstructions. We show now that obstructions are unique
up to cyclically reordering their elements.

CLAIM 41. Every set of an obstruction is tight.

Proof. Let A be an obstruction for (p, m). Using that A is a partition of V, that
m is p-admissible by Definitions 7.2, 8.2, and 9.2, then Definitions 7.1d, 8.1f, 9.1d,
and finally Theorem 1, we have m(V) = > ., m(X) > > x4 p(X) = 0p = m(V).
Thus, there is equality everywhere, and every set of A is tight. d

Recall that for a C¥-construction A = {41, Ay, Az, A4, By, ..., B:}, two elements
of A are distinct nonconsecutive if they are of the form A;, A; 4o or A;, B; or B;, B;
for i # j.

LEMMA 42. If A is an obstruction for (p,m) and the m-positive elements x and

y belong to distinct nonconsecutive elements of A, then splitting off at x,y is p-
admissible.

Proof. By Claim 41, every set of A is tight. Suppose that the splitting off at x, y
is not p-admissible. Then, by Lemma 19, there exists a maximal dangerous set Y
containing x and y. By Observation 5, p(Y) > 1. By Claim 20.1, Y U A # V for all
A € A. Therefore, by Claim 20.3, Y is the union of elements of A. We address three
cases:

(a) Aisa Cj-obstruction. Then, by nonconsecutiveness, x € A; and y € A4, for
some i € {1,...,4}, and hence A;UA; ;2 CY. By Claim 20.1, the modularity
and nonnegativity of m, Claim 41, and Definitions 7.1d and 7.2, we have
Lin(V) > m(Y) 2 m(A}) + m(Ais2) = p(A) + p(Aisa) = Lo, = Lm(V);
thus m(Y) = 30, and, by Claims 41 and 39.2, 4;UA; 2 =Y. By Claim 39.3,
p(A; U Ajy1) > 1; therefore, (3) and (4) apply to Y and A; U A;11. By
Claim 39.3, (3) and (4), the symmetry of p, Definition 7.1d, and since Y is
dangerous, we get p(Y) +1 < p(V) +p(4; U A1) < 3((p(Ai) +p(Aits)) +
(p(Ais1) + p(Ait2))) = 50, = m(Y) < p(Y) + 1. Thus p(4; U Aiyy) = 1.
Similarly, p(A;4+1 U A;42) = 1. Then, by Claim 39.4, A is a simple Cj}-
obstruction. Then, by Definition 7.1c¢, we have 0 > p(Y") > 1, a contradiction.

(b) Aisa Cf-obstruction. Let a and b be the number of A; and B; contained in Y.
Note that a+b > 2. By Y being dangerous, m being modular, Claim 41, and
Definitions 8.1a and 8.1b, we have p(Y) > m(Y)—1 = a+2b—1. By Claim 40
and the symmetry of p, we get 2 > p(Y'). Thus b < 1 and a < 3. Then, by
a+b > 2, we have 1 < a < 3. In this case, Claim 40 gives 1 > p(Y"). It follows
that b = 0 and a = 2. Then, by Definition 8.1e and the nonconsecutiveness of
the two A;’s contained in Y, and since Y is dangerous, we get 0 > p(Y') > 1,
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a contradiction.

(¢) Ais a Cg-obstruction. By Definition 9.1c, A is not p-full so, by Claim 13.4
and p(Y) > 1, Y is consecutive. Then, Claim 13.2 gives p(Y) = 1. Since ¥
is dangerous, 1 = p(Y) > m(Y) — 1 > 1, and hence m(Y") = 2; that is, 2 and
y belong to consecutive sets, a contradiction. 0

LEMMA 43. If A is an obstruction for (pg,ma), then A is the unique partition
of V' into maximal pg-positive tight sets.

Proof. Let X be an element of A. By Claim 39.2, Definitions 8.1a—1b and 9.1a,
and Claim 41, X is pg-positive and tight. Let Y be a maximal tight set containing
X, and suppose indirectly that X # Y that is, since A is a partition of V, Y
intersects some other X’ € A. Since X is pp-positive, so is Y. By Claim 14.1, we
have X’ C Y. By Y being tight and Lemmas 42 and 19, there exists an index ¢
such that Y = A; U A;11. Then, by mg being modular and Claim 41, we have that
0 =mg(A;) + mg(Aiy1) — ma(Ai U Ait1) = pa(Ai) + pa(Aiv1) — pe(Ai U Aiy) is
even, which contradicts Definitions 7.1a or 8.1a—1d or 9.1a—1b.

To see the uniqueness, let A’ be a partition of V' into maximal pg-positive tight
sets. Since the elements of A and A’ are maximal py-positive tight sets, by Claim 14.1,
the two partitions coincide. 0

COROLLARY 44. If there exists a simple C} -, CZ -, or C§-obstruction for (pg, ma),
then it is the unique obstruction for (pa, ma), up to cyclically reordering its members.

Proof. By Lemma 43, an obstruction is the unique partition of V' into maximal
po-positive tight sets. Since, by Definition 7.1, 8.1, or 9.1, in a simple C}-, CZ-, or
Cg-obstruction for (pg, me), the union of any two sets of the obstruction has pg-
value 1 if they are consecutive and nonpositive pg-value otherwise, we get the desired
result. a0

4.2.3. Inherited obstructions. In the next three claims we prove that splitting
off a special admissible pair in an obstruction gives rise to another obstruction. These
results will be used in three different ways. First, they will help us to show that the
existence of an obstruction implies the existence of a complete p-admissible splitting
off. Second, we use the result about CZ-obstructions to show that if a CZ-obstruction
exists that is not a CZ-obstacle, then a complete allowed splitting off exists. Finally,
these results will be applied in the next section about inherited obstacles.

We consider the three different obstructions separately.

Cramv 45. A Cf-obstruction A = {Ay,..., A4} for (pa,ma) is a Cj-obstruction
for (pa,ma), where G is obtained from G by a pg-admissible splitting off at u € A;
and v € Ajq for some j € {1,...,4}.

Proof. By definition, ma(X) = ma(X) = xx(xu + xv) and pa(X) = pa(X)
duy(X). We verify the conditions of Definition 7 one by one.
7.1a Since, by (1) applied to A; and A;y1, dyy(Ai) + dup(Ait1) —dun(A; U A1) =
2d.u»(A;, A1) is even, Definition 7.1a for pe implies that Definition 7.1a
holds for pa.
7.1b Since duv(Ai—l U Az) + duv(A1 U Ai+1) =1= duv(Ai—l) + duv (Ai+1), Defini-
tion 7.1b for pe implies that Definition 7.1b holds for pg.
7.1c If Definition 7.1¢ did not hold for ps and mg, then p=(A;) = 1 for i =
1, ce ,4 and pG(A] @] Aj+2) Z 1. Then, pg(Aj U Aj+2) Z 2, pg(Aj+2) =
pc(Ajrs) = 1, and pa(4;) = pa(Aj+1) = 2. Since the splitting off is pe-
admissible, by Lemma 19, A; U A, is not dangerous for m¢ and pg. Then,
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by Claim 41 and the modularity of mg, 4 = 2+ 2 = pa(4;) + pa(4;41) =
ma(A;) + ma(Aji1) = me(A; U Aj11) > pa(A; U Aji1) + 2, and hence, by
Definition 7.1b, pg(A; U Aj43) > 1. Then, by (14), 1+ 2 < pg(4; UAji3) +
pa(Aj UAj12) <pe(Ajie) +pa(Ajrs) =141, a contradiction.
7.1d By mg being pg-admissible and the definition of o}, we have 0,,. < mg(V) =
mg(V)—2= Z% pG(A;) < 0y, and Definition 7.1d follows.
7.2 By Claim 17, mg is minimally ps-admissible. a0

CLAIM 46. Let A= {Ay, Ay, A3, Ay, By, ..., By} be a CZ-obstruction for (pg, ma),
G obtained from G by a pg-admissible splitting off at a vertex of A; (respectively, B;)
and a vertex of B; (respectively, B; # B;), and A’ obtained from A by deleting B;
and replacing A; (respectively, B;) by A; U B; (respectively, B; U B; ).
1. Ift =1, then A’ is a simple C}-obstruction for (pa,mea).
2. Ift > 2, then A’ is a C%-obstruction for (pa,me).

Proof. Since the splitting off is pg-admissible, m& is ps-admissible. The min-
imality of mg follows from Claim 17. Hence Definition 7.2 if ¢ = 1 (respectively,
Definition 8.2 if ¢ > 2) holds for m& and pga.

1. Definition 7.1a-1d for A’ and pgs follows from Definition 8.1a-1f for A and
pe and Claim 40. Note that p(A}) = 1 for all A} € A’ also follows.

2. Definition 8.1a~1e for A" and pg follows from Definition 8.1a~1e and Claim 40
for A and pg. By Claim 17, Theorem 1, and Definition 8.1f for 4 and pg,
we have o, =ma(V) =mag(V) —2=0p; —2=2t+4-2=2(t - 1)+ 4;
hence Definition 8.1f holds for A’ and pg. O

CLAIM 47. If A is a Ck-obstruction for (pg,mg) and G is obtained from G by
splitting off at u € A;_1,v € A1 for somei € {1,...,4}, then A’ = {4}, A}, AL, AL}
={A;1UA UAi11, 419, Aivs, Aira} is a simple C}-obstruction for (pm, me).

Proof. By Definition 9.1a and Claim 13.2 for A, we have pg(A;UA”, ;) = pc(A;U
A ) =1 =pc(A)) = pa(Aj;,) for j =1,...,4. Thus A’ satisfies Definitions 7.1a
and 7.1b. By Definition 9.1c applied to A;12 U A;14 and the symmetry of pg, A’
satisfies Definition 7.1c. Since, by Lemma 42, the splitting off is pg-admissible, ma
is pg-admissible. Then o, , < mg(V) =mg(V)—-2=6-2=4= Z‘ll p(;(As») < Opgs
and Definitions 7.1d and 7.2 follow. 0

LEMMA 48. If A is an obstruction for (p,m), then there exists a complete p-
admissible splitting off.

Proof. Let us consider the following cases:

(a) If A is a simple C}-obstruction, then, by Lemma 42, we are done.

(b) If Ais a Cj-obstruction that is not simple, then, by Corollary 44, no simple Cj}-
obstruction exists. Moreover, by Claim 41 and Definitions 7.1d and 7.2, we have
m(A; U A1) = 3m(V). Therefore, by Lemma 25, there exists an admissible pair
u,v such that v € A; and v € A;4; for some j € {1,...,4}. By Claim 45, after
splitting off this pair, A remains a C}-obstruction. By repeating this, we arrive
at the first case, and then we are done.

(¢) If A is a CZ-obstruction, then, by the repeated application of Lemma 42 and
Claim 46, we arrive at the first case, and then we are done.

(d) If A is a simple C§-obstruction, then, by Lemma 42 and Claim 47, we arrive at
the first case, and then we are done. 0

LEMMA 49. Suppose that mq is P-feasible. If there exists a simple C-obstruction
(respectively, C%-obstruction) for (pa, ma) but no C§-obstacle (respectively, C-obstacle)
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for (pg, P, ma), then there exists a complete (pg, P)-allowed splitting off.

Proof. We prove the two cases separately.

1. First, suppose that A = {41,..., A4} is a simple C;-obstruction for (pg, ma)
but not an obstacle for (pg, P,mg). Let {a;} = AiNV*t(mg) fori=1,...,4.
Then, by Lemma 42, splitting off at aj,as is pg-admissible. Since Defini-
tion 7.3 does not hold, it is P-feasible, hence (pg,P)-allowed, and we are
done.

2. Now, suppose that A = {A;, Az, A3, Ay, B1,..., Bt} is a Cf-obstruction for
(pg,mg) but not an obstacle for (pg,P,m¢g). We proceed by induction
on t. Let {a;} = A;NV* fori = 1,...,4 and {b;,b}} = B; NV* for
j=1,...,t. Without loss of generality, we may assume that a1, b; is rainbow;
thus splitting off at a1, b1 is (pg, P)-allowed by Lemma 42. Let p’ := PGa,
and m' :=mg, , -

Our approach is the following. First, split off at a;,b; and let A" = {4; U
By, Ay, A3, Ay, B, ..., B} be the obstruction for (p’,m’) given by Claim 46.
By Corollary 44, if an obstacle exists for (p’,P,m’), then it is A’. If none
exists, then we are done by the previous case or by induction. Otherwise,
we will provide a (p/,P)-allowed flip to get rid of the obstacle. We will
perform either a (byaq,bias)- or a (a1by,a1d))-flip; note that both are p'-
admissible because they consist of an unsplitting and a splitting off which is
pa-admissible by Lemma 42.

Distinguish the following cases, where we assume that m/(Py) > m/(Py) >
-+ >m/(P,), and say that the color of P; and P are red and blue:

(a) A’ is a simple Cj-obstacle or a CZ-obstacle of type 1 for (p’,P,m’). By
Definition 8.1a, we may assume that the color of b; is red for j = 2,...,¢
and either 1. as, a4 or ii. b}, az are both red.

i. Since A is neither a Cf-obstacle of type 1 nor a CZ-obstacle of
type 2 for (pg, P, mq), none of by, b} is red, and ay, a3, bh, ..., b} are
not all of the same color. Therefore, by, as is a rainbow pair. As
noted before, the (bjay, byas)-flip is p’-admissible; thus it is (p’, P)-
allowed. Let m"” = mgayp, and p” = pg,,, . By Claim 46, A" =
{4y, A2 UBy, A3, Ay, Ba, ..., By} is an obstruction for (p”,m’), and
it is not an obstacle of type 2 for (p”’,P,m”) because c(b}) # c(aa),
nor of type 1 because aq,as, b, ...,b; are not all of the same color.

ii. Then, the red m/-positive elements are ag, b, by ...,b;. Moreover,
since A is not a C¥-obstacle of type 1 for (pg, P, m¢), a1 is not red.
We may assume that m/(Pz) < m/(V)/2; that is, ag,aq4,bs,. .., b,
are not all of the same color, as we dealt with in the case above.
A. If by is red, then by, as is a rainbow pair; hence the (byaq, bias)-

flip is (p’, P)-allowed. Let m” = mga,p, and p” = pg,,,, - Then,
by Claim 46, ./4” = {Al,AQ @] Bl, Ag, A4, BQ, ceey Bt} is an ob-
struction for (p”,m”), and it is not an obstacle for (p”, P, m")
because b} and a3 are m”-positive elements with the same color
that belong to distinct consecutive sets.

B. If by is not red, then, since m/(P;) < m/(V)/2 and b} is red,
ay,b} is a rainbow pair; hence the (a1by,a1b))-flip is (p/,P)-
allowed. Since b is not red but as is red, and ag, ay, b5, ..., b}
are not all of the same color, the obstruction A’ for (p”,m”) is
not an obstacle for (p”, P, m").
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(b) A’ is a CZ-obstacle of type 2 (but not of type 1) for (p’,P,m’). Note
that mg(P;) <m/(P)+1=m/(V)/2=mg(V)/2—1fori=1,2, so we
may assume that b} and a3 are red and ag and a4 are blue.

i. If by is not blue, then by, as is a rainbow pair; hence the (byay, byas)-
ﬂlp is (p’, ’P)—allowed. .AN = {Ah A2 @] Bh Ag, A4, BQ, N ,Bt} is an
obstruction for (p”,m'’), yet not an obstacle for (p”, P, m") since as
and b] are red m/-positive elements and belong to distinct consec-
utive sets of A”.

ii. If by is blue, then, since A is not a C¥-obstacle of type 2 for (pg, P,
me), a1 is not red. Then aq,b] is a rainbow pair, and hence the
(a1b1,a1b7)-flip is (p',P)-allowed. Let m” = mg,,, and p”’ =
PG, » and note that A’ is also an obstruction for (p”,m”) but not
an obstacle for (p”, P, m") because b; and as are blue m”-positive
elements that belong to distinct consecutive sets of A’. ]

4.2.4. Inherited obstacles. In this section, we will see that splitting off an
allowed pair in an obstacle gives rise to another obstacle. This implies a link between
obstacles and complete allowed splitting off; see Lemma 54. In this section, pg : 2V —
Z is a symmetric crossing supermodular function, G = (V| E) is a graph, and mg is
a pg-admissible degree specification with mg (V) > 4.

First let us see a result about an inherited simple Cj-obstacle after an allowed
flipping.

CrLAaM 50. Let A be a simple Ci-obstacle for (pa, P,me), {a;} = A;NV*T(me)
forj=1,...;4, ww € E, u € A;, v € Aj41, c(ajr1) = c(a;—1), and G’ be obtained
from G by the allowed (vu,va;)-flip. Then A is a simple C}-obstacle for (pg, P, mar).

Proof. Note that pc(A4; UA;) = pa(A; UA; ) for 1 <i < j < 4. By Definition 7.2
for pg, the fact that the flipping is allowed, the definition of o, _, and Definition 7.1d
for pa, we have o, = mg(V) = mg (V) > op,, > Z?leG/ (4;) = 221:1 pa(4;) =
0pe- Then Definitions 7.1-2 for pe imply that Definitions 7.1-2 are satisfied for pg-.
Since ¢(a;+1) = ¢(a;—1), Definition 7.3 is also satisfied for pe. O

Now we show that an obstacle is inherited after an allowed splitting off. Let us
see the three different obstacles separately.

Cramv 51. A Cj-obstacle A for (pg,P,mg) is a Cj-obstacle for (pg,P,mg),
where G is obtained from G by an allowed splitting off.

Proof. By Definition 7.3, there exist ¢ € {1,2} and P € P such that the mg-
positive elements of Ay U Ayio are the mg-positive elements of P. Therefore, by
Definitions 7.1d and 7.2, P is dominating; hence we may assume that the two mg-
positive elements u and v of V' involved in the allowed splitting off satisfy v € A; and
v € Aj41 for some j. By Claim 45, A is a Cj-obstruction for (pg, mga). Definition 7.3
for m¢ and the fact that splitting off is allowed immediately imply that Definition 7.3
holds for mg. |

CLAM 52. Let A = {A1, Az, As, A4, B1,..., B} be a CZ-obstacle for (pa, P, mea),
and let G be obtained from G by an allowed splitting off. Then there exists for
(pa, P,meg) a CE-obstacle if t > 2 and a simple C}-obstacle if t = 1.

Proof. By Lemmas 19 and 42 and Definition 8.1d, the pair {u, v} of elements that
we split off is either (a) {a;,b;} for some a; € A; (1 <i<4)andb; € B; (1 <j<t),
or (b) {b;,b;} for some b; € By, by, € B, (1 < j < k < t). In case (a), let A" be
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obtained from A by replacing A; by A; U B; and deleting B;, and in case (b), let
A’ be obtained from A by replacing B; and By by B; U By. By Claim 46, A’ is
a simple Cj-obstruction or a Cg-obstruction for (ps,P,mg). We show below that
Definition 8.3 also holds for A" and (pa, P, mea). There are two possible cases:

1. If A is a C¥-obstacle of type 1 for (pg, P, ma), then there exists £ € {1,2}
and a color P, say red, such that Ay, A¢io and every B; contains a red
mg-positive element. By Definitions 8.1f, 8.2, (20), and then 8.3a, we have
t+2=2 = mGT(V) > mg(P) >t + 2, and thus mg(P) = mGT(V); that is,
red is dominating. Therefore, the splitting off being allowed, exactly one of
u and v is red.

(a) If ¢ € {¢,¢ + 2}, then A; U B; contains one red mg-positive element,
namely the red mg-positive element contained in B;. Otherwise, Ay, Ao
and every Bj/ (j' # j) contains a red mg-positive element; that is, Def-
inition 8.3a holds for A’ and (ps, P, mea).

(b) We may assume without loss of generality that b; is red. Then B; U By,
contains one red mg-positive element, namely the red mg-positive ele-
ment contained in By; hence Ay, Agyo and every Bj: (j' # j, k) contains
a red mg-positive element; that is, Definition 8.3a holds for A’ and
(pa, P,ma).

2. If Ais a CZ-obstacle of type 2 but not of type 1 for (pg, P, mq), then there
exist i’ € {1,2}, jo € {1,...,t} and two colors, say red and blue, such
that A;/, Ay1o and every By (j’ # jo) contains a red mg-positive element,
Ajri1, Ay and every By (j' # jo) contains a blue mg-positive element, and
Bj, contains no red and no blue mg-positive element. Note that the situation
is symmetric for red and blue.

(a) Without loss of generality we may assume that a; is red. If b; is blue
(that is, j # jo), then A; U B; contains one red mg-positive element,
namely the red mg-positive element contained in Bj. Then Defini-
tion 8.3b holds for A" and (pg, P, mg). If b; is not blue (that is, j = jo),
then A1, Ay 43 and every By (j° # j) contains a blue mg-positive
element; that is, Definition 8.3a holds also for A’ and (pa, P, ma).

(b) Without loss of generality we may assume that b; is red. If by is blue
(that is k& # jo), then B; U By, contains one red and one blue mg-positive
element, namely the red (respectively, blue) mg-positive element con-
tained in By, (respectively, in B;). Then, Definition 8.3b holds for A’
and (pa, Pymea). If by is not blue (that is, & = jo), then A; 11, Ay 13 and
every By (j' # j,k) and B; U By, contain a blue mg-positive element;
that is, Definition 8.3a holds for A" and (p&, P, ma).

In the cases 1(a) and 2(a), if ¢ > 2, then A’ is a Cf-obstacle, and if ¢ = 1, then,
by Definition 8.1e, Definition 7.1c holds for A’ and (ps, P, mga), so A’ is a simple
Cji-obstacle for (pa, P, ma). O

CLAIM 53. If A is a Cg-obstacle for (pa, P,mg) and G is obtained from G by an
allowed splitting off, then there existi € {1,...,4} and a;—1 € A;—1, a;41 € Aiq1 such
that G = Gay_yais, and {A;_1 UA; U A, Aiyo, Aigs, Aipa} is a simple Cj-obstacle
for (pg, P,mg).

Proof. By Lemmas 19 and 42, and by Definitions 9.1b and 9.3, the only allowed
pairs are a;_1,a;4+1 for all . By Claim 47, A" = {A], A5, A5, A} = {41 U A U
Air1, Ajyo, Ajrs, Ajrg} is a simple Cj-obstruction for (pg, P,mg). By ma(V) = 4
and Definition 9.3 for A, A’ satisfies Definition 7.3. d
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The main result of this section, Lemma 54, motivates the definitions of obstacles
by revealing the close link between them and the existence of a complete allowed
splitting off.

LEMMA 54. If there is an obstacle for (p,P,m), then there exists no complete
(p, P)-allowed splitting off.

Proof. Suppose that there exists an obstacle for (p, P,m). By Claims 51, 52,
and 53, after any sequence of allowed splitting off there exists an obstacle, and then,
by Claim 39.2, Definitions 8.1a and 9.1a, and Claim 41, the new degree specification
satisfies m/(V') > 0; that is, no complete allowed splitting off exists. |

4.2.5. Obstacles and split edges. An important subcase will occur when there
is a simple C-obstacle A = {Ay,..., A4} for (pg, P, mq). Let us show some prop-
erties of such obstacles when G is not the edgeless graph. Let {a;} := Vi (mg) N A;
fori=1,...,4. For an edge e = uv, where u, v are contained in a member A; of the
Cj-obstacle, a consecutive improvement for e is an admissible improvement of e by
a;—1 and a;41.

We start with some technical properties.

COROLLARY 55. If A is a simple Cj-obstacle for (pg,P,ma), then pg < 1.

Proof. Since A is simple, Lemma 54 implies that there exists no allowed splitting
off, and then, by Lemma 22, we have pg < 1. 0

CLAIM 56. Let A = {A1,..., Ay} be a simple Ci-obstacle for (pg, P,mg), e =
w € B, ie{l,...,4}, u,v € A;. Suppose that no allowed improvement exists. Then
the following hold:
1. No (uwv, a;y2)-perilous set exists.
2. There exists a (uv,a;)-perilous set X; for j € {i —1,i+ 1}.
3. If Xi—1 N{u,v} = X1 N{u,v}, then no edge connects distinct consecutive
members of A.
4. If X;—1 N {u,v} = {u} and X;11 N{u,v} = {v}, then c(u) = c(ait1), c¢(v) =
cla;—1), and c(a;) = c(a;12).

Proof. By Corollary 55 and Lemma 43, we have pg < 1 and 7,, = A, for all
¢e{l,...,4}. We may assume that i = 1.

1. By Claim 32.2—4 and Definition 7.1c, there is no (uv, as)-perilous set.

2. Suppose that, for some j € {2,4}, there is no (uv, a;)-perilous set. Then, by
point 1 and Lemma 31(ii), the improvement of uv to ua;, vag and that of uv to
uas, va; are pg-admissible. Since c¢(u) # c¢(v) and, by Observation 11, ¢(a;) #
c(as), one of these improvements is allowed, contradicting our assumption.

3. By Claim 34.3, X; = X, U A4; for j = 2,4. By Claim 34.1, we have pg(Xa U
X4) =0, and since e enters Xo U Xy, it is pp-positive. Applying for A;, Xo,
and X, Claims 34.1 and 32.2-3, we get that no edge connects A; and A;UA;,.
By Claim 39.4, (13) applied for X U Xy and A3 U Ay (and A3z U As), pa < 1,
and pg (X2 UXy4) = 0, we get that no edge connects Az and A; U Ay, and the
assertion follows.

4. By point 1 and Lemma 35, no (uv, ag)-, (uv,uaz)-, or (vu, vay)-perilous sets
exist. Then, by Lemma 31(ii), improving uv to uz,vy is pg-admissible for
(x,y) = (az,as3),(az,a4), (as,aq). If c(az) # c(u), then, since the improve-
ments of uv to uas,vaz and that of uv to uas,vay are not (pg,P)-allowed,
and by Observation 11, we have c¢(a3) = c¢(v) = ¢(a4) # c(as), a contradiction.
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Hence c(az2) = ¢(u), and similarly ¢(v) = ¢(a4). Therefore, c(az) # c(as), and
then, by Definition 7.3 for A, we have c(a;) = c(as). d

The following lemma will handle the case of C}-obstacles.

LEMMA 57. Let A = {A;,..., A4} be a simple C}-obstacle for (pg, P,mg), e =
weE ie{l,...,4}, u€ A;, and v € A;41.
1. Suppose that no allowed improvement exists for uv. Then either c(u) =
cla;) = c(ajra) or c(v) = clai—1) = c(aiy1)-
2. Suppose that no allowed improvement exists. If all the edges of G connect
distinct members of A and there exists no Cj-obstacle for (po, P, mg), then
there exist two edges f and g such that there exists a complete (pgs.qe, P)-
allowed splitting off.

Proof. By Corollary 55 and Lemma 43, we have pg < 1 and T, = Aj for all
h e{l,...,4}. We may assume that ¢ = 1.

1. By Definition 7.3 for A, we may assume c(a1) = c¢(as). Assume that c(u) #
¢(ay). Then, u # ay. By Corollary 33, no (uv,uas)-, (vu,vay)-, or (vu,vay)-
perilous sets exist. Therefore, by Lemma 31(ii), the improvement of uv to
uasz,va; and that of uv to was,vay are pg-admissible. Since these improve-
ments are not allowed, we have, by Observation 11, c(v) = c(a1) # c(as) =
¢(v), a contradiction.

2. We will unsplit two edges and find a complete allowed splitting off by per-
forming first an allowed flip and then an improvement that is allowed for the
resulting functions.

Since no allowed improvement exists, point 1 implies that for every edge u'v’
either c(u') = ¢(ar) = c(az) or ¢(v') = c¢(az) = ¢(aq). Then, since no Cj}-
obstacle exists for (pg, P, mg), there exist edges f = ujv; and g = usvy such
that ui,us € A1 U A3, c(u1) # ¢(ar) = c(az) = c(uz), and c(vg) # c(az) =
c(aq) = c(vy).

Assume without loss of generality that u; € A; and v; € As. By Lemma 31(i)
and Corollary 33, flipping viuy for via; is pg-admissible, and, by Observa-
tion 11, ¢(a1) # c(az) = c(v1); thus the flipping is allowed. Let G’ be the
resulting graph. By Claim 50, A is a simple Cj-obstacle for (pgs, P, mg), and
u; = Vi (mg)NA; is the new mgs-positive element of A;. Since c(ag) # c¢(vz)
and c(u1) # c(a3), point 1 implies that there exists a (pgr, P)-allowed im-
provement using the edge u/v’, which means that there exists a complete
(pgs.g, P)-allowed splitting off. O

The following lemma considers the case of C5-obstacles.

LEMMA 58. Let A = {A1,..., A4} be a simple C}-obstacle for (pg, P,mg), e =
w € B, i€ {l,...,4}, u,v € A;. Suppose that no allowed improvement exists.

1. If e/ =u'v' € E, v/,v € A;, ¢ # e, and no consecutive improvement exists
for e and for ¢, then X, and X. exist and one of them contains the other
one.

2. If all the edges of G are contained in members of A and no edge belongs to a
consecutive improvement, then there exists a Cg-obstruction for (po, P, mo).

Proof. By Corollary 55 and Lemma 43, we have pg < 1 and 7,, = Ay for all

h e {1,...,4}. We may assume that i = 1.
1. By Claim 56.2, let X be an (¢, a;)-perilous set for 40 = é = e, ¢’ and j = 2, 4.
Without loss of generality we may assume that X2 N {4, 9} = 4, that is, that
X2 is a (9, Gaz)-perilous set. Then, by Lemma 35, no (9, daz)-perilous set
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exists, so, since no consecutive improvement exists for 94, by Lemma 31(ii),
there exists a (4, Giayq)-perilous set, and hence, by Lemma 35, no (01, va4)-
perilous set exists, and then we have Xé2 nNe =u = Xg N é. Therefore,
Claim 34.3 applies and defines a unique Xs C A; such that X, U A; is the
(é, a;)-perilous set Xg for j = 2,4. By Claim 34.1, pg(Yz) = 0, where Y; =
X: U A U Ay Note that, since the edge € enters the set Yz, the latter
implies that Y3 is pg-positive for € = e, e’. Note also that, since e’ enters X/,
Claim 34.1 implies that e does not enter X,.

Suppose that X, N X, = (. Then applying (13) to Y, and Y., and Defini-
tion 7.1c implies 0 4+ 0 = pg(Ye) + pa(Ye ) < pa(YeNYe) +pa(Ye UYe) =
pa(Az U Ay) + pa(Ye UYe) < pa(Ye UYe). In particular, Y, U Y is po-
positive. Since pg < 1, we have pg(X.UXUA3) < —1 because, by Claim 18,
X.UX UAj5 is not tight, and, by e enters X, U X, U Ay and Claim 34.1, it is
not (e, ag)-perilous. Then, by A being a simple Cj-obstacle, Claim 39.4, (14)
applied to Y, UY,/, and A3U Ay, we have 0+1 < pg(YoUYo ) +pa(AsUAy) <
pa(Xe U X UAs) +pa(As) < —1+1=0, a contradiction.

Thus, X.N X, # (), and since, by Claims 56.2 and 34.5, { X, X} is laminar,
the assertion follows.

. Let j € {1,...,4}. It follows, by point 1, that the edges contained in A; can

be ordered as eq,...,e; such that 1 < k < k' < ¢ implies X, C Xe,,. Let
Xepn = Aj, Be, = Xy, \ X, for k= 1,...,¢ and A} = A;\ U,_, Be,.
Note that A’ = A; if A; contains no edge, and A} = X, otherwise. Thus,
{A%, By + f C Aj} partitions A;, and, since A partitions V, we get that
A= {A}, A5, Ay, Ay U{By : f € E} is a partition of V.

We show that A’ is a Cg-obstruction for (pg, P, mg). First, let us make a few
observations. Recall that py = pg + dg, Fs(4) is empty, and, by Claim 34.4,
f is the only edge entering Xy for all f € E. In particular, no member of
A’ contains an edge, and mo(By) = ma(By) + dg(By) = 2 and dg(A;) =0,
dg(A;») =1

Let f € Aj,say f =ex and h € {j — 1,5 + 1}. By Claims 34.4, 39.4, 56.2,
and 34.3, we get po(Xf) = po(Aj) = po(Aj U Ah) = po(Xf U A}L) =1.1It
follows that

(21) po(A%) = po(A} U Ap) = 1.

Then, by applying (4) to Ay U X and Ap4o U X, , we get

€k+1

(22) po(AhUBf) > 1.

We next verify the conditions of Definition 8.

8.1a By (21), we have po(A}) = 1 for j € {1,...,4}; hence Definition 8.1a
follows.

8.1d By (21), we may suppose that A} = X; and A}, = X, for f,g € E.
By (22), we may apply Claim 12.1 to {440 U Aj4s} U{Aj+3 U By :
fre A # [YU{Aj2 UBy o g € Ajia,g" # gt U{Aj42 U X}
and then, by Claim 39.4, the symmetry of pg, and (21), we have 1 =
po(Ajr2UAj3) <po(V\ (A UALL ) <po(V\A)) =po(A)) =1; that
is, equality holds everywhere and, by the symmetry of py, Definition
8.1d follows.

8.1c Note that the previous proof works for A;- and By if g € Aj_1 UA 4.
Suppose now that g € A;. By (22), we may apply Claim 12.1 to {V \
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Aj}U{Aj+1 U Bg/ : g/ S Aj7g/ # g} U{Aj-i-l U Bg}, and then, by the
symmetry of py and (21), we have 1 = po(4;) = po(V \ 4;) < po(V'\
(A5 U By)) < po(A}) = 1; that is, equality holds everywhere and, by the
symmetry of pg, Definition 8.1c follows.
Finally, suppose that g € A;is. By (22), we may apply Claim 12.1
to {Aj13UBp : [/ € Aj} {Aj4sUBy 1 g € Ajia,g" # gy U{Aj 1 U
Al o U{A4j+3U By}, and then, by (22) and (21), we have 1 < po(A;43U
Byr) < po(V\(ALUBy)) < po(A}) = 1; that is, equality holds everywhere
and, by the symmetry of pg, Definition 8.1c follows.

8.1b Let f € A;. By (21) and (3) applied to A} U A;_1 and A} U Aj41, we
have po(Y') > 1, where Y = A” U A;_1 U Aj;1. Then, by (3) applied to
Y and V' \ 4;, the symmetry of py, and Definition 7.1c for A, we get
po(Z) > 2, where Z = AU (V'\ 4;). By (22), we may apply Claim 12.1
to {Z}J{Aj;+1 UBy : f' € A;, f" # f}, and then, by the symmetry
of pp and mg being py-admissible, we have 2 < po(Z) < po(V \ By) =
po(By) < mo(By) = 2; that is, equality holds everywhere and Definition
8.1b follows.

8.1e If po(A U A% 5) > 1, then Claim 12.1 applies to {4;}U{A4; U Aj U
{Aj12}, and we get, by Definition 7.1c, 1 < po(A; U Ajy2) = pa(4; U
Aji2) <0, a contradiction.

8.1f and 8.2 Recall that mg is (pg, P)-allowed. Moreover, no A € A’ contains
an edge; thus the above results on dg and pg imply po(A4) = mg(A)
for all A € A’. Therefore, we have mo(V) > 0p, > > c 0 Po(A) =
> aea mo(A) =mo(V). 0

Finally, C§-obstacles are treated by the following lemmas.

LEMMA 59. Let A = {A1,..., A4} be a simple C§-obstacle for (pa,P,ma), e =
w € E,ie{l,...,4}, u,v € A;. Suppose that no allowed improvement exists.

1. If an edge connects distinct consecutive members of A, then a consecutive
improvement exists for e.

2. If a consecutive improvement ezists for e, then there exists a C§-obstacle for
(pGe, Pymge).

Proof. By Corollary 55 and Lemma 43, we have pg < 1 and T, = A}, for all
he{l,...,4}. We may assume that ¢ = 1. By Claim 56.2, there exists a (uv, a;)-
perilous set X; for j € {2,4}. Without loss of generality, X, is (uv,uas)-perilous.
Note that, for both parts of the lemma, we have Xo N {u,v} # X4 N {u,v}; thus Xy
is (vu,vaq)-perilous. Indeed, for point 1 of the lemma, this relationship comes from
Claim 56.3, and for point 2, it follows from Lemmas 35 and 31(ii) and the fact that e
belongs to a consecutive improvement.

1. By Lemma 35, no (vu,vas)- and no (uv,uay)-perilous sets exist. Thus, by
Lemma 31(ii), improving uv to uag,vas is pg-admissible, and the assertion
follows.

2. By Claim 32.4, X; \ A; = A; for j = 2,4. By A being a partition of V" and
Claim 342, A/ = {All, ey A%} = {XQﬂAl, AQ, Ag, 1447 )(4(1/117 Al\(X4UX2)}
is a partition of V. To show that A" is a C¢-obstacle for (pge, P, mae), we
verify the conditions of Definition 9.
9.1a-1b By Claim 34.2, we have 0 = pg (AL U Af) = pa(A5 U A)) and 1 =

pa(Ag). By Claim 32.2, 0 = pg(A]) = pa(As). By A being a simple
C-obstacle, Claim 39.4, and X, and X, being perilous, 1 = pg(A4}) =
Pa(A%) = pa(Ay) = po(AL U Ay) = pa(AL U AY) and 0 = po(AL U Ap) =
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pc (AL U AL). Then, by pg = pge — de, 9.1a-1b follow.

9.1c Byu € Al, v € AL, mq being pg-admissible and modular, and Claim 32.2,
we have pge (A] UAL) = pa(AJUAL) <mg(A]UAL) = ma(XaNAr) +
ma(Xa N A;) = 0; by Claim 18 for i = 2,3,4, we have pge(Ag U A}) =
pc (A U AL) < 0; by Definition 7.1c, we have pge (A5 U A)) = pe(Ax U
Ay) < 0; by Claims 18 and 56.1, no (uv, ag)-perilous set exists, we have
pae (AL UAL) =pa(A,UAs)+1< —1+1 for i =1,5; and, by Claim 18
and since no (uv, uaq)- and no (vu, vag)-perilous sets exist by Lemma 35,
we have pge (AU Af3) = pa(A; U A} 3) +1 < =1+ 1fori=24.

9.1d-2 Since e was obtained by an allowed splitting off, mge is pge-admissible
and P-feasible. By Definition 7.1d for A, the fact that mge is pge-
admissible, the definition of oy,., and Definition 9.1a for A’, we have
6=44+2=mag(V)+2=mg(V) > 0pse > D xeu Pe(X) =6 and
Definitions 9.1d and 9.2 follow.

9.3 This is true by Claim 56.4. a0

LEMMA 60. If A is a C§-obstacle for (pg,P,m¢g) and e is an edge of G, then
there exists a complete (pge, P)-allowed splitting off.

Proof. In each of the following cases, we will first perform a (pg, P)-allowed split-
ting off and hence find, by Claim 53, a simple Cj;-obstacle. If p’ denotes the resulting
function, then, by Corollary 55, we have p’ < 1. We will then find, by Lemma 31(ii), a
(p', P)-allowed improvement involving e. This is equivalent to unsplitting e and then
finding a complete (pge, P)-allowed splitting off.

Let A = {A;,...,A¢} and {a;} = A; N Vi(mg) for every i = 1,...,6. Denote
e = wv. We may assume, by Definitions 9.1a—1b and Claim 13.1, that v € A; and
either v € A; or v € A,.

Let GZ = GaiaiJrQ and .Az = {AIL @] Ai+1 U AZ‘+2,AZ'+3,AZ‘+4,A7;+5} for i = 2,3,5.
By Definition 9.3 for A, c(a1) # c(as) # c(as) and c(ag) # c(az) # c¢(aq). Then, by
Lemma, 42, the pair a;, a;12 is (pg, P)-allowed, so mg, is (pa,,P)-allowed, and, by
Claim 53, A; is a simple C}-obstacle for (pg,, P, mg,) for i = 2,3,5. By Corollary 55,
we have pg, <1 for i =2,3,5. We consider two cases:

1. If v € Ay, by Claim 56.1 for Ay (respectively, As3),

no (uv,as)- (respectively, (uv, aq))-perilous set exists

(23) with respect to pg, and mg, (respectively, pg, and mg,).

By Claim 56.2 for Ag, there exists for j = 2,6 a (uv, a;)-perilous set X; with
respect to pg, and mg, and, by Claim 32.4, with respect to pg and mg. We
may assume that X5 is (uv, uas)-perilous.

We show that X' = X5 U A3 U Ay is a (uv,uasz)-perilous set with respect to
pa, and mg,. By Claim 32.4, we have Xo \ A; = Ay. By X5 being perilous;
by Claim 13.2 applied for J = {2,3,4}; by (13) applied for pg, X, and
Ag U A3 U Ay; by Definition 9.1a; and by Claim 18 applied for the crossing
sets X’ and A;, we have pg(X’) = 0. Note that pg(X’) = pg,(X’) and, by
m¢ being modular, X being perilous, Claim 41, and Definition 9.1a, we have
mGQ(X’) = mg(X/)—Q = mg(X2)+mg(A3)—|—mg(A4)—2 =14+141-2=1,
so X' is (uv,uas)-perilous for pg, and mg,.

Hence, by Lemma 35,

(24) no (vu,vas)-perilous set exists with respect to pg, and mg,.
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(a) If Xg is (vu,vag)-perilous, we may suppose, by Claim 56.4 for Ajz, that
c(u) = c(ag), c(v) = c(az), and c(a1) = c(as). Now, by (23), (24),
and Lemma 31(ii), improving uv to wvas,uas is pg,-admissible, hence
(pc,, P)-allowed, and we are done.

(b) If Xg is (uv, uag)-perilous, then we have the following:

i. Suppose that c¢(u) # c(as). Note that there exists j € {2,6} such
that ¢(v) # c(a;), and that, by Lemma 35, there is no (vu,va;)-
perilous set with respect to pg, and mg,. Then, by (23) and
Lemma 31(ii), improving uwv to was,va; is pe,-admissible, hence
(pas, P)-allowed, and we are done.

ii. Otherwise, c¢(u) = c(a4), and if necessary reverse the order of the
sets A, ..., Ag to assume that c(ag) # c(v). Hence, by (23), (24),
and Lemma 31(ii), improving uv to uas, vag is (pa,, P)-allowed, and
this finishes the proof of the lemma.

2. If v € A,, note that uv connects consecutive sets of As and Az. Then,
for i = 5 or i = 3, depending on whether c¢(u) = c(a1) or c(u) # c(ar),
Lemma 57.1 applied for (pg,, P, mg,), A;i, and uv implies that there exists a
(pg,, P)-allowed improvement involving uv. 0

4.3. Splitting off theorem. We will now prove our new splitting off result.
First, we state a version that we will need for the algorithm, and then we state it as
a characterization of the existence of a complete (pg, P)-allowed splitting off.

THEOREM 61. Let py : 2V — Z be a symmetric crossing supermodular set func-
tion, P a partition of V., and mqg : V. — Zy a (po, P)-allowed degree specification.
Then one of the following exists:

(a) a complete (po, P)-allowed splitting off,

(b) a po-full partition that shows that mg is not po-legal and a P-partite graph F'

on V that covers py with |E(F)| < dim(pg) — 1,

(c) an obstacle for (pg, P,myg).

Proof. We outline an algorithm that outputs one of the above possibilities. First,
we perform allowed splitting off as long as possible; second, we perform allowed im-
provements as long as possible. When we get stuck, unsplitting edges is necessary.
Depending on the position of the edges, distinct cases occur. The description of the
complete algorithm can be found in Figure 1.

Now we show the correctness of the SPLITTING OFF ALGORITHM.

Step 1. Perform arbitrary allowed splitting off as long as possible, and let G be the
resulting graph. If mg (V) < 2, then if necessary, perform a final allowed splitting off,
and then we are done.

From now on, we suppose that mqa (V) > 4 and that no allowed splitting off exists.
Step 2. Suppose that no pg-admissible splitting off exists. If no allowed improvement
exists, then, by Lemma 37.9-10, we have the required partition and graph. Other-
wise, there exists an allowed improvement, and by Corollary 29, after performing an
allowed improvement, we can repeat it. Thus let us perform an arbitrary sequence of
allowed improvements as long as there exists one, and let G’ be the resulting graph.
If mg/(V) > 4, then we can stop with the required partition and graph provided
by Lemma 37.9-10. Otherwise, mg/ (V) < 2 and hence, performing a final allowed
splitting off if necessary, we are done.

From now on, we assume that a pg-admissible splitting off exists.

Step 3. By (20) for m¢g and Lemma 25, there exists a simple Cj-obstruction A =
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SPLITTING OFF ALGORITHM.
INPUT : A symmetric crossing supermodular set function pg : 2V — Z, a (po, P)-allowed degree
specification mg : V' — Z4, and a partition P of V.

OutpuT: Either a complete (po, P)-allowed splitting off, or a po-full partition that shows that mg
is not po-legal and a P-partite graph F on V that covers pg with |E(F)| < dim(po)
—1, or an obstacle for (po, P, mo).

Step 1. Perform an arbitrary sequence of allowed splittings off as long as there exists one. Let
G, mq, and pg be the resulting graph, degree specification, and function.

Step 2. If there exists no pg-admissible splitting off, then perform an arbitrary sequence of al-
lowed improvements as long as there exists one, and let G’ be the resulting graph.

(a) If mg/(V) > 4, then stop with the required partition and graph provided by Lemma
37.9-10.

(b) Otherwise, perform, if necessary, a final allowed splitting off and stop.
Step 3. Otherwise, by Lemmas 25 and 49, find a simple Cj-obstacle A for (pg,P,m¢).

Step 4. If there exists an allowed improvement, then perform it, and then perform a final allowed
splitting off and stop.
Step 5. If all the edges of G connect distinct members of A, then, by Lemma 57.2, find
(a) either a C;-obstacle for (pg,P,mq) and stop,
(b) or two edges such that after their unsplitting there exists a complete allowed splitting
off and stop.
Step 6. If all the edges of G are contained in members of A but no consecutive improvement
exists, then, by Lemma 58.2, there exists a Cg-obstruction for (pg, P, mq).
(a) If it is a C¢-obstacle for (pg, P, mo), then stop.
(b) Otherwise, Lemma 49 provides a complete (pg, P)-allowed splitting off and stop.
Step 7. Otherwise, by Lemma 59.1, there exists a consecutive improvement for an edge e, and
then, by Lemma 59.2, there exists a Cg-obstacle for (pge, P, mge).
(a) If G¢ = G, then stop with the C-obstacle for (po, P, mo).

(b) Otherwise, G¢ contains an edge € and then, by Lemma 60 applied for €', there exists
a complete (pGe,c/ , P)-allowed splitting off and stop.

Fic. 1. Splitting off algorithm.

{4y,..., Ay} for (pg, P, mg). Since no splitting off is allowed, Lemma 49 implies that
A satisfies Definition 7.3; hence A is a simple C}-obstacle for (pg, P, mea).
Step 4. Suppose that there exists an allowed improvement. Then perform it and
then, since mg (V) = 4, perform a final allowed splitting off, and we are done.

Thus we assume that no allowed improvement exists.
Step 5. Suppose that all the edges of G connect distinct members of A. Then, by
Lemma 57.2, we can find either a Cj-obstacle for (pg, P, mg), or two edges e and f
such that a complete (pge.s, P)-allowed splitting off exists, and we are done.
Step 6. Suppose that all the edges of G are contained in members of A but no
consecutive improvement exists. Then, by Lemma 58.2, there exists a C-obstruction
for (pg, P, mo). By Lemma 49, either it is a C¥-obstacle for (pg, P, mg), or we have a
complete (pg, P)-allowed splitting off and we are done.

We may assume, by Lemma 59.1, that a consecutive improvement exists for an
edge e.
Step 7. By Lemma 59.2, there exists a Cg-obstacle for (pge, P,mge). If G¢ = G,
then we have a Cf-obstacle for (pg, P, mg), and we are done. Otherwise, G¢ contains
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an edge €', so Lemma 60 applies for ¢’ and we are done. d
The previous theorem gives at once the main result of the section.

THEOREM 62. Let py : 2V — Z be a symmetric crossing supermodular set func-
tion, mg : V. — Z, a degree specification, and P a partition of V.. There exists a
complete (po, P)-allowed splitting off if and only if mq is (po, P)-allowed and py-legal,
and there exists no obstacle for (pg, P, mo).

Proof. The necessity of the conditions follows by Lemmas 38 and 54. To show the
sufficiency, let us suppose that mq is (po, P)-allowed and pp-legal, and there exists no
obstacle for (pg, P, mo). Then, by Theorem 61, there exists a complete (po, P)-allowed
splitting off. O

5. Minimization version. In this section, we are given a symmetric crossing
supermodular function p on V' and a partition P = {Py,..., P.} of V. We show how
to find algorithmically a P-partite graph covering p with a minimum number of edges.

First, we provide the lower bound. Second, we explain how to find a minimum
(p, P)-allowed degree specification. Then, we describe the instances for which the
lower bound may not be achieved. Finally, we prove our main result; see Theorem 71.

5.1. Lower bound. Let OPT(p,P) be the minimum number of edges of a P-
partite a graph that covers p.

DEFINITION 63. Let ® be the mazimum of the following values:

1 .
ap = max{ ’72 Z p(X)-‘ : X subpartition of V} ,

XeX

Bp = max{ Z p(Y) : Y subpartition of P,P € 73} ,
Yey
dim(p) — 1 = max{|V| : V p-full partition of V} — 1.

LEMMA 64. OPT(p,P) > ®.

Proof. Let G = (V, E) be a P-partite graph that covers p and that has OPT(p, P)
edges. First, let X' be a subpartition of V' such that o, = [$ 3" v p(X)]. Since an
edge of E connects at most two sets of X, applying (5) gives |E| > [5 > ycr da(X)] >
2> vex P(X)] = ap. Second, let Y be a subpartition of some P € P such that
Bp = Zyey p(Y). Since G is P-partite, an edge of E enters at most one set of
Y; thus applying (5) gives |E| > > oy, da(Y) > Yy ey p(Y) = B,. By the above
inequalities and by Lemma 2.1, OPT (p, P) = |E| > max{ay, fp,dim(p) — 1} =&. 0O

5.2. Extension. We start this section with some algorithmic arguments. Since
we do not want to rely on the results of Benczir and Frank [4], we do not know how
to calculate dim(p). On the other hand, we want to present an algorithmic proof of
the result, so we will not use ®, which depends on dim(p), in the extension phase.

A degree specification m is called an extension for (p,P) if m is p-admissible,
‘P-feasible, and satisfies

(25) %m(V) — max{ay, B,}.

An extension always exists, and we describe how to find one in Figure 2. The algorithm
is formulated in a way such that any extension can be its output (with appropriate
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EXTENSION ALGORITHM.
InpuT : A symmetric crossing supermodular function p : 2V — Z and a partition P of V.
Output: An extension m for (p, P).

Step 1. Pick a p-admissible degree specification m that minimizes m(V).

Step 2. If m(V) is odd, then let m = m + x for some u € V.

Step 3. If some P € P satisfies m(P) > m2v>, then

3a. If X,, ¢ P for some u € PNV, then let m = m—X (4} +X{uw} for some v’ € X, \ P,
Repeat 3.

3b. Otherwise, let v € V' \ P and m = m + (2m(P) — m(V))x{v}-
Step 4. Stop.

Fia. 2. Extension algorithm.

choices). Recall that, for u € V', X,, is the minimal tight set containing u (if u is not
contained in a tight set, then X, := V).

LEMMA 65. The EXTENSION ALGORITHM outputs an extension; see Figure 2.

Proof. Let m; be the degree specification obtained after Step i in the above algo-
rithm.

- By Step 1, my (and then msy) is p-admissible. Hence, by Claim 16, mg, is
p-admissible, and then so is my.

- By Step 2, m2(V) is even. If my satisfies (20), then my = mgy is P-feasible.
Otherwise, there exists a P € P such that ma(P) > ima(V). Then ei-
ther ma(P) decreases to $ma(V) in Step 3a—that is, m4(P) = m3q(P) =
ima(V) = 2ma(V)—or ma(V) increases to 2ms,(P) in Step 3b—that is, by
v € V\ P, my(P) = mgp(P) = mao(P) = tmsy(V) = 1ma(V). In both cases,
my is P-feasible.

- It remains to show that (25) is satisfied. For some subpartition ) of some
P € P, by my being p-admissible and P-feasible, we have 3, = > 1y, p(Y) <
Yyveyma(Y) <my(P) < 1ma4(V). By parity, Theorem 1, and (9), 3ma(V) =
[Am1 (V)] = [$0p] = . It follows that max{ay,, B,} < sma(V).

If ma(V) = mo(V), then max{a,, By} < 2ma(V) = Ima(V) = q, <
max{cy, B,}, and we are done.

Otherwise, for some P’ € P, mg(V) = msp(V) = mgo(V) + (2mse(P') —
m3a(V)) = 2mg,(P’). Note that the set D of the mg,-positive elements of P’
is precisely the set of the mg,-positive elements of P’. We have, by definition,
m3q (D) = ms,(P’). Since the algorithm executed Step 3b, every element of
D belongs to a tight set. Hence, by Claim 15.2 applied to D, there exists
a subpartition Z of P’ such that ), - p(Z) > ms3(D). By the definition
of By, we have 8, > >, - p(Z). Then max{a,, B} > B, > > ,c=0(Z) >
m3a(D) = m3e(P') = 3my(V) > max{ay, 8}, and we are done. 0

Note that if at least one of the conditions of Step 2 or 3b holds, then m(V') > o,;
therefore there is no obstacle for (p, P, m).

5.3. Configurations. In this section we describe the functions and the parti-
tions for which the lower bound may not be achieved. They may be classified into
three different types of structures, called configurations. Two of these are natural
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generalizations of the configurations arising for graphs and hypergraphs. A new kind
of configuration arises, which exists only in the abstract form of the problem. A con-
figuration is a partition A of V satisfying two kinds of conditions. First, the p-values
of the sets in the partition .4 and the lower bound ® satisfy strict conditions. Second,
the partition A is intimately related to the partition P.

DEFINITION 66. A partition A = {A1,..., A4} of V is a Ci-configuration for
(p, P) if the following hold:
1. A is a C}-construction for p,
2. op = max{ay, 5},
3. there exist £ € {1,2} and P € P such that (As, Aey2) is a P-pair.

DEFINITION 67. A partition A = {A;1, Ag, A3, Ay, B1,...,B} of V. (t > 1) is a
CZ-configuration for (p, P) if the following hold:
1. A is a CZ-construction for p,
2. ap, = max{ay, B},
3. (a) either there exist £ € {1,2} and P € P such that {As, A¢yo, B, ..., Bt}
s a P-subpartition,
(b) or there exist jo € {1,...,t} and distinct Py,, Py, € P such that for
i=1,2, {A;, Aipo} U{B, : j # jo} is a Py, -subpartition.
A C%-configuration is of type 1 (respectively, type 2) if point 3a (respectively, 3b) is
satisfied.

DEFINITION 68. A partition A = {A,...,As} of V is a C§-configuration for
(p, P) if the following hold:
1. A is a C§-construction for p,
2. there exist distinct Py, € P such that (A;, A;13) is a Py, -pair for i =1,2,3.

Definitions 66.3, 67.3, and 68.2 will also be called color conditions. A configuration
is a Cj- or a C3- or a Cg-configuration.

The following lemma explains why the condition «, = max{c,, 5,} does not exist
for Cg-configurations and why the third lower bound dim(p) — 1 does not appear in
the definition of configurations.

LEMMA 69. If a configuration exists for (p,P), then we have the following:

1. a, = max{ay, fp},

2. ap =d.

Proof. Let A be a configuration for (p, P).

1. If Ais a C}- or a Ci-configuration, then Definition 66.2 or 67.2 implies the
assertion. Let A be a C¢-configuration. By (9) and Definitions 68.1 and 9.1d,
ap = [%ap] = 3. By Definitions 68.2 and 9.1a, for i« = 1,2,3, there exist
distinct Py, € P and subpartitions X; of A; N Py, for j = 4,7 + 3 such that
Do xex,uxsys P(X) = p(Ai) + p(Aiys) = 2. Let P € P and Y subpartition of
P be such that 3, = ZYGJJ p(Y'). Without loss of generality we may suppose
that Py, # P # Py,. Then Z := X UX, UX5U X5 U )Y is a subpartition of V|
and hence 6 = 0p > >, 20(Z) = Y yex,ux, PX) + X xex,ur, PX) +
Y veyp(Y)=2+2+p,, that is, ), = 3 > 2 > 3, and the assertion follows.

2. By Theorem 1, let m be a minimal p-admissible degree specification. Then, by
Definition 66.1 or 67.1 or 68.1, A is an obstruction for (p,m). By Lemma 48,
there exists a complete p-admissible splitting off; let E be the resulting set
of edges. By Lemma 2.1 and Observation 10, we have dim(p) — 1 < |E| =

%m(V) = %Jp = ap. Then, by point 1, o, > & = max{cey, 8,,dim(p) — 1} >
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oy, as required. 0

There is a strong relation between configurations and obstacles, which is shown
in the following lemma.

LEMMA 70. A partition A is an obstacle for (p,P,m) for every extension m
for (p,P) if and only if A is a configuration for (p,P).

Proof of sufficiency. Let A be a configuration and m an extension for (p, P). To
show that A is an obstacle, we verify the three conditions separately.

1. By Definitions 66.1, 67.1, and 68.1, A is a construction for p of the same type,
and hence Definitions 7.1, 8.1, and 9.1 are satisfied.

2. Since m is an extension for (p, P), m is p-admissible and $m (V) = max{ay, 8,}.
By Lemma 69.1, max{a,, 8,} = ;. By Lemma 69.2, o, = ®. By Lemma 2.1
and Observation 10, oy, = 10,,. It follows that o, = m(V), so m is minimal
and also m(V') = 2®. Thus, Definitions 7.2, 8.2, and 9.2 are satisfied.

3. Since m is an extension for (p,P), m is P-feasible. We consider the three
different configurations separately.

(a) A is a Cj-configuration. Then, there exist ¢ € {1,2} and P € P
such that (Ag, Agyo) is a P-pair; that is, there exists a subpartition
X; of A; N P such that >y y p(X) = p(4;) for i = (£ +2. By
Lemma 69.2; Definitions 66.2, 7.1d, and 66.3; m being p-admissible,
nonnegative, and P-feasible; and m(V) = 2®, we have & = %ap =
p(Ae) + p(Art2) = ZXGXL;UXHQ p(X) < ZXGXKUXHQ m(X) < m(PnN
(A¢U Agpn)) < m(P) < Im(V) = @. Tt follows that the m-positive
elements of AyU Ay o are the m-positive elements of P, so Definition 7.3
is satisfied.

(b) A is a CZ-configuration.

i. If it is of type 1, that is, there exist ¢ € {1,2} and P € P such
that X = {4y, A¢42, B1,..., B} is a P-subpartition, then, by Def-
initions 67.2, 8.1f, 67.3a, m being p-admissible and P-feasible, and
m(V)=2®, wehave ® =10, =t+2=3 1=, p(X') <
S xerm(X) <m(PN (Uyer X)) < 2m(V) = . It follows that
each set of X’ contains an m-positive element of P, so Definition 8.3a
is satisfied.

ii. If it is of type 2, that is, there exist jo € {1,...,t} and distinct
Pk17Pk2 € P such Xl = {AhAg} @] {B] : j 7& jo} and XQ =
{A2,As} U{Bj : j # jo} are Py,- and Py,-subpartitions, then, by
Definitions 67.2, 8.1f, 67.3b, m being p-admissible, Definition 8.1b,
and m(V) = 2®, we have 20 —2 =0, =2 =2t +2 =)y, 1 +
ZXeXQ L = ZXexl p(X') + ZX6X2 p(X') < ZXeXl m(X') +
erxz m(X') < m(P, N (Uxexl X)) + m(Pe, N (UXeX2 X)) <
m(V — Bj,) =m(V) —2 =20 — 2. It follows that A;, A; 12, B; for
j€A{1,...,t}\ jo contains an m-positive element of Py, for i = 1,2,
so Definition 8.3b is satisfied.

(c¢) Aisa Cf-configuration. Then there exist, for i = 1,2, 3, distinct P, € P
such that (A4;, Aiy3) is a Py,-pair; that is, for j = i, + 3 there ex-
ists a subpartition X; of A; N Py, such that erxj p(X) = p(4;).
By Lemma 69.2, Definitions 9.1d and 68.2, m being p-admissible, and
m(V) = 2®, we now have 20 = o, = Z?:1(p(14i) + p(Aiys)) =

3 3 3
> et ZXGXiUXH_g p(X) < D0 Xxenun,, MX) < D m(P N
(AU Airs) < 300 m(A; U Aiys) = m(V) = 2. Tt follows that the
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m-positive elements of A; U A;13 are the m-positive elements of Py, for
i =1,2,3, so Definition 9.3 is satisfied.

Proof of necessity. Let us suppose that no configuration exists for (p,P). By
Lemma 65, there exists an extension m for (p, P). If no obstacle exists for (p, P, m),
then the lemma is proved. Suppose that there is an obstacle A for (p, P, m).

1. By Definitions 7.1, 8.1, and 9.1, A is a construction for p of the same type,
and hence Definitions 66.1, 67.1, and 68.1 are satisfied.

2. Since, by Definitions 7.2, 8.2, and 9.2, the extension m is minimally p-
admissible, we have, by Observation 10, max{a,, Bp} = %m(V) = %op = qy,
so Definitions 66.2 and 67.2 are satisfied.

3. Since no configuration exists for (p,P), Definition 66.3 (respectively, 67.3
and 68.2) does not hold for A.

Throughout this proof, we will very often replace m by m’ = m— Xy} +X{uw}
foru e A€ A and v € X,. We use that, by Claim 16, m’ is p-admissible
and, by Lemma 43 and Claim 14.3, X,, C A, so m/(A;) = m(4;) for every
A; € A, and hence A is an obstruction for (p, m’).
Below, we treat each obstacle separately. We will replace the extension m
by an extension m’ so that no obstacle exists for (p, P,m’), arguing as fol-
lows. Suppose that an obstruction exists for (p,m’). If A fits the hypothesis
of Corollary 44, that is, A is any obstacle but a nonsimple C}-obstacle for
(p, P, m), then A is the unique obstruction for (p,m) and hence, by construc-
tion, the unique one for (p,m’). In this case we will choose m’ so that A does
not satisfy the color condition for (p, P, m’), ensuring that no obstacle exists
for (p, P,m’). Otherwise, A is a Cj-obstacle that is not simple for (p, P, m),
and if an obstruction exists for (p, m'), it is either A or A" = {A;, A3, Aa, A4}
We will choose m’ so that A is not an obstacle for (p, P,m’), and show that
A’ is not an obstruction for (p,m’) (see case (a)). Again, no obstacle will
exist for (p,P,m’).
(a) If A is a C;-obstacle, then Definition 66.3 does not hold. Note that, by
Definition 7, there exist at least one and at most two dominating colors.
We show that for every dominating P € P, there exist an m-positive
element v € P and an element ' € X, \ P. Suppose indirectly that
for some dominating P € P and for all m-positive elements u € P we
have X,, C P. Then, by Definition 7.3, there exists £ € {1,2} such that
the m-positive elements of A, U Ay1o are the m-positive elements of P.
Hence for i = £,¢ 4+ 2 and for the subpartition X; of A; defined by the
maximal elements of the laminar family {X,, : u € Vi (m)N A;} we have,
by Lemma 43, > vy, P(X) = >y, m(X) = m(4;) = p(4;); that is,
Ay U Ayyo is a P-pair, so Definition 66.3 holds for A, a contradiction.
For every dominating P € P, let us do the following: choose an m-
positive element v € P and an element v’ € X,, \ P and replace m by
m' =m — Xqu} + X{uw}. Without loss of generality we may assume that
we made a replacement in A; with u € P N A; for some dominating
PeP,u € A\ P, and the m-positive elements of A; U A3 are exactly
the m-positive elements of P.
We show that no obstacle exists for (p, P, m’). Suppose indirectly that
an obstacle A’ exists for (p, P, m’). Since Definition 7.3 does not hold
for A and m/, A’ # A.
By Lemma 43 and Claim 14.3, A is the unique partition of V' into max-
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imal tight sets for (p,m) and also for (p,m’). Since A" # A, we may

suppose that A" = {A1, A3, Aa, As}.

We show that m(A;) = m(A4) = 1. By Claim 41 and Definitions 7.1d

and 7.2 for A,m and A’,m’/, we have m(4;) + m(A3) = sm(V) =

sm/ (V) = m/(Ay4) + m/(A3) = m(Ay) + m(As); thus m(A;) = m(Ay).

Suppose that m(A;) = m(A4) > 2. Since m(4;) > 2, after the re-

placement in A; there will be m/-positive elements of two different col-

ors in A; U A,. By assumption, no replacement occurred in As; hence,

whether a replacement occurred in A4 or not, by m(Ay) > 2, Lemma 43,

Claim 39.2, and Observation 11, there will be m/-positive elements of

two different colors in A3 U A4. This contradicts Definition 7.3 for A’

and m/.

Then, by Lemma 43 for (p,m), A1 U A4 is not tight with respect to m,

and so, by Definition 7.1b for m, Claim 41 for m, and Lemmas 42 and 19,

we have 2 = m(A1 @] A4) > p(Al @] A4) = P(Al) +p(A3) —p<A3 @] A4) =

m(A;1UAs)—p(AsUA,) = m(AsUAL) —p(A3sUA,) > 2, a contradiction.

If A is a CZ-obstacle, then let R and B be two of the color classes

maximizing m(P) over P € P. We will say that u € R (respectively,

B) is red (respectively, blue). We suppose in this case that m is chosen

in such a way that m(R) + m(B) is minimum. Then if u is a red or a

blue m-positive element, we have X,, C R U B. There are four cases,

depending on m(R) and m(B):

i. m(R) = WTV) —1 = m(B). Then A is of type 2, and by Defini-
tion 8.3b for m, every B; # Bj, has exactly one red and one blue
m-positive element, and B;, has no red and no blue m-positive el-
ement. Note that the situation is exactly the same for red and for
blue. Since Definition 67.3b does not hold, we may assume that
there exists a red m-positive element u and a blue element v’ € X,,.
Replace m by m’. Then none of Definitions 8.3a and 8.3b hold
for m’ because B became dominating and contains no m/-positive
element of B, .

ii. m(R) = ™) > m(B) + 1. Then A is of type 1, and by Defini-
tion 8.3a for m, every B; contains a red m-positive element. Since
Definition 67.3a does not hold, there exist a red m-positive element u
and a blue element v’ € X,,. Replace m by m’. Then m/(P) < w
for all P € P, so Definition 8.3a does not hold for m/. If Defini-
tion 8.3b holds for m/, then the two colors involved in it are red
and blue. However, each set B; contains either a red or a blue
m/-positive element; thus Definition 8.3b does not hold for m/’.

iii. m(R) = @ = m(B) + 1. Then A is of type 1 with R. Since
Definition 67.3a does not hold, there exist a red m-positive element
u and a blue element v’ € X,,. Replace m by m’. Then m/(R)+1 =
# = m/(B), and the only dominating set for m’ is B.

A. If u is in some A;, then the m’-positive element u’ of A; is blue,
and, by Definition 8.3a for m, the m’-positive element of A; o
is red. Therefore, since B is dominating, neither Definition 8.3a
nor Definition 8.3b holds for m/.

B. Otherwise, u is in some Bj. If Definition 8.3a or 8.3b holds
for m/, then by Definition 8.3a for m, both A, and Ay o contain
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a red m/'-positive element, both Ay and Ayy3 contain a blue
m/-positive element, every B; # By contains exactly one red
and one blue m/-positive element, and the m/-positive element
in By, different from u’ is neither blue nor red. Note that the
situation is exactly the same for m’ and blue and for m and
red. Since Definition 67.3b does not hold, we may assume that
there exist a red m-positive element v ¢ By, and a blue element
v € X,. Repeating case iii for m with v and v’ instead of
u and v/, we get an extension m' such that Bj has two blue
m/-positive elements, and since B is dominating, we are done.
iv. m(R) = # = m(B). Then A is of type 1 both for B and R,

and by Definition 8.3a for m, both A, and A,42 contain a red m-

positive element, both Ayy; and Ayi3 contain a blue m-positive

element, and every B; contains exactly one red and one blue m-

positive element. Since Definition 67.3a does not hold for R and for

B, there exist a red m-positive element u, a blue element v’ € X, a

blue m-positive element v, and a red element v’ € X,. Replace m by

m” = m—xyu~+ Xw —Xv+ X Note that m”(R) = m”(B) = w

A. If uw or v is in some A;, then either A;_; and A; or A; and A;41
contain m’-positive elements of the same color, and thus neither
Definition 8.3a nor Definition 8.3b holds for m”.

B. Otherwise, since Definition 67.3b does not hold, we may assume
that v € B;, v € Bj with ¢ # j. Then B; contains two blue
m/-positive elements and B is dominating; hence neither Defi-
nition 8.3a nor Definition 8.3b holds for m/.

(c) If A is a Cg-obstacle, then Definition 68.2 does not hold. By Defini-
tion 9.3, there exist distinct Py, € P such that the m-positive elements
of A; U A;13 are the m-positive elements of Py, for i = 1,2,3. If for
i =1,2,3, for j = 4,4+ 3, and for all m-positive elements u € A;,
we have X, C Py,, then p(X,) = m(X,) = m(4;) = p(4;); that is,
A; UA;13 is a Py,-pair, so Definition 68.2 holds for A, a contradiction.
Thus there exist an m-positive element u € P and an element v’ € X,,\ P
for some P € P. Replace m by m/. Then Definition 9.3 does not hold
for m/'.

After these modifications, Definition 7.3 (respectively, 8.3 and 9.3) does not hold;
hence A is not an obstacle for (p, P, m’). When A is any obstacle but a nonsimple
Cji-obstacle for (p,P,m), then A is the unique obstruction for (p,m); hence, by
construction, A is the unique obstruction for (p,m’), and thus no obstacle exists
for (p, P,m'). When A is a C}-obstacle that is not simple for (p, P, m), we use ad hoc
arguments to show that no obstacle exists for (p, P,m’); see case (a). In conclusion,
m’ is the desired extension. 0

5.4. Main theorem. By exploiting the relations between configurations and
obstacles and by applying our splitting off result, we may now prove our main theorem.
It states that the lower bound @, defined in section 5.1, may always be achieved unless
there exists a configuration, in which case one more edge is needed.

THEOREM 71. Let p: 2V — Z be a symmetric crossing supermodular set function
and P a partition of V.. Then the minimum number of edges of a P-partite graph that
covers p is D unless a configuration exists, in which case it is ® + 1.
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Proof. The following lemmas prove the theorem.

LEMMA 72. OPT(p,P) > ®. If there exists a configuration for (p,P), then the
inequality is strict.

Proof. By Lemma 64, OPT(p,P) > ®.

Suppose there exists a configuration for (p, P) and that the inequality is not strict;
that is, OPT (p, P) = ®. Let F be a minimum set of edges such that (V, F') covers p
and satisfies the partition constraint, and let m be the degree specification obtained
from m := 0 by unsplitting every edge of F. Note that m is (p, P)-allowed and there
exists a complete (p, P)-allowed splitting off. By the construction of m, the minimality
of F, OPT(p,P) = ®, and Lemma 69.2-1, im(V) = |F| = OPT(p,P) = ® = a, =
max{ay, B}, so m is an extension for (p, P). Since there is a configuration for (p, P),
by Lemma 70, there is an obstacle for (p, P, m). But now Lemma 54 contradicts the
existence of a complete (p, P)-allowed splitting off. ]

LEMMA 73. OPT(p,P) < ® + 1. If there exists no configuration for (p, P), then
the inequality is strict.

Proof. If there exists no configuration for (p, P), then, by Lemma 70, there exists
an extension m for (p,P) such that no obstacle exists for (p, P, m). Hence 3m(V) =
max{ay, 8, }. By Theorem 61, there exists a P-partite graph (V, F') that covers py with
either [F| < m(V) = max{ay, B,} or |F| < dim(po) — 1. In both cases OPT(p, P) <
|F| < @, and the strict inequality follows.

If there exists a configuration for (p, P), then let m be an extension for (p, P). By
Lemma 69, m(V') = 2®. This implies that m is p-legal. Replace m by m’ := m+x,+X»
for some u, v without violating m’(P) < mlév) for every P € P. Then m/(V') = 2042,
m' is p-legal, and no set containing u or v is tight. By Claim 41, there exists no obstacle
for (p, P,m’). Then, by Theorem 62, there exists a complete (p, P)-allowed splitting
off, and the inequality follows. ]

6. Applications.

6.1. Covering of a symmetric crossing supermodular function by a
graph. Our main result, Theorem 71, implies the theorem of Bencztr and Frank [4].
Indeed, let P be the partition of V' consisting of the singletons. Then no configuration
exists and ® = max{a,,dim(p) — 1}.

6.2. Partition constrained global edge-connectivity augmentation of a
hypergraph. We show in this section that our main result, Theorem 71, implies the
theorem of Bernath, Grappe, and Szigeti [6] about partition constrained global edge-
connectivity augmentation of a hypergraph. We mention that the proof of Theorem 76
given in [6] is considerably shorter than that of the present paper.

Let G = (V,€) be a hypergraph. For a vertex set X, we denote by dg(X) the set
of hyperedges intersecting both X and V' \ X and dg(X) = |6g(X)|. Let us denote by
do(X,Y) (respectively, di(X,Y)) the number of hyperedges intersecting X \ Y and
Y \ X and none of X NY and V' \ (X UY) (respectively, exactly one of X NY and
VA (XUY)).

For an integer k, let p = k — dg. It is well known that dg satisfies (26) for all
subsets X and Y of V. By (26), for all crossing subsets X and Y of V, p satisfies

27):

(
(26)  dg(X)+dg(Y)=dg(X NY)+dg(XUY)+2do(X,Y) +di(X,Y),
(27) p(X) +p(Y) =p(XNY)+p(XUY) - 2do(X,Y) — di(X,Y).
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Let us recall the following two lower bounds : ® = max{ag, 8g,wg — 1}, where
ag, Bg, and wg are defined in the introduction, and ® = max{a,, 8, dim(p) — 1},
where p =k — dg.

DEFINITION 74. A partition A = {A1,...,As} of V is called a Cy4-configuration
of G if the following hold:
1. o =k — dg(A1) + k- dg(Ag) =k - dg(Ag) + k- dg(A4);
2. there exists F C & such that
(a) F = 5(141) n (5(A3) = 5(142) N 5(A4),
(b) k—|F| is odd;
3. there exist P € P and ¢ € {1,2} such that (Ag, Aey2) is a P-pair.

DEFINITION 75. A partition A = {A1,...,A¢} of V is called a Cg-configuration
of G if the following hold:
1. &' = 3;
2. (a) k—dg(Ai))=1 fori=1,...,6;
(b) k—dg(AiUAiJrl) =1 fOT‘i = 1,...,6;
(c) there exists F C & such that
i. F=0(A;)N(Ag) for all distinct non consecutive A; and Ay,
ii. k—|F| is odd;
3. there exist distinct Py, € P such that (A;, Aiys) is a Py, -pair for i =1,2,3.

A C-configuration is a Cy4-configuration or a Cg-configuration.

THEOREM 76 (Bernath, Grappe, and Szigeti [6]). Let G = (V,E) be a hypergraph,
P a partition of V, and k an integer. Then the minimum number of graph edges
between different members of P whose addition to G results in a k-edge-connected
hypergraph is ® = max{ag, fg,wg — 1} unless G contains a C-configuration, in which
case it is ' + 1.

Proof. We will apply Theorem 71 for p = k — dg. First we will observe that the
lower bound @ is equal to ®'. Then, we will show that C;- and C§-configurations
for p specialize to C4- and Cg-configurations for G, and finally we will show that no
CZ-configuration exists for p.

CLAIM 77. & = @'

Proof. Note that ag = oy, and Bg = 5p.

First we show that ® > ®'. If wg — 1 < @', then ® = max{ag,fg} =
max{ay, B} < ®. If wg —1 > @', then let F be a set of k — 1 hyperedges whose dele-
tion results in a hypergraph with wg connected components. Let X = {X,..., X}
be the vertex sets of these components. Then X is a p-full partition. Indeed, if Y is
the union of some of the X;’s, then p(Y) =k—dg(Y)=k—dx(Y)>k—(k—1) =1,
and there is an index 7 such that p(X;) = 1; otherwise, we have wg — 1 > &' >
ag > 15700 (k—dg(Xy)) = 33009, p(X;) > £ 3779, 2 = wg, a contradiction. Then
O >dim(p) —1>wg —1> .

Now we show that ® < ®’. If dim(p) — 1 < @, then ® = max{a,,[p} =
max{ag,Bg} < ®'. If dim(p) — 1 > @, then, by Lemma 6.3 of [4], wg > dim(p),
and hence &' > wg — 1 > dim(p) — 1 > .

By the above arguments, the claim follows. ]

CLAM 78. A partition A = {A1,..., A4} of V is a C-configuration for p if and
only if it is a C4-configuration for G.

Proof. Definition 66.3 is the same as Definition 74.3.
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By (27) applied to A; U A;,_1 and A; U A;yq, Definition 7.1b is equivalent to
do(A; UA;i_1,AjU A1) =di(A; UA;_1,A; U A1) =0, that is, to §(A;) Nd(A3) =
0(A2) N §(Ay), which is Definition 74.2a. Let F be this set of hyperedges. Then, by
(26) applied to A; and A;;1, Definition 7.1a is equivalent to saying that k — |F| =
k—dg(A;) — dg(Air) + dg(Ai U Aigr) + 2do(As, Air) = p(Ai) + p(Aig1) — p(A; U
Aiy1) + 2do(4;, A1) is odd, that is, to Definition 74.2b.

Suppose that Definition 74.1 is satisfied. Then, by the definition of ®, Claim 77,
Definition 74.1, and the definition of ag, we have max{ag, fg, dim(p)—1} = & = &' =
L (k—dg(A1)+k—dg(As)+k—dg(As)+k—dg(As)) < ag. This implies that Definitions
7.1d and 66.2 hold. Suppose that 1 = p(A4;) = k — dg(A;) for i = 1,...,4. Tt also
follows that dim(p) — 1 < 3(k —dg(A1) + k —dg(As) + k — dg(A2) + k — dg(As)) = 2.
Then, by |A| =4, A is not a p-full partition. Since 1 = p(4;) for i =1,...,4 and, by
Claim 394, p(A; UA;11) =1fori=1,...,4, it follows, by the symmetry of p, that
p(A1 U Az) = p(Az U Ay) <0, and Definition 7.1c follows.

Now suppose that Definitions 7.1c, 7.1d, and 66.2 are satisfied. Then, by Defi-
nition 7.1d, Lemma 69.2, and Claim 77, we have p(A1) + p(As) = p(A42) + p(A4) =

10, =® = @'; so, by p(4;) = k — dg(A;), Definition 74.1 follows. |

We note that in [6] there was a fourth condition for a Cy4-configuration, namely
k—dg(4;) >0 fori=1,...,4. However, by Claim 39.2, this condition is implied by
the others.

CLAIM 79. There exists no C%-configuration for p.

Proof. Let us suppose for a contradiction that A = {Ay,..., A4, B1,...,Bs} (t >
1) is a C#-configuration for p. Let B = U;:1 Bj, X; = A;UB,and V; = A; U
A;41. By Claim 40, p(B) = 2, p(X;) = 1, p(Y; U X;41) = p(X; U X;41) = 1, and
p(X; U X;12) <0. By (27) applied to X; and Xs, we have 1 +1 = p(X;) + p(X2) =
p(B) +p(X1 U Xa) — 2do(X1, X2) — di (X1, X2) = 2+ 1 = 2do(X1, X2) — d1 (X1, X2),
that is, di (X7, X2) = 1; thus there exists a hyperedge e of G that enters A;, Ay and
exactly one of B and A3z U Ay. If e enters B, then d; (Y7, X2) > 1, and hence, by
(27) applied to Y7 and Xo, we have 1 + 1 = p(Y1) + p(X2) = p(42) + p(Y1 U X2) —
2dy (Y1, X2) — d1(Y1,X2) <1+ 1—0-1, a contradiction. Otherwise, e enters Az or
Ay, say As. Then d; (X1, X3) > 1, and hence, by (27) applied to X; and X3, we have
141 = p(X1)+p(X3) = p(B) +p(X1UX3) = 2do (X1, X3) —di (X1, X3) <24+0-0-1,
a contradiction. ]

CLAIM 80. A partition A = {A1,..., A6} of V is a C§-configuration for p if and
only if it is a Cg-configuration for G.

Proof. First we show that Definition 75.2c is a corollary of Definitions 75.2a-2b.

Suppose indirectly that there exists a hyperedge F' € £ that intersects noncon-
secutive sets A; and A, but does not intersect A;. Without loss of generality we may
suppose that there exists an index k suchthat 1 < j <k <l <i=6.Let X = Ule Ay
and Y = Uf:k A;. By Definitions 75.2a—2b, (27) applied to X and Y, and Claim 13.2,
141 = p(X)+p(Y) = p(Ap) +p(Uj_y Ar) —2do(X,Y) —di(X,Y) < 14+140+0. Tt fol-
lows that do(X,Y)+d:1(X,Y) =0. Since A; € X\Y, A, CY\X and 4; = V'\(XUY),
F intersects X \Y and Y\ X but not V\ (XUY), so do(X,Y)+d:(X,Y) > 1. By this
contradiction Definition 75.2ci follows. Note that |F| = dy(A;, A;) for all ¢ # j. Then,
by (26) applied to A; and A;;1, and by Definitions 75.2a—2b, we have that k — | F| =
k—dg(A;) —dg(Air1) + dg(A; U Ajrq) +2do(As, Aipr) = 1+ 1 — 1+ 2dp(Ai, Aitq)
is odd; that is, Definition 75.2cii is satisfied.
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Definitions 9.1a—1b and 68.2 are the same as Definitions 75.2a-2b and 75.3.

Suppose that Definition 75.1 is satisfied. Then, by Claim 77, we have 3 = &' =
® = max{ay, Bp,dim(p) — 1}. This implies that a;,, < 3 and then, 6 = Z?Zl p(4;) <
op < 2ay, < 6, and Definition 9.1d follows. It also implies dim(p) < 4. Since |A| = 6,
A is not a p-full partition, and then, by Claim 13.3, Definition 9.1c follows.

Now suppose that A is a Cg-configuration. Then, by Definition 9.1d, Lemma 69.2,
and Claim 77, we have 3 = %ap = ® = @', so Definition 75.1 follows. d

By Claims 78, 79, and 80, Theorem 71 implies Theorem 76. ]

6.2.1. Global edge-connectivity augmentation of a hypergraph in a sub-
set of vertices. For an integer k and a subset T of V', a hypergraph H = (V,€) is
called k-edge-connected in T if dgy(X) > k for all X C V such that XNT and T — X
are nonempty. The problem of making a given hypergraph k-edge-connected in T' by
adding a minimum set of edges was solved by Benczur and Frank [4]. Theorem 71
solves the following partition constrained version of this problem: given a hypergraph
H = (V,€), a subset T of V, a partition P of T, and an integer k, find a graph
G = (T, F) with a minimum number of edges to be added to H between distinct
members of P such that the resulting hypergraph is k-edge-connected in T'. Indeed,
if we define the function p : T — Z with p(X) = max{k —dy(XUY): Y CV -T}
for any nonempty X C T and p(#) = p(T) = 0, then it was shown in [4] that p is
symmetric and crossing supermodular, so Theorem 71 can be applied.

7. Algorithm and complexity. In this section, we describe an algorithm that,
given a symmetric crossing supermodular set function p : 2" — Z and a partition P
of V', finds a P-partite a graph that covers p having a minimum number of edges. We
then explain in which settings the subroutines needed for the algorithm are polyno-
mial. Finally, we sketch why the algorithm itself is polynomial in these settings.

Throughout, G will denote a graph, pg = p—dg, and mg a pg-admissible degree
specification.

7.1. Augmentation algorithm. Given a symmetric crossing supermodular set
function p : 2¥ — Z and a partition P of V, the augmentation algorithm finds a
P-partite a graph that covers p having a minimum number of edges. It consists of
three major steps: extension, then splitting off, and finally determining whether a
configuration exists. See Figure 3 for details of this algorithm.

7.2. Subroutines. In this section, we give the framework in which our algo-
rithms run in polynomial time, together with the basic bricks needed throughout.
These bricks mostly concern crossing supermodular functions, operations such as
splitting off, tight sets, and partition constraints.

Some of the arguments used below come from [4], adapted to the partition con-
strained version when necessary.

7.2.1. Crossing supermodular functions.

Minimization oracle. We assume that the function p is given with an evaluation
oracle and a polynomial minimization oracle. The last oracle outputs, in polynomial
time, a subset of V' that is a solution of ming.x v {m(X) — pe(X)} for any modular
function m and for any graph G. Note that checking whether a degree specification
m is pg-admissible can be done in polynomial time using these oracles.

When p is fully crossing supermodular, that is, when (3) is satisfied for all crossing
pairs (the positivity condition is dropped), then a polynomial minimization oracle can
be implemented from an evaluation oracle. Indeed, in this case, the minimization of
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AUGMENTATION ALGORITHM.
InpuT : A symmetric crossing supermodular function p : 2V — Z and a partition P of V.
OurpuT: A P-partite graph that covers p of minimum size.

Step 1. Find an extension m for (p,P) applying the Extension Algorithm described in
Figure 2 (section 5.2).

Step 2. Apply the SPLITTING OFF ALGORITHM described in Figure 1 (section 4.3).

Step 3. If it stops with a complete (p,P)-allowed splitting off, then we have found a

(V) _

P-partite graph that covers p having ™5~ = max{a,, 8p} edges, and stop.

Step 4. If it stops with a P-partite graph that covers p having at most dim(p) — 1 edges,
then stop.

Step 5. Otherwise, it stops with an obstacle A for (p,P,m); then apply the proof of
Lemma 70 to A.

Step 6. If it finds another extension m’ for (p, P) such that no obstacle exists for (p, P, m’),
then go to Step 2.

Step 7. Otherwise, it finds a configuration for (p, P). The algorithmic proof of Lemma 73
provides the desired graph with # = ® 4 1 edges, and stop.

Fic. 3. Augmentation algorithm.

m — pg can be reduced to the minimization of a fully submodular function (see
Theorem 10.3.11 in [8]), which can be solved in polynomial time. For example, [9]
provides a minimizer in O((|V|>y + |V|%)log |V|), where ~ is the time needed to call
the function evaluation oracle.

Note that, in our application for hypergraphs, evaluating the function can be done
in polynomial time. In fact, in this case the minimization problem can be solved with
network flow techniques [3].

Subpartition lower bound and minimal degree specification. Thanks to the mini-
mization oracle, a greedy algorithm computes o, and a minimal degree specification
m in Theorem 1; see [7]. As a consequence, the subpartition lower bound «,, can be
computed in polynomial time.

7.2.2. Operations.

Splitting off. Deciding whether splitting off at x,y is pg-admissible is equivalent
to checking whether ming.xcv{mag (X) — pa:(X)} > 0, where G’ is obtained from
G by splitting off at x,y. Therefore, this can be done in polynomial time, calling the
minimization oracle once.

Flips and improvements. Since flips and improvements can also be described by
a fixed number of unsplittings and splittings off, checking their admissibility is also
polynomial.

7.2.3. Tight sets.

Minimal tight sets. Here, we explain how to find, in polynomial time, a minimal
tight set containing a given positive element, if one exists.

First, note that, given an mg-positive element 2z € V and y € V'\ z, one can find,
if it exists, a tight set containing x but not y by calling the minimization oracle for
m' + mg — pg, where m/(z) = —M, m/(y) = M, m/(z) = 0 otherwise, and M is a
suitable big number. Indeed, due to the pg-admissibility of mg and the choice of m/’
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and M, we have ming,xcy{m/(X) + mg(X) — pa(X)} > —M, and any solution to
this minimization problem contains x but not y. Moreover, such a solution S is tight
if and only if m/(S) + ma(S) — pa(S) = —M.

Then, given an mg-positive element x, one can find a minimal tight set containing
x by applying the above remark to = and y, for all y € V' \ x, and then by taking
the intersection of the solutions which are tight sets. By Claim 14, this provides a
minimal tight set containing x.

Mazimal tight sets. Arguments similar to those above allow one to find a maximal
tight set containing a given mg-positive element in polynomial time, if one exists.

First, given distinct z,y € V, one can find a tight set containing both = and v,
if one exists, by calling the minimization oracle for m” + mg — pg, where m” (z) =
m”(y) = —M, and 0 otherwise. Then, given z € V4 (m¢), one can find a maximal
tight set containing x by applying the above remark to = and y, for all y € V' \ z,
and then by taking the union of the solutions which are tight sets. By Claim 14, this
provides a maximal tight set containing x.

Obstructions. We explain how to find an obstruction for (pg, m¢) in polynomial
time, if one exists.

Recall that, by Lemma 43, an obstruction for (pg, mg) is the unique partition
of V into maximal tight sets, in which, by Claim 39.2 and Definitions 8.1a and 9.1a,
every member contains an mg-positive element. Applying at most |V| times the
algorithm that finds the maximal tight set containing a given element, one can find
such a partition of V', if one exists. Then, since Definitions 7.1, 8.1, and 9.1 involve
single sets or pairs of sets of the partition, it is straightforward to check whether
one holds. Finally, by the remarks on the lower bounds of section 7.2.1, one can
check whether Definition 7.2, 8.2, or 9.2 holds. Therefore, if an obstruction exists for
(pg, ma), then it can be found in polynomial time.

7.2.4. Partition constraints.

Color condition. Note that it is immediate to check whether (20) holds.

Allowed operations. Since checking the pg-admissibility of any operation can be
done in polynomial time, the above remark implies that checking whether an operation
is allowed is polynomial.

Obstacles. If an obstacle exists for (p, P, m), then one can find it by, first, finding
the corresponding obstruction and, then, checking whether this obstruction is an
obstacle (that is, Definition 7.3, 8.3, or 9.3 holds). The first part is done in polynomial
time by results of section 7.2.3, and the second is immediate from the definitions.

Sequences of allowed splitting off. We show how to perform, in polynomial time,
arbitrary allowed splitting off until there are none of the allowed splittings left.

(a) Suppose there is a dominating color P. Then, every allowed splitting off involves

exactly one mg-positive element of P.

Let x be such an element. Given y € Vi (mg) \ P, the arguments of section 7.2.3

about minimal tight sets allows one to compute w, , = min, yexcv{mea(X) —

pc(X)} in polynomial time. Note that the maximum number of pg-admissible

(hence allowed) splittings off at @, y is min{iw, ,, ma(z), mc(y)}. Repeating this

for all y € V4 (meq) \ P, one can perform in polynomial time allowed splittings off

involving x, until there are none left.

Repeating this for every mg-positive element of P, one can perform allowed split-

tings off until there are none left, in polynomial time.

(b) Suppose there is no dominating color. Let z € Vi (m¢), and apply the argument
of (a) to perform arbitrary allowed splitting off involving x: it stops either because
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a dominating color appears, and then we can apply (a), or because x no longer

belongs to an allowed splitting off, in which case we repeat (b) with another

positive element.

Since (b) is repeated at most |V| times, and both (a) and (b) are done in polyno-
mial time, we performed allowed splitting off until there were none left, in polynomial
time.

7.3. Complexity. The aim of this section is to sketch why the augmentation
algorithm runs in polynomial time, provided the function p is given with an evaluation
oracle and a minimization oracle. Before doing so, we first sketch why the extension
and splitting off algorithms are polynomial.

7.3.1. Extension algorithm. We sketch why each step of the extension al-
gorithm can be done in polynomial time, provided the function p is given with a
minimization oracle.

Step 1 is polynomial; see the Subpartition lower bound paragraph of sec-
tion 7.2.1.

Step 2 is immediate.

If we execute Step 3 as it is given in Figure 2, then the algorithm is not
polynomial. Indeed, Step 3 can be repeated |V |pmas times, where py,q. is the
maximum value of the function p. To turn Step 3 polynomial we have to use
the tricks explained in section 6.6 of [2]. One has to use the minimal degree
specification algorithm of [7] for different starting values; for details, see [2].
Step 3b is immediate.

Lower bounds. As we have already mentioned in section 5.2, we cannot calculate
dim(p). On the other hand, the extension algorithm, as it is described above, provides
in polynomial time max{ay, Bp}.

7.3.2. Splitting off algorithm. We sketch why each step of the splitting off
algorithm can be done in polynomial time, provided the function p is given with a
minimization oracle.

Step 1 is polynomial by the remarks of section 7.2.4 about sequences of allowed
splitting off.

Step 2 is polynomial. Indeed, by Corollary 28, we have mg (V) < |V]. Then,
since performing an improvement decreases mg (V') by 2, the number of im-
provements in the sequence is at most mg(V)/2 < |V|/2. There are at most
(l‘f) possible improvements at each of the |V|/2 steps, and checking whether
an improvement is allowed is polynomial.

— If the algorithm stops at (a), then we apply Lemma 37. Let us see why it
provides the required partition and graph in polynomial time. By Corol-
lary 28.2, {T\,,w € Vi(meg)} is a partition of V' into maximal tight sets
and hence can be found by applying at most |V| times the maximal tight
sets subroutine. The set X, for each e € E can be found in polynomial
time because it is defined as the intersection of two perilous sets. These
last sets can be found in polynomial time because we can decide if the
degree specification after a flip is admissible or not in polynomial time.
Finally, having ¢/ in hand, we get &* in polynomial time.

— Otherwise, the algorithm stops at (b), and the final step is clearly poly-
nomial.

Step 3 consists of finding a Cj-obstacle, which is polynomial by results about
obstacles of section 7.2.4.
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Step 4 is polynomial, by the same reasoning by which Step 2 is.

Step 5 finds in polynomial time, by the proof of Lemma 57.2, either a C}-
obstacle for (p, P, m) or two edges e and f of G such that in G/ there exists
a complete (pge.r, P)-allowed splitting off. Since mge,s (V') = 8, this complete
splitting off can be found in polynomial time.

Step 6 first finds a Cf-obstruction for (p,m) (that exists by Lemma 58.2)
in polynomial time by subroutine obstructions. Then in (a) it is checked in
polynomial time whether this obstruction is a CZ-obstacle. If not, then we
apply in (b) the proof of Lemma 49. This can be done in polynomial time,
the first part by the results of section 7.2.4, and the second because the proof
of Lemma 49 is inductive and needs, at each of the ¢t + 2 < |V| + 2 steps, to
find one allowed splitting off and at most one allowed flip.

Step 7 first finds a consecutive improvement, unsplits the edge e involved,
and then finds a Cg-obstacle in G°. This can be done in polynomial time by
the results of sections 7.2.2 and 7.2.4. Then, Step 7(b) unsplits an arbitrary
edge €’ of G¢ and finds a complete allowed splitting off. Since mge.r (V) = 8,
this can be done in polynomial time.

7.3.3. Augmentation algorithm. We sketch why each step of the augmenta-
tion algorithm can be done in polynomial time, provided the function p is given with
a minimization oracle.

Steps 1-4 can be done in polynomial time by the arguments of sections 7.3.1
and 7.3.2.

Step 5 follows the proof of Lemma 70, in which the main algorithmic ingredi-
ents are checking color conditions and finding one or two suitable tight sets.
By the remarks of sections 7.2.3 and 7.2.4, this can be done in polynomial
time. We mention that in the proof of Lemma 70 we suppose that the exten-
sion m minimizes m(R) + m(B). This assumption is made in order to have
a shorter proof. We note that this assumption is not essential. When this
assumption is not satisfied, then we will change the extension at most twice,
and hence the proof can be modified so that Step 5 becomes polynomial.
Step 6 is similar to Step 2. Note that in this case the algorithm will stop
either in Step 3 or in Step 4.

Step 7 first increases m (V) by two so that a complete allowed splitting off
exists, and then applies the splitting off algorithm, which is polynomial.

8. Conclusion. In this paper we proposed an abstract form for the problem
of partition constrained global edge-connectivity augmentation of a hypergraph. We
provided a minimax theorem for this problem, and we sketched a polynomial algorithm
to find an optimal solution when the function is given with a minimization oracle. This
theorem implies the main theorems of [4] and [6], and consequently the results in [2],
[3], and [11]. Our abstract form also provides a new application, given in section 6.
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